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1. Introduction

Let us start with the well known definitions of the Riemann-Liouville frac-
tional integrals, see [5] and [14].

Let [a,b] (w00 < @ < b < o0) be a finite interval on real axis R. The
Riemann-Liouville fractional integrals I, f and I}~ f of order a > 0 are defined
by

12 f(a /f (z—9)*ldy, (> a)
and
I f(x /f (y —z)* tdy, (x < b)
respectively. Here I'(«) is the Gamma function, i.e. I'(« f e't*~1dt. These

integrals are called the left-sided and right-sided fractional 1ntegrals respectively.
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The first result yields that the fractional integral operators are bounded in
Ly(a,b), —0o < a<b<oo,1<p< o0, that is

L5+ fllp < K[| fllp, 5= fllp < K| fllp (1.1)
where
B (b—a)”
- T(a+1)

G. H. Hardy proved the inequality (LI]) involving the left-sided fractional in-
tegral in one of his early paper, see [8]. The calculation for the constant K is
hidden inside the proof. Inequality (L)) refers to as inequality of G. H. Hardy.

Many mathematicians gave generalizations and improvements of Hardy-type
inequalities by giving applications for fractional integrals and fractional deriva-
tives. They discover important and useful Hardy-type inequalities for convex
functions as well as for superquadratic functions, (see [4], [6], [9], [11], [12], [13],
[16]). In this paper, we obtain some more general Hardy-type inequalities for
different kinds of fractional integrals and fractional derivatives like Riemann-
Liouville fractional integrals, Caputo fractional derivative, fractional integral
of a function with respect to an increasing function, Erdelyi-Kéber fractional
integrals and Hadamard-type fractional integrals.

Let us recall some facts about fractional derivatives needed in the sequel, for
more details see e.g. [1], [7].

Let 0 < a < b < co. By C™([a,b]), we denote the space of all functions
on [a,b] which have continuous derivatives up to order m, and AC([a,b]) is
the space of all absolutely continuous functions on [a,b]. By AC™([a,b]) we
denote the space of all functions g € C™*([a,b]) with g™~ € AC([a,b]). For
any a € R, we denote by [a] the integral part of o (the integer k satisfying
k<a<k+1)and [a] is the ceiling of « (min{n € N: n > a}). By Li(a,b) we
denote the space of all functions integrable on the interval (a, b), and by L (a,b)
the set of all functions measurable and essentially bounded on (a,b). Clearly,
L (a,b) C Li(a,b).

Let (21,31, p1) and (2, X2, u2) be measure spaces with o-finite measures
and Aj be an integral operator defined by

@)= o [ k@) ) dito). (1.2

Q2

where k: 1 x Q5 — R is measurable and non-negative kernel, f is measurable
function on €29, and

K(x):= /k(x,y) dpa(y), xr € Q. (1.3)

Qo

The following theorem is given in [15].
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THEOREM 1.1. Let 0 < p < g < 00, or —o0 < ¢ < p < 0, (Q1,%1, 1) and
(Q9, 3o, p2) be measure spaces with o-finite measures, u be a weight function on
O, k be a non-negative measurable function on Q1 x Qo, and K be defined on

Q by [@L3), and that the function x — u(x) (ﬁgg) " is integrable on Q1 for
each fized y € Qo, and that v is defined on Qo by

mw:</wmﬁﬁg)ﬂmu05<w

951

If ® is a non-negative conver function on the interval I C R, and ¢: I — R is
any function, such that ¢ € 0®(x) for all x € Int I, then the inequality

/M@@mmumhmm

/Kx AL @) [ K)o n) dpaly) dpn ()

Q2

g(/mwwﬂwdmm>, (1.4)
Qo

holds for all measurable functions f: Qo — R, such that f(y) € I for all y € Qo,

where Ay, is defined by (L2) and r: Q1 x Qs — R is non-negative function defined

by

r(z,y) = [12(f(y)) = P(Awf(2)] = [e(Arf @) (Y) = Aef(@)[ ] (1.5)

Throughout this paper, all measures are assumed to be positive, all functions
are assumed to be positive and measurable and expressions of the form 0- oo, 7
and 8 are taken to be equal to zero. Moreover, by a weight u = u(z) we mean
a nonnegative measurable function on the actual interval or more general set.

