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ON THE GROUP SHEAF
OF A-SYMPLECTOMORPHISMS

PATRICE P. NTUMBA
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ABSTRACT. This is a part of a further undertaking to affirm that most of
classical module theory may be retrieved in the framework of Abstract Differen-
tial Geometry (& la Mallios). More precisely, within this article, we study some
defining basic concepts of symplectic geometry on free .A-modules by focussing
in particular on the group sheaf of A-symplectomorphisms, where A is assumed
to be a torsion-free PID C-algebra sheaf. The main result arising hereby is that
A-symplectomorphisms locally are products of symplectic transvections, which is
a particularly well-behaved counterpart of the classical result.
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1. Introduction

The study of symplectic A-transvections parallels that of orthogonal A-sym-
metries with respect to (A-) hyperplanes. An important result regarding orthog-
onal A-symmetries is the sheaf-theoretic version of the Cartan-Dieudonné theo-
rem, which stipulates that given a PID C-algebra sheaf and ¢ a non-degenerate
A-bilinear form on a convenient A-module £ of rank n, having nowhere-zero
(local) isotropic sections, every A-isometry o € Aut 4 € is a product of at most
n orthogonal symmetries with respect to (local) non-isotropic hyperplanes, cf.
[11]. But for a Riemannian convenient .A-module £ of finite rank, equipped as
above with a non-degenerate A-bilinear form ¢, the condition that £ should have
nowhere-zero isotropic sections plays no role, and is therefore needless, cf. [11].
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The Cartan-Dieudonné theorem is part of special features characterizing orthog-
onal geometry; its counterpart with respect to symplectic geometry is centered
around symplectic A-transvections. It states that

Given a free symplectic A-module of rank 2n on a topological space
X, where A is a PID C-algebra sheaf, and o € End 4 E an A-sym-
plectomorphism of &, for any open U C X, oy is a product of at
most 4n — 2 symplectic A(U)-transvections.

This result is the main result of the paper.

2. Generalities on abstract geometric algebra

Let us review succinctly the basic notions of Abstract Geometric Algebra
which we are concerned with in this paper. Most of the concepts in this paper
are defined on the basis of the classical ones. These notions may be found
in our recent papers such as [§], [9], and [10]. Let F and &£ be A-modules
and ¢: F & £ — A an A-bilinear morphism. Then, we say that the triple
(F,&;:9);A) = (F,E;¢) = (F,&; A) forms a pairing of A-modules or an A-pair-
ing. The sub-A-module F+ of £ such that, for every open subset U of X, F1(U)
consists of all r € £(U) with ¢y (F(V),r|y) = 0 for any open V' C U, is called
the right kernel of the pairing (F,&;A). In a similar way, one defines the left
kernel of (F,E;A) to be the sub-A-module £+ of F such that, for any open
subset U of X, £(U) is the set of all (local) sections r € F(U) such that
v (rlv,E(V)) =0 for every open V C U.

If (£,¢) is a self A-pairing with ¢ symmetric or skew-symmetric, the kernel
&L is called the radical sheaf (or sheaf of A-radicals, or simply A-radical) of
E. If Fis a sub-A-module of &, the radical of F consists of those sections of
F* that are also sections of F. In other words, rad F = F N FL. In general,
if (F,€&;A) is a pairing of free A-modules, then rad £ := £ N £+, and similarly
rad F := FNF'. An A-module &£ such that rad £ # 0 (resp. rad £ = 0) is called
isotropic (resp. non-isotropic); € is totally isotropic if ¢ is identically zero. For
any open U C X, a non-zero section r € £(U) is called isotropic if ¢y (r,r) = 0.

N.B. We assume throughout the paper, unless otherwise mentioned, that the
pair (X, .A) is an algebraized space, where A is a unital C-algebra sheaf such that
every nowhere-zero section of A is invertible. (Consider for example sheaves of
continuous, smooth and holomorphic functions.)
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3. Symplectic Gram-Schmidt theorem

LEMMA 1. Let (€,w) be a symplectic free A-module, U an open subset of X and
(r1,...,mn) C EWU) an arbitrary (local) gauge of E. For anyr =r;, 1 <i < mn,
there ezists a nowhere-zero section s € E(U) such that wy (r, s) is nowhere zero.

