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ON THE MULTIPLE EXTERIOR DEGREE
OF FINITE GROUPS

RASHID REZAET* — PEYMAN NIROOMAND** — AHMAD ERFANIAN***

(Communicated by Vincenzo Marra)

ABSTRACT. Recently the first two authors have introduced a group invariant,
called exterior degree, which is related to the number of elements z and y of a
finite group G such that £ Ay = 1 in the exterior square G AG of G. Research on
this topic gives some relations between this concept, the Schur multiplier and the
capability of a finite group. In the present paper, we will generalize the concept
of exterior degree of groups and we will introduce the multiple exterior degree
of finite groups. Among other results, we will obtain some relations between the
multiple exterior degree, multiple commutativity degree and capability of finite
groups.
©2014

Mathematical Institute
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1. Introduction

Let (g, h) = "g be the conjugation action of G on itself and [g, h] = ghg~'h~".
In [3H5] the tensor square GRG is defined as the group generated by the symbols
g ® h subject to the relations

gk®h=(%k®9h)(g® h)
g@hk=(g®h)("g®"k)

The exterior square G A G is obtained by imposing the additional relations
g®g=1 (g9 € G) on GRG. The definition emphasizes there is an epimorphism
k from G®G to G’ defined on the generators by k(g®h) = [g, h] for all g, h € G,
and its kernel is denoted by J5(G). Let V(G) be the subgroup of J2(G), gener-
ated by all elements g ® g, for all g in G. Then GA G = G ® G/V(G) and the

forall g,k h €@.

2010 Mathematics Subject Classification: Primary 20P05; Secondary 20D15, 20F99.
Keywords: exterior degree, multiple exterior degree, multiple commutativity degree, capable
groups, Schur multiplier.



R. REZAElI — A. ERFANIAN — P. NIROOMAND

image of x ® y is denoted by x Ay for all z and y in G. Since x(V(G)) =1, & in-
duces the epimorphism «’ from G A G onto G’ with M (G), the Schur multiplier
of the group G, as its kernel (see Miller [10]).

In this context, if 2 € G, the exterior centralizer of z in G is the set Cj(x) =
{y € G | zAy = 1}, which turns out to be a subgroup of G and the exterior center
of G, which is denoted by Z"(G), is the intersection of all exterior centralizers
of elements of G (see Bacon and Kappe [1]). Ellis in [6] showed that a group G
is capable if and only if Z"(G) = 1.

The exterior degree of finite groups is introduced in [12], by the first two
authors. It is the probability that two elements z, y of G are such that Ay = 1.
The aim of paper is a generalization of the concept of exterior degree of groups.
We define the multiple exterior degree of a finite group and try to find some
upper bounds for this degree and state some relations between multiple exterior
degree, multiple commutativity degree and capability of groups.

2. Some known results

In this section we are reminded some known results for the multiple commu-
tativity degree and exterior degree of finite groups. For a finite group G the
multiple commutativity degree of G (denoted by d,, (G)) is defined by

{(z1,22,. .. 2ps1) € G"T: wyzj = aym; forall 1<i,j <n+ 1}\
Gl
Clearly do(G) = 1 and G is abelian if and only if d,,(G) = 1. In the case where

n =1, d1(G) = d(G) is called the commutativity degree of group G that is equal
to k(G)/|G|, where k(G) is the number of conjugacy classes of G. (see [7HI]).

dn(G) =

LEMMA 2.1. Let G be a finite group. Then for alln € N,

dn(G) |G\n+1Z\CG )["dn1(Ca(x)).

zeG

Proof.

1 ..
dn(G) = |G\"+1 |{(x1,...,xn+1)€G”+1: xvixj=ux,x; for all 1§z,y§n+1}|

|G\"+1 ZH x1,...,2n) €(Cq(x))" : wijxj=u,z; for all 1§i,j§n}|
zeG
|G‘n+1 Z‘CG | dn— 1<CG( ))
zeG
O
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The following Lemma is a consequence of Lemma 2.1

LEMMA 2.2. ([9: Lemma 4.1]) Let g1, ..., gr(c) be a system of representative for
the conjugacy classes of G. Then for alln € N,

1 &
dpi1(G) = dn(Ca(9:))-
G 2= |el(g)
THEOREM 2.3. Let N be a normal subgroup of finite group G. Then,

w0y <an ()

Proof. We proceed by induction on n. If n = 1, then the result follows by
Lescot ([0 Lemma 1.4]). Now by Lemma 21l and using inductive hypothesis,