The paper is organized in the following way. After introduction, in Section 2
and Section 3, we give more generalized results related to inequalities of G. H.
Hardy for different kind of fractional integrals and fractional derivatives. Also we

obtain some particular results for inequalities of G. H. Hardy which are discussed
n [11] (see also [10], [12]).

2. Hardy-type inequalities for fractional integrals

Let us continue by taking the non-negative difference of the left-hand side
and the right-hand side of the inequality given in ([L4) by taking ®: RT — RT,
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O(r) =2° s>1as:
p(s) = (/U(y)fs(y) du2(y)> ” _/U(I)(Akf(x))? dp ()

_ q/;é(é)) (Akf(x))s(z_l)/k(x,y)r(x,y) dpa(y) dpa(z),  (2.1)

where r(z,y) is defined by (LH).

Using Theorem [[LT] we will construct new Hardy type inequalities for different
fractional integrals and fractional derivatives.

We continue with definitions and some properties of the fractional integrals
of a function f with respect to given function g. For details see e.g. [14t p. 99]:

Let (a,b), —oo < a < b < oo be a finite or infinite interval of the real line R
and « > 0. Also let g be an increasing function on (a,b) and ¢’ be a continuous
function on (a,b). The left- and right-sided fractional integrals of a function f
with respect to another function g in (a, b) are given by

. L[ gmfma .
020 = 1oy [ oy Syt @79

a

and
b

O B T T
a0 = 1oy [ o) —gtaype <D

x
respectively.

In the following theorem, our first result involving fractional integral of f
with respect to another increasing function g is given. We give results for the
Riemann-Liouville fractional integrals and Hadamard-type fractional integrals
as an applications of this theorem.

THEOREM 2.1. Let 0 < p<qg<o0,s>1, a> 1—2, f >0, g be increas-

ing function on (a,b) such that g’ be continuous on (a,b). Then the following
inequality holds true:

0 < pi(s) < Hi(s) — Mi(s) < Hi(s),

where
m = 0 (@ w)’
—a¥ (@) (1) U, D)) (@) = Mis),
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o s(1-1)+1 s s(1-1
ws) = O L gt - ota) ™ (12 0w)

X (Ig‘+;gr1)(x,-)dx,
sy (- Tle+) o o\
= [0 oy e 807 2)
. MNa+1) o . i ~ D(a+1) o -
(9() — gl "o DD gy g(ayye sl D]
and
ag( (b) q(a 1)+p b g
Hy(s) = (9(b) — g(a) 7' s)[ “’(a ( / 9O dy)

—(D(a+1))» / (@) f (1) 7 dx}-

a

Proof. Applying Theorem [T with Q) =Qo=(a,b), du; () =dz, dus(y)=dy,

g'(v) _
k(ac,y) = { T(a)(g(z)—g(y))t—> a<y<uwz
0 r<y<b,

we get that K(z) = o) (9(2) = ()" and Af(2) = () 5 1o f @ >
For the particular Welght function u(:v) = ¢'(z)(g(x ) —g(a)”, z € (a,b), w
get v(y) = (ag () (g a a )/( — 1 q) then (21)) takes the

form
b

(0 1) (/g )~ 1+§fs(y)dy>

~ (Do + 1)) / @)@ —a@) " (12,,f@) " dr =M.

q
I3

pi(s) =

Since 77(1 —s) <0, g is increasing and Mi(s) = 0, we obtain that
q q b a2
3o o) f :
0< < *(y)d
< pi(s) < (a—1)1+1 g () (y)dy

a

b
—(g(b) = g(a)) ¥ I T (a+1))» / (@) (IS4, f(2)) 7 dz — Mi(s)
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= Hl(s) - Ml(S) S Hl(s).
This completes the proof. O

Remark 1. Similar result can be obtained for the right sided fractional integral
of f with respect to another increasing function g, but here we omit the details.