Proof. Without loss of generality, assume that r; = r. On the other hand,
since the induced A-morphism w € Hom 4(€,£*) is one-to-one and both &£ and
E* have the same finite rank, it follows that the matrix D representing wy (see
also [Tt Theorem 2.21, p. 357; Definition 2.19, p. 356] or [2: Proposition 20.3,
p. 343]), with respect to the basis (r1,...,r,), has a nowhere-zero determinant;

SO since
n

det D = Z 1+Z Tl,Tl) det Dlz = w<r1,z 1+i det Dlﬂ“i>,

1=

where Dy; is the minor of the corresponding w(rq,7;), and det D nowhere zero,

n .

we thus have a section s := Y (—1)'T"det D1;r; € £(U) such that w(r,s) is
i=1

nowhere zero. O

THEOREM 1. Let (E,w) be a symplectic free A-module of rank 2n, and I and
J two (possibly empty ) subsets of {1,...,n}. Moreover, let A = {Ti € W) :
i€l} and B={s; €EWU): je J} suchthatr;, s; (i €I, j € J) are nowhere
zero, and

wy (ri,ry) = wu(si, s5) =0,  wul(ri,s;) = dij, (i,§) e I x J. (1)
Then, there exists a basis B of (£(U),wy) containing AU B.

Proof. Asin [5 Theorem 1.15, pp. 12, 13], we have three cases. With no loss
of generality, we assume that U = X.

(1) Case: I = J ={. Since A>"#0 ( we already assumed that C = Cx C.A),
there exists an element

0# 7 € E(X) = A (X) = A(X)>"

(take e.g. the image (by the isomorphism £(X) ~ A?"(X)) of an element in the
canonical basis of (sections) of A?"(X)). By virtue of Lemma [I] there exists a
section s1 € £(X) such that wy (r1|v,s1]v) # 0 for any open subset V' in X.
Thus, based on the hypothesis on A, wx (r1, s1) is invertible in A(X). Putting

51 :=u~tsy, where u = wx(r1,51) € A(X), one gets

wx(ry,s1) =1
Now, let us consider

S1 = [r1, s1],
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that is, the A(X)-plane, spanned by r1 and s; in £(X), along with its orthogonal
complement in £(X), i.e.,
St=T={te&(X): wx(tz)=0 forall z€5}.
The sections 1 and s; are linearly independent, for if s; = arq, with a € A(X),
then
1 =wx(r,s1) =wx(r1,ar1) = awx(ri,r1) =0,

a contradiction. So, {r1,s1} is a basis of S;. Furthermore, we prove that

(i) S1NTy =0,
(ii) S1+T1 = &(X).
Indeed,

(i) since wx (1, 1) # 0, we have S1 N1y = 0.
On the other hand,
(ii) for every z € £(X), one has

z= (—wx(z,r1)81 +wx(z, 51)7“1) + (z +wx(z,71)81 — wx (2, 51)7“1),
with
—wx (z,7m1)81 + wx (2z,81)r1 € 51,
and
z+wx(z,m1)81 —wx(z,81)r1 € Th.
Thus,
EX)=581aT.
The restriction w1 = wy x of wyx to Th is non-degenerate as € (in particular,
E(X)) is non-isotropic. (T1,wy) is thus a symplectic free A(X)-module of rank
2(n — 1). Repeating the construction above n — 1 times, we obtain a strictly
decreasing sequence
(E(X),wx) 2 (T1,w1) 2 2 (Th1,wn—1)
of symplectic free A(X)-modules with rank T, =2(n—k), k=1,...,n—1, and
also an increasing sequence
{ri,s1} C{re,regs1, 828 o C{re, ..o, T s1,- -0, S0}

of gauges; each satisfying relations ().