G" 1 (G) = Y |Ca(@)]"dn-1(Ca())

zeG

[Ca(x)N|"
= Z [C(;($)G]V : CG(I)]” dn71<CG(x))

zeG
C N|"
- > 3| CY ew@rra ot
SeG/N z€S
< > Y [Can(EN)[*dp-1(Coyn (@N))|Cn ()"
SeG/N z€S
= Y |Con(S)"dn-1(Cayn(xN)) Y [Cn(@)]"
SeG/N zeS
<IN N [Cayn ()M dn1(Cayn (5))
SeG/N
_ |N|n+1|G/N|n+1dn <]C\7;> )

Hence d,,(G) < d,(G/N). Now if NNG’ =1, then d(G) = d(G/N), Cqa(x)N/N
= Cg/n(xzN) and d,_1(Ca(x)) = dn-1(Cq/n(xN)). Therefore all inequalities
should be changed into equalities, and so d,,(G) = d,,(G/N). O

PROPOSITION 2.4. Let G be a non-abelian group and let p be the smallest prime
number dividing the order of G. Then for alln € N,

pn+1 +pn -1
d”<G) < p2n+1 ’

and the equality holds if and only if G/Z(G) is an elementary abelian p-group
of rank 2.
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Proof. We proceed by induction on n. For n = 1 the proof is clear by [t
Lemma 1.3]. Now assume that the result is true for n. Then by using Lemma[2ZT]

1(C) = | grur 2 6 (@) it (Col)

z€G
1
= |Gn+1( > ICe@)"dur(Cale) + Y ca<:c>|“dn1<ca<x>>)
zeZ(G) zEG\Z(G)
1 (G| = [z(G)DIG]"
< Z "d,,—
< g (12161 0,1+ 19718
1 Z(G)|< 1) 1 1 <p“+p“—1—1 1)
= + dn— G)— < + -
pn |G‘ 1( ) pn pn p2 anfl pn
pn—i-l +pn_1
= p2ntl

Assume that G/Z(G) is an elementary abelian p-group of rank 2. We have
dn(Ca(z)) =1 for all zx € G\ Z(G) and by the similar computations as above,
we can prove that

pn+1 + pn -1

dn(G) = p2ntl

Conversely, suppose that the equality holds. Then

n+1 no__
P =@ = e 2 1@ i (Co@)
zeG
12(0) L, ol
<6 w0+ (1= zy)

L 12(G) < 1 )
= + dp-1(G) —
i \ PO
1 Z(G " n=l 1 1
< +|()<p+;§_1 B >
|Gl p*" p"
It follows that |G/Z(G)| < p? and so by the assumption G/Z(G) & Z, X Z,. O
Note that in the above theorem, if G is a finite non-abelian group of even
order, then d,,(G@) is at most (3 - 2" —1)/22"T! (see [9]).
Our result gives a sharper upper bound for d,,(G) under some conditions.

THEOREM 2.5. Let p be the smallest prime number dividing the order of finite
non-abelian group G. If Z(G) NG’ =1, then

1

do(G) < .
@)=

862



ON THE MULTIPLE EXTERIOR DEGREE OF FINITE GROUPS

Proof. We proceed by induction on n. Thanks to [11t Proposition 3.3] we have
d(G) < 1/p and so by Lemma [2.2]

AU
dn(G) = ‘G| _Z Lel(gy)n-1 n-1(Ceai))
< ¢ (@@ + L (k@) - 12(6)D)
1 12(G))| 1 1
= @+ (dn,l(G) - pn_l) <

g

The concept of exterior degree of a finite group G, d"(G), is defined in [12] as
the probability that two elements x, y of G are such that xAy = 1. In other words
dN(G) = |Cs|/|G|?, where Co = {(z,y) € G x G : x Ay = 1}. Furthermore,
G is called unidegree, if d(G) = d"(G) and one can show that every unicentral
group, i.e. every group G such that Z(G) = Z"(G), is unidegree. (See [12]).

LEMMA 2.6. ([12! Lemma 2.2]) Let g1,...,grq) be a system of representative
for the conjugacy classes of G. Then

|G\ |CG

The following upper bounds that have been obtained in [12] will be generalized
in the next section.

THEOREM 2.7. ([I2: Theorem 2.3]) For every finite group G,

i@ <ae - (771 (A9 17O,

where p is the smallest prime number dividing the order of G.

COROLLARY 2.8. ([I2t Corollary 2.4]) Let p be the smallest prime number di-
viding the order of G, then:

(i) if G is non-cyclic and abelian, or G is non-abelian,
then d(G) < (p* +p —1)/p*;
(ii) if G is non-abelian and Z"(QG) is a proper subgroup of Z(QG),
then d"(G) < (p* +p —1)/p*;
(i) G is cyclic if and only if d"(G) = 1.
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3. Multiple exterior degree

In this section we will introduce the multiple exterior degree of a finite group
and we will state some results for the new concept.