Here, we give a first special case for the Riemman-Liouville fractional integral.
If g(x) = =, then I3 ., f(x) reduces to I f(x) left-sided Riemann-Liouville

a4 ;T
fractional integral and the following result follows.

COROLLARY 2.1.1. Let 0 < p<qg< oo, a>1— Z, s>1, f > 0. Then the
following inequality holds true:

0 < pa(s) < Ha(s) — Ma(s) < Ha(s),

where
(D(a+1)7 (at] g\ s
P = (o Sy (@ )
—a¥ @) (5T I H@) ) (@) - Mals),
gD+ D) G ala=p)=s) o S(2-1) (o
Ma(s)= ) / (v-a) (12 £(@))F 0 (12 72) (@, ) da,
o) =| |- (1 e s)
NG VI 5*1_ BRACTE SN
w s - )|
and

q q(as—1)+p b Z
Ha(s) = (b—a) ¥ (0 l“p((i__?)q o (/f(y) dy>

~Cla+1)7 [z @) dw] .

Now we continue with the definition of the Hadamard-type fractional inte-
grals. Let (a,b) be finite or infinite interval of RT and o > 0. The left and
right-sided Hadamard-type fractional integrals of order o > 0 is given by

(2.0 = 1 / (1) IO s

Y

a
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and
b

N = oy [(os?) I g

x
respectively.

Notice that the Hadamard fractional integrals of order a are special case
of the left- and right-sided fractional integrals of a function f with respect to
another function g(z) = logz in (a,b) where 0 < a < b < 00, the following result
follows.

COROLLARY 2.1.2. Let0<p<qg<oo,s>1,a>1-— 5’ f > 0. Then the
following inequality holds

0 < p3(s) < Hs(s) — M3(s) < Hs(s),

where
_ @+ 0)r g et N
P = (o 1y (e )
—a¥ () (5 2 NN (a) - Ma(),
M) — g(T(e + 1))*G—D+1 bl Lo ) S0 (1 s(3-1)
3(s) = ) [togz ~10g0)™ 2 (2 (@)
< () )
N sy Tla+l) o o)
o) = [0~ (opntonape %)
- Dla+1) 0 b0 5*1_ _ T+l o
‘(logac—loga)"‘{]a+ () ‘f(y) (logaz—loga)‘)”]“+ @)
and
a ag(logb—loga)qmrpl”p / dy Z
H3(8)=(logb—loga)1’(_s)l @-1)7 41 (/fs(y)y>

T

b
- (T(a+1) " /(J&f(fc))qu dxl :

a

Now we present definitions and some properties of the Erdélyi-Kober type
fractional integrals. Some of these definitions and results were presented in
Samko et al. in [17].
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Let (a,b) (0 < a < b < o00) be a finite or infinite interval of the half-axis RT.

Also let @ > 0, 0 > 0, and n € R. We consider the left- and right-sided integrals
of order a € R defined by

—o(a+n) ¥ on+o—
(I§+7 mf)(@) = 7 v /t T T > a, (2.2)

F(Oé) (.’EU _ ta)l—a ’
and
b
ox°" o(l-n—a)—1 d
(L5 o f) () = I'(a) /t (t7 _xg){fta) Loa<n, (2.3)

respectively. Integrals (22)) and (Z3]) are called the Erdélyi-Kober type frac-
tional integrals.

Now, we give the following result.