(2) Case I =J # (. We may assume without loss of generality that [ =
J=1{1,2,...,k}, and let S be the submodule spanned by {r1,...,r; $1,..., Sk}

Clearly, wx|s is non-degenerate; by Adkins-Weintraub [I: Lemma (2.31), p. 360],
it follows that S N .S+ = 0. On the other hand, let z € £(X). One has

k k k k
2= (— ZWX(Z; Tz‘)SH—Z wx (2, Si)ri> + (z—l—z wx (z, ri)si—ZwX(z, si)n) ,
i=1 i=1 i=1 i=1
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with
k k
=3 wx(zm)si+ > wx(z, 80 € 8,
i=1 i=1
and
k k
z+ wa(z,ri)si - wa(z, s;)r; € St
i=1 i=1
Thus,

E(X)=Sast.
Based on the hypothesis on S; the restriction wx|s is a symplectic A-bilinear
form. (It is also easily seen that the restriction wx|g. is skew-symmetric.)
Moreover, since S@® S+ = £(X) and £(X)*+ = 0, if there exist z; € S* such that
wx(21,2) =0 for all z € S+, then z; € £(X)+ =0, ie., z; = 0. Thus, wx|g. is
non-degenerate and hence a symplectic A-form. Applying Case (1) , we obtain
a symplectic basis of S+, which we denote as

{Phtts oo s Tni Skt - oo Snte
Then,

B={ri,...,"n;81,...,5n}
is a symplectic basis of £(X) with the required property.

(3) Case J\I#0 (or I\ J+#D). Suppose that k € J\ I; since wy is non-
degenerate there exists r, € £(X) such that wx (rg, sk) # 0 in the sense that
wy (rklv, sklv) # 0 for any open V' C X. In other words, the section v =
wx (rk, sk) € A(X) is nowhere zero, and is therefore invertible. So, if ry :=
v71ry, we have wy (rg, s;) = 1. Next, let us consider the sub-A(X)-module R,
spanned by ry and sg, viz. R = [rg, sg]. As in Case (1), we have

E(X)=Ra® Rt
Clearly, for every i € I, r; € R*+. To show this, fix ¢ in I, and assume that
ri = ary + bsy, + x, where a,b € A(X) and x € R*. So, one has
0 =wx/(r, sk) = a, 0=wx(ri,rg) =b,
which corroborates the claim that r; € R* for all i € I. Furthermore, we also

clearly have that for every j # k in J, s; € R*. Then AU B U {ry} is a family
of linearly independent sections: the equality

agTg + Zain— + ijsj =0

icl jeJ
implies that a = a; = b; = 0. Repeating this process as many times as
necessary, we are lead back to Case (2), and the proof is finished. O

Referring to Theorem [I the basis B is called a symplectic A(U)-basis of
(EWU),wo).
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COROLLARY 1. Let (E,w) be a symplectic free A-module of finite rank. For any
nowhere-zero (local) section r € E(U) (U is an open subset of X), there exists a
nowhere-zero section s € E(U) such that wy (r, s) is nowhere zero.

Proof. Apply Theorem [Il to find a symplectic basis of (£(U),wy) containing
the given nowhere-zero section r, then apply Lemma [l to find a nowhere-zero
section s € £(U) such that wy (r, s) is nowhere zero. O

4. Main results

DEFINITION 1. Let (£,w) and (£’,w") be symplectic A-modules. An A-morph-
ism ¢ € Hom4(€,&’) is called symplectic if
prw =wo(pxp) =w,
that is, for any s,t € £(U), where U is open in X,
wy (v (s), pu(t)) = w'((s), (1) = w(s,t) = wu(s,?).
A symplectic A-isomorphism is called an A-symplectomorphism. Symplectic

A-modules (£,w) and (£’,w’) are called symplectomorphic if there is an A-sym-
plectomorphism between them.

Clearly, symplectic A-morphisms are necessarily injective; indeed, given a
symplectic A-morphism ¢: (£,w) — (£',w’), then, for any s € £(U), since w
is non-degenerate, ¢y (s) = 0 implies that s = 0.

LEMMA 2. Let (€,w) be a symplectic A-module. The correspondence
Ur— (Sp&)(U), (2)

where U wvaries over the topology of X, such that (Sp E)(U) is the group (un-
der composition) of all A|y-symplectomorphisms yields a complete presheaf of
groups. The corresponding sheaf, denoted Sp &, is called the symplectic group
sheaf, or the group sheaf of symplectomorphisms of £ (in fact, of (£,w)).