DEFINITION 3.1. Let G be a finite group, the multiple exterior degree of G is
defined as the ratio

{(z1,29,.. ., Tpy1) EG" T Ay =1, 1< j<n—|—1}|

D/\
(G) ‘G|n+1

It is clear that DJ(G) = 1 and in the case that n = 1, we denote D{'(G) by
d"(G), the exterior degree of G. Furthermore, one can check that G is cyclic if
and only if D) (G) = 1.

LEMMA 3.2. Let G be a finite group. Then for alln € N,

DYG) = | s 2 106 (@) D)1 (CE()).
‘G| zeG
Proof.
Dy (G) =
= G|}1+1‘{($15I25...7$n+1) €G! zinz; =1 forall 1<id,j<n+ 1}|
\GI”+1 D W2z, en) € (CH()" : wina; =1 forall 1<i,j <n}
z€G

zeG

PROPOSITION 3.3. {D}(G)},>1 is a descending sequence.

Proof. We may proceed by induction on n.
1 1 2
AN _ A AN
@)= : 2 e ce<x>]> Price)
P> ( - Cpy) = DN
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Now assume that the result holds for n, then
1 1 ml
D/\ — D/\ AN

1 1 " N
= |G| ;([G:Cé(x)ﬁ D, (Cg(z)) = Dy (G).

(]
PROPOSITION 3.4. For alln > 1, D) (G) < d,(G).
Proof. The proof is clear by Lemma and using induction on n. d

If in Proposition [3.4] the equality holds, then G is called a multiple unidegree
group. By Theorem and using induction, one can show that, if G is a
unidegree group, i.e. d(G) = d"(G), then G is a multiple unidegree group.
Furthermore the mapping f: Cq(z) — M (G) defined by the rule f(y) = zAyis a
homomorphism with kernel C}}(z). Therefore if M (G) = 1, then Cj(z) = Ca(z)
and so G is multiple unidegree.

LEMMA 3.5. Let {x1,22,..., T} be a system of representatives for the con-
jugacy classes of a finite group G, then

k(G) CA
DYE) = g 22 || DA-a(CB).

Proof. Since for every element g in G, C&(x9) = CL(x)9, then |CL(29)| =
|CE&(x)] and D) (CH(x)) = DL (CH(x9)) for all n > 0, and hence the result holds
by Lemma O

The following technical result is a generalization of Theorem 2.7 and plays an
important role in proving the main result.

THEOREM 3.6. Assume that G is a finite group and p is the smallest prime
number dividing the order of G. Then

1 N (1-p)I|Z(G) - (1 —p"Dp_1(G)|ZNG)|
p"|G| '
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Proof. Since for all z; € G\ Z"(G), [G : C4(x;)] > p, by Lemma [35] we have,

k(G)

DG = g X et D (o)
| ZMNG)] A 1Z(G)| = 1ZMG)] | k(G) = 12(G)]
< Il Dy_1(G) + IGlpm + IGpn—!
1 1 ZMG)] A (1-p)IZ(G)] - |2"(G)]
_ 17 d(G) + (1 =p)IZ(G)] = (1 = p" D, (G))IZMG)]
pn 1 pn|G‘

O

THEOREM 3.7. Assume that G is a non-cyclic finite group and p is the smallest
prime number dividing the order of G. Then

n+1 n
prT A+ pt =1
D7/l\ (G) < 2n+1
p
and the equality holds if and only if G/Z"(G) is an elementary abelian p-group
of rank 2.

Proof. First suppose G is abelian. We proceed by induction on n. For n =1
the result follows by Corollary 2.8 Now assume that the result holds for n — 1.
First suppose that G is abelian, by Theorem we have

by L+ P () ) 2@

- pnfl pn anfl pn‘G| ’
By using Beyl and Tappe ([2: Proposition 4.9¢]), |Z"(G)|/|G| < 1/p? and so

1+1<pn+pn—1_1 1>_pn+1+pn_1

A
Dn (G) S pn pg - p2n+1

p2n—1 pn
Now if G is non-abelian, then since D) (G) < d,,(G), the result holds by Propo-
sition 241

Now assume that G/Z”(G) is an elementary abelian p-group of rank 2. Then
for all z € G\ Z"(G), |G : C4(2)] = pand C4(2)/ZM(G) = (xZ"(G)) is a cyclic
group of order p . For a,b € C4(z) one has a = x'z; and b = 27z for some
21,290 € ZNG) and 0 < 4,5 < p—1. Therefore a Ab= 2’2y Axizg = 2' A? =1
and so D))_{(C4&(z)) =1forall z € G\ Z"(G) and n > 1. Hence all inequalities
in the above proof and the proof of Theorem turn in to equality.
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Conversely, assume that D) (G) = (p”Jrl +p" —1)/p* 1. Then

pn+1 +pn -1

p2n+1 = D/\( |G‘n+1 Z ‘CG |nD (Cé(%))

zeG
1 IZA(G)< A 1)
< 4 D) (G) —
pr G (@) p"