THEOREM 2.2. Let 0 <p<g<oo,s>1,a>1-— Z, f >0 and 3F1(a,b;c; 2)
denotes the hypergeometric function. Then the following inequality holds true:

0 < pa(s) < Ha(s) — Mu(s) < Hu(s),

where

b

m(s)z(“”‘” (/yF U—y")a-H’q’fS(y)dy)

q
P

a—1)19

q(1—s)

~(C(a+1) / 27V (27 — ) o Fi(2) "

a
sq

X (1;;;7 7,,f(x)) * da — Ma(s),

(g=p)(1—s)
xcras(g—l)—l—a—an—l ((xg' . ao)a P (.’E)) q pp

=

S

|
o
S
2
oy
o}
+
=

Se—

. S [ ra(a, gy
X (Ia+7 nf(x)> / (27 — yo)l-e dy dz,

a

wp_ Tty o, x)
SO O
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—s [(a+1) o N B I'(a+1) N
(1_(2)0)042F1(x) a+§0'§77f( ) f(y) (1—(;)U)Q2F1(Qj) a+,a,nf( ) )
= ; 1p(o—1)¢ a(as—1)+p b q
= —a”)r (1) lal’m b o 8 11 ) e (/2F1<y)fs(y) dy)

b sq
N )Y [R@)I (12, @) dx]’
)

oF (z) = o Fy (—n,a;a—|— 1;1— (a
and
b
Y

2F1(y) = 2F1 <’I’],Oé;04+ 1, 1 — <
Proof. Applying Theorem [[T] with Q; =Qs=(a,b), du; () =dz, dus(y)=dy,

1 ozt onto—1 .
k(x,y) = {5(00 (27 —y7)1 =Y » 4<Y i z'
r<y<so,

)

we get that K (z) = F(a1+1) (1- (g)a)a oFi(—n,a;a+1;1—(2)7) and Ay f(z) =

(1_(5a)+1)F (o Laiom [ (2):

For the particular weight function u(z)=2"1 ((z7 — a ) 2F1 (:v
we get v(y) = (aal_gy”‘lel (y)(b”—y”)“_1+5>/<( !
becomes

, € (a,b)

Ik
), then ([Z))

b q
P

pa(s) = (aa_pip (/?JU LaFi(y) (07 =y ) T () dy)

q(1—s)

~ (D(a+1)7 / 2 v T (27 = a) o Fi ()

a
sq

(Ig+ o nf(:r)) " dz — Mu(s),

Since O;)q(l — ) <0 and My(s) > 0, we get that

b q

S or—lpo=1) 1 (po _ 4o\ Rla=1)+1 g
i) <7 (a—g) +1) (/2F1(y)fs(y)dy>

a
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—a P T D+ 1)) 5 (b7 —a”) P ()

sq

@@ (12 @) T o= )

= H4(S) — M4(8) < H4(8) ]

Remark 2. Similar result can be obtained for the right sided Erdélyi-Kober
type fractional integrals, but here we omit the details.

3. Hardy-type inequalities for fractional derivatives

Now we define the Canavati-type fractional derivative of f over [a, b] (v-fract-
ional derivative of f), for details see [2]. We consider

C¥([a,b]) = {f € C™([a, b)) : T'"7 ™ € C'([a, b))},
v >0, n =[], []is the integral part, and v =v —n, 0 < v < 1.
For f € C¥([a,b]), the Canavati v-fractional derivative of f is defined by
Dy f =DI,~"f",
where D = d/dz.

The following lemma gives conditions in composition rule for the Canavati
fractional derivative.

LEMMA 3.1. Letv >~y >0, n=[v], m = [y]. Let f € C¥([a,b]), be such that
fDa)=0,i=m,m+1,...,n—1. Then

(i) feC([a,b])
(i) (DV1)(@) = p Ly o — 0P (DY F)(E) b,
for every x € [a, b].

In the following Theorem, we will construct new inequality for the Canavati-
type fractional derivative.

THEOREM 3.1. Let 0 < p<qg< oo, s> 1, v—v>1-— 5 and assumptions
in Lemma B1] be satisfied. Then for non-negative functions DY f and D) f the
following inequality holds true:

0 < ps(s) < Hs(s) — Ms(s) < Hs(s),

where
q b ?
_ (y—"y)p v—y—1 P v s :
p5(8)_(u—'y—1)g+1</(b_y) +q(Daf(y)) dy)

a
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q(1—s)

b
(T -y +1)7 / @—a)" T (DIf@) 7 de - Ms(s),

M5(S) _ q(V — ’}/)(F(l/ ; Y -+ 1))5(?’71) /b(x _ a) (V—’Y>(Q;P>(1—S> (D;/f(x))s(gil)

a x

x / rs(z,y)(@ — y)* 7 dy da,

a

F<V_7+1)D’Y )s
()

ra(o) = ||y - (

(@—ay
P =741 e [ e Tv—7y+1) .,
|\ )| (o= D) |
and
a((v=")s—1)+p b N

Hy(s) = <b—a><””5“S>l(”_”(,)f_(b{_“i>q . ( / <DZf<y))sdy>

a

b

(-1 / (D1 ()" dx].

a

Proof. Applying Theorem [T with 2, =Q2 = (a,b), dpi () =dz, dpe(y) =dy,

(z—y)" 7" )
Koy ={ Tl o @SUST;
0, x<y<b,

we get that K(z) = é?;f);:;) and Ay f(z) = 1(“;;:1)71/?7) D) f(x). Replace f by
DY f. For the particular weight function u(z) = (z — a) (U;wq, x € (a,b) we get
v(y) = ((1/ —)(b— y)'k”*l*g)/(((y -1+ 1) "), then () takes the
form

q

b q
_ (V_’Y)p v—y—1+7 v s !
ps(s) = (v—y—1)2+ 1<a/(b—y) T (DY f(y)) dy)

(v—v)a(1—s)

~(Cw—y+1)7 [(x—a) 7 T (DIf(x))" dz— Ms(s).

Se—_
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Since (”;7)‘1(1 —5) <0 and Ms(s) > 0, we obtain that

v — Z —a (V*"/fl)qul b Z
ZCERN R VI ( / <sz<y>>8dy)

b
—h—a) Iy 1) /D“’f )7 dz — Ms(s)

= H5<S) — M5(S) S H5<S)
This complete the proof. O

Next, we give the result for the Caputo fractional derivative, for details see
[1t p. 449]. The Caputo fractional derivative is defined as:
Let « >0, n=[a] +1, g € AC™([a,b]). The Caputo fractional derivative is

given by
L[ )
D
ag(t) = I(n—a) / (2 — )a-n+1

a
for all = € [a, b]. The above function exists almost everywhere for € [a, b].
We continue with the following lemma that is given in [3].

LEMMA 3.2. Letv >~y >0, n=[v]+1, m=[y]+1 and f € AC"([a,b]).
Suppose that one of the following conditions hold:

(a) v,v ¢ Ny and fi(a) =0 fori=m,...,n—1

(b) v € No,v ¢ Ny and fi(a) =0 fori=m,...,n—2

(c) v ¢ No,v €Ny and fi(a) =0 fori=m—1,...,n—1

(d) v € Ng,v € Ny and f'(a) =0 fori=m—1,...,n—2.
Then

x

D1, f(x) = J@=w DLy

( (v —1) ( (

foralla <z <b.

THEOREM 3.2. Let0 < p<g<o0o,s>1, v—vy>1-— Z and assumptions

in Lemma [3.2] be satisfied. Then for non-negative functions DY, f and D], f the
following inequality holds true:

0 < ps(s) < He(s) — Mg(s) < He(s),
where

b
_ (V_fy) v—y—1 v s
)=, H(/(b—y) (DY, f ) dy>

q
P

"
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q(1—s)

b
0=yt 0)F [l D) e Melo)

b
— — S(Zil) v—y)(a—p)(1—s q
(S) _ Q(V 7)(1—‘(” 7+ 1)) /($ _ 0,)( ) » )(1=2) (D;/a (x))s(pfl)
p

x / ro(a,y)(x — y)* "V dy da,

a

'y —~v+1)

s s =T p)|

. Flv—y+1) .,
(x —a)yr—y %

and
q a((v=")s=1)+p b :
vy i(1-s) | =7)7(b—a) » ’
He(s) = (b—a)=5 079 ¢ (DZ.f(y))* dy
(v—y=-1)7+1 J
b
(O -+ )7 [Pl da|.
Proof. The proof is similar to the proof of Theorem O
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