Proof. We first show that for any open set U C X, (Sp&)(U) is a group. In
fact, since
(Sp&)(U) € GL 4, (Elv, Elv)

and the correspondence

Ur— GLy, (€lu, €lu) € Hom ay, (Elu, Elu)
gives rise to a complete presheaf of groups, cf. [Tt pp. 285, 286], we need only
show that if ¢, € (Sp&)(U), then p o1h, o= € (Sp E)(U). To this end, let V
be any open subset of U. Then, we have

(pv o hy) (wv) = (i o o1 ) (wv) = ¥y (py (wv)) = wy,
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from which we deduce that p o € (Sp &)(U).
On the other hand, one also obtains
(v (wv) = (3 (v (wv)) = (v 0 3! ) (wv) = wv,

so that ¢! € (Sp &)(U), as well.

Let us now show that (2] yields a complete presheaf of groups. It is easy to
see that Correspondence (2)), along with the obvious restriction maps, defines
a presheaf of groups on X. Thus, we just prove that the presheaf of groups
defined, on X, by (2)) is complete.

Indeed, let U be an open subset of X and & = {U, }ner an open covering of
Us; let v,9 € (Sp E)(U) such that

pY (0) = pu., = pa = Vo = Yu, =pY_,

for all « € I, and where the pga are the restriction maps characterizing the
presheaf ((Sp &)(U), p¥). Since

(Sp&)(U) € GLay, (Elv,€lv),  GLaj, Elv, €lv) € Homyuy, (€lu, €lu),
and the {pga taer are also the restriction maps making the diagram
UFHHOmAw(E‘U,(ﬂU) (3)

into a presheaf, it follows that ¢ = 1. So the presheaf on X, given by (2,
satisfies Condition (S1) of presheaves, see [7: p. 46].

For axiom (S2), see [Tt p. 47], let

(@a)aeI € H(Spg)(Ua) - H Hom.A\Ua <6|Ua7€‘Ua)

a€el acl
be such that
Uda _ . _ U
PO, (Pa) = Palves = esluas = p0l v, (98)

for any «, 8 € I, with U,s = U, NUg # 0. Hence, since @) yields a complete
presheaf, there exists an element ¢ € Hom 4|, (£]y, £|v) such that one has

olu, = ¢a, ael.

It only remains to show that
P =w,

where w = w|y is a symplectic structure on £|y.
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To this end, we first observe that ¢*w, w € Hom 4, ((€ ® €)|v, Alv), with
U— Homy, (@ E)|v, Alv)
defining a complete presheaf of A-modules on X, see [Tt p. 134]. But,
e wlu, = (plv.) wlu, = vawlo., = wlv.,
therefore
P'w = w,

as desired. 0

Symplectic A-transvections, introduced in [12], are a particular case of A-sym-

plectomorphisms. Since we shall need them henceforth, let us recall the definition
(due to Mallios) of a symplectic A-transvection.

DEFINITION 2. Let £ be an A-module. An element ¢ € Aut& is called an
A-transvection if there exists a sub-A-module H in & such that £/H ~ A, and
the following conditions are satisfied:

(i) ¢l =1.
(i) Tm(p — 1) C 2.

More accurately, we say that ¢ is an A-transvection with respect to the sub-
A-module H.

Purely categorically, condition (i) of Definition [2l means that the diagram
0 >H > & >A >0
\
0 >H =& > A >0,

where the two horizontal rows represent the same short exact sequence, com-
mutes.

In the same vein, an A-transvection of a symplectic A-module is called a
sympletic A-transvection.

DEerFINITION 3 (Mallios). Let £ be an A-module. An element ¢ € End& =
End & = Homa(E,€) is called a homothecy of ratio o« € Endg A =:
A*(X) ~ A(X) if
p=a-l, (4)
where I stands for the identity of the group End £ := Hom 4 (&, E).
Section-wise, Equation () means that, given any section s € £(U), one has

vu(s)=aly-s=a-s.
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Now, suppose we have a free A-module £ and H an A-hyperplane of £, so
that one has

E/H ~ A, (5)
cf. [§]. Moreover, let ¢ € End € such that
p(H) CH; (6)

then, ¢ gives rise to an element, say @, of End(E/H); viz.
o e End(E/H),
such that, in view of (@),
poq=qop,
where q: £ — E/H is the canonical A-epimorphism. However, due to (B), one
has
¢ € End(E/H) ~End A=: A*(X) ~ A(X),
viz. one obtains
p=a€c AX)~EndA,
thus
[ﬁ = Q- Iv
so that « is the ratio of ¢. Hence, ¢ induces a homothecy of £/H(~ A) of
ratio a.