Since G is not cyclic, D) _1(G) < (p" +p"~' —1)/p*"~! and so

mHlppn—1 1 ZNG)| (P -1
P L ()
P p Gl \p
It follows that [G : Z"(G)] < p?. On the other hand by [2: Proposition 4.9¢], we

have [G : Z"(G)] > p*. Therefore G/Z"(G) is an elementary abelian p-group of
rank 2. O

THEOREM 3.8. Assume that p is the smallest prime number dividing the order
of non-abelian finite group G and Z"(QG) is proper subgroup of Z(G). Then
D/\(G) - p2n+1<p + 1) +p2n -1
T e+ 1)

Proof. We use induction on n. Since G is not unicentral and non-abelian,
d(G) < (p*+p—1)/p3 and [Z(G) : Z"(G)] > p. For n = 1 the result follows by
Corollary 2.8 Now by Theorem we have

1 2+p—1 Z(G —p?—1+p"D)_ (G

pn—l p3 |G‘ pn+1

Since G is non-abelian, [G : Z(G)] > p? and by the induction hypothesis,

2 -1 1 2n—1 2 1) — 2n 1)—=1
@) < PP (p 2p+1)—p™(p+1) )

pn+2 p2 p3n71(p + 1)

p2n+1(p + 1) +p2n -1

prtip+1)

0

When G is a capable group, Our result gives a sharper upper bound for
multiple exterior degree as the following.

THEOREM 3.9. Let G be a non-abelian capable group and p be the smallest prime
number dividing the order of G. Then D})(G) < 1/p".

Proof. Use induction on n. By Proposition 3.4 and Theorem one may
assume that Z(G) N G" # 1. Assume that C = {x1,..., 25} is a system of
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representatives for the conjugacy classes of a finite group G. Then thanks to [12k
Theorem 2.8] there is z; € C — Z(G) such that [Cq(x;) : C4(x;)] > p. Therefore

k(G)

|CE(; |“ A
|G\n Z |Ce ()] n1(Co (i)
1 n— G|t Gn—1
= e <|ZA<G>IIG DL (G)+] ]Ln (IZ(G)l—IZA(G))+|p2n1>

1 |G|t )
+ E(G)—1Z(G)|-1)].
g (s ((G) = 12(6) 1)
Since G is capable, Z”(G) = 1 and so by inductive hypothesis,

DG < gy (ot + p1Z@I =1+ o+ 1L (O - 12 - )

p
e ()5

pn—1
On the other hand
1 p—1\ |Z(G
ao s, +(7") g
and so the result follows. O
THEOREM 3.10. If the orders of the groups G and H are coprime, then
DG x H) = D\(G)D)(H).

Proof. We proceed by induction on n. For n = 1, it has been proved in [12k
Lemma 2.10]. Since C3, 5 (g, h) = C4(9) xCpy (h), by Theorem B2 and inductive
hypothesis we have

D) (G x H)
TG x }q|n+1 . h)ezGXHWéxH(g, R)|"DA_ 1 (Chy i (g, 1))

|axH|n+1 GZG%ZHWG DI ICH (MDA (Ch(9) D)1 (C(R))

= (jop 2 [Cata)l"Pa- (€2 ) g X ICh®" D) ()
= D) (G)D)\(H).
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4. Some examples

Ezample 4.1. Let Dy, = {a,b | a®? = b" = (ab)? =
order 2n. By [12t Example 3.1] we have Z”(Day,
Furthermore, Cp, (b') = (b) and C_ (ab’) = (a
we prove that

1) be the dihedral group of
) =1 and d(DQn) = d (Dgn)
b%). By using induction on m

nm 4 2mtl ]

D) (Dy,) =
m(Dan) 2(2n)™
1 m
Dp(D2n) = |1y i > 1B, @)Dy (CP,, (x))
2n IEDZn
1 m m m
- (2n>m+1((2n) D) _1(Dan) + (n— 1)n™ +2™n)
1

= a1 ((2n)m <"m2(12;;)72;:_ 1) F(n—1)n™+ 2mn>

n™ 4 2mtl 1
2(2n)m

Exzample 4.2. Let Q,, = {a,b| a™ = b*> = (ab)?) be the generalized quaternion
group of order 4n, n > 1. The Schur multiplier of @,, is trivial and so it is a
multiple unidegree group. By the same computation as in the above example,

we have
n™m 4 2mtl _q
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ing the readability of this article.
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