LEMMA 3. Let € be a free A-module, H an A-hyperplane of £, ¢ an A-endo-
morphism of £ that fixes every section of H, and ¢ the A-homothecy, of ratio
a, induced by ¢ on the line A-module E/H. Then,

(1) If o is nowhere 1, there exists a unique line A-module L C & such that
E=HDL and L is stable by v, i.e. p(L) ~ L.

(2) If « = 1, then for every A-morphism 6 € Homa(E,A) = E(X) with
ker § ~ H, there exists a unique A-morphism 1 € Hom4(E,H) such that

po=1I+1. (7)

Proof.

(1) Uniqueness. Let L be a line A-module satisfying the hypotheses of the
assertion, and s a nowhere-zero global section of £ (such a section s does exist
because £ ~ A and A is unital). Therefore, there exists b € A(X) such that
©(s) = Bs. Next, assume that ¢ is the canonical A-morphism of £ onto £/H.
It is clear that ©x(gx(s)) = Bax(s) = Bq(s); thus ¢x is a homothecy of ratio
a = b, hence, by hypothesis, 5 is nowhere 1. Now, let u be an element of £(X)
such that u ¢ H(X); then there exists a non-zero A € A(X) and an element
t € H(X) such that

U= As+t.
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It follows that

o(u) = A\Bs + t.
Of course, p(u) and u are colinear if and only if ¢ = 0. Thus, we have proved
that every section u € £(X) which is colinear with its image ¢(u) belongs to
L(X). A similar argument holds should we consider the decomposition £(U) =
H(U)® L(U), where U is any other open subset U of X. Hence, L is the unique
complement of H in &, up to A-isomorphism, and stable by ¢.

Existence. Since « is nowhere 1 on X, there exists a nowhere-zero section
s € £(X) such that

eulqu(slv)) == ulqu(sv)) # qusv) =: qu(slv)
for any open U C X. As poq = qoy, it follows that riy := ¢y (sy) — sy does not
belong to H(U), for any open U C X. The line A-module £ := [ry] x50, open
clearly complements 4. It remains to show that £ is stable by ¢: To this end,
we first observe that every sy does not belong to the corresponding H(U), and
EWU) ~ A(U)sy @ H(U). So, since ry ¢ H(U) for every open U C X, there
exists for every ry sections ay € A(U) and ty € H(U) such that

ry = aysy + ty- (8)
We deduce from (§) that
pu(ru) = (av + Dru,
and the proof is complete.
(2) Uniqueness is obvious.

Ezistence. Let t € £(X) be a nowhere-zero section such that t|y ¢ H(U) for
any open U C X. Consider the section

= (0(1) " (p(t) —1). 9)
Clearly, r € H(X); it is because

(go@)(t) —q(t) = (P oq)(t) —q(t) = 0.
The A(X)-morphisms
s+— (s) (10)
and
s> s+P(s) :==s+0(s)r (11)
are equal, since p(t) =t + 9(t) , and o(s) = s + (s) for every s € H(X). O

From the uniqueness of the A-morphism 1, we deduce that the global section
r in (@) is unique. On another hand, it is clear that ¢, as given in (7), is an
A-transvection.

In particular, we shall be concerned with symplectic A-transvections of sym-
plectic free A-modules of finite rank. More explicitly, let (£,w) be a symplectic
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free A-module of finite rank, and ¢ a symplectic A-transvection of (£,w). By
the proof of Lemma 3] there exists a section r € £(X) such that

ox(s) =s+0x(s)r (12)
where ker § is an A-hyperplane of £. Clearly, we have
WX(SOX(S)MPX@)) = WX<S,t), (13)

for s,t € £(X). Using [I2), (I3) yields
Ox(s)wx (r,t) = Ox (t)wx(r,s).

Suppose that r is nowhere zero. By Corollary [Il we let ty be a nowhere-zero
section such that wx (r, o) is nowhere zero. Then

Ox(s) = wGXX(ijtl)wX(T’ s) = cwx (1, s),
where
Ox (to)
= e A(X).
wx (7, to) <0
Hence,

ox(s) = s+ awx(r, s)r,
with ¢ € A(X).

LEMMA 4. Let (£,w) be a symplectic orthogonally convenient A-module of finite
rank. The correspondence

Ur— (Tv&)(U),

where U is any open set in X, such that (Tv E)(U) is the group of all symplectic
Aly-transvections yields a complete presheaf of groups. The sheaf thus obtained
is denoted Tv & and is called the symplectic transvection group sheaf.

Proof. Apart from the completeness condition (S2), the rest of the proof is
just as straightforward as in the proof of LemmaPl So, let

(Pa)acr € [[(TvE)(Ua) € [](SPE)(Ua)
acl a€cl
be such that
%é|UaB = 90,8|Ua5
for any «, 8 € I, with U, # 0. Since ((Sp&)(U),pY) is a complete presheaf,
there exists ¢ € (Sp £)(U) such that one has

90|Ua2900m acl.

853



PATRICE P. NTUMBA

It only remains to show that ¢ is an A|y-transvetion. For this purpose, let
s € E(UaNUg). If sy € E(U;), i € 1, is the direction section of the corresponding
A|y,-transvection ¢;, on one hand, we have, for any s € £(Uag),
PlUas (5) = @ilUas (5)
=5+ /\Ui

UapWUap (S(I)Jl ’UaB ) S)S(()Jl |Uc>¢57

where i = «, 3. Whence, we have

U, U, U U
>\Ua |Uo¢5anB (SOQ IUaﬁ ) 8) Sp% = AU@ IUaﬁanB (Soﬁ |Ua@ ) 5)8057 (14)

for every s € £(U,p). Since s is arbitrary, it follows from (I4]) that

Ua U
$0°|Uap = 50" |Uap> AU U = AvglUas-
Thus, there exist s§ € £(U) and Ay € A(U) such that

s¥ v, =5, Mulu, = Au,-
Hence,
wu(s) = s+ Apwy(sy, s)sY,
for every s € £(U). O

We shall now show .A-symplectomorphisms are generated by symplectic
A-transvections, the counterpart of a classical result that may be found in [3t
pp. 18-20] or [4t pp. 422-424] or [6: p. 372-374].

LEMMA 5. If s,t € E(U) are sections of £, over an open subset U of X, such
that wy (s,t)|lv = wv(s|v,tlv) # 0, for any open V. C U, then, there exists a
symplectic transvection T on E(U) such that 7(s) = t. On the other hand, if
wy(s,t)|y = 0 and s|y # t|y for some open V. C U, there is no symplectic
transvection on E(U) carrying s onto t.

Proof. Since wy(s,t) is nowhere zero, and every nowhere-zero section of A is
invertible, it suffices to take

T(u) =u— )wU(t—s,u)(t—S).

wy(s,t

As for the second part of the lemma, suppose there exists a symplectic
transvection 7, determined by a section a € £(U), mapping s onto t. Then,
on V', we have

clvwy (aly, slv)? = 0;
if ¢|y =0 or wy (aly, s|v) =0, it follows that
Tv(slv) = slv =tlv,

which contradicts the hypothesis. O
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LEMMA 6. Let 7 be a symplectomorphism of E(U) and F. the free sub-
A(U)-module of E(U) consisting of all fixred sections in E(U) (by 7). Then,
there exists a transvection a such that the free sub-A(U)-module, Fy, of fized
sections of ¢ = avor, satisfies the property that rank Fyy > rank F, if and only if
there exists a section s1 such that wy(7(s1), $1) 4s nowhere zero, (which implies
that T(s1)|v # s1|v for any open V. C U, which, in turn, implies that s1 ¢ F).

Proof. Suppose there exists s; with wy (7(s1), s1) nowhere zero; it follows that

wy (7(s1) = s1,81)[v #0
for any open V C U. Based on Theorem [I there exists a symplectic basis
of (£(U),wy) containing 7(s;) — s1; so it is clear that (7(s1) — s1)* is an
A(U)-hyperplane. Furthermore (7(s1) — s1)* contains F,, for, if 7(s) = s,
wy(1(s1) — 81, 8) = wy(7(s1),8) —wu(s1,s) = wy(r(s1),7(s)) — wy(s1,s) = 0.

Considering the transvection

a(s) =s— )wU(Sl —7(s1),8) (51— 7(51)),

wy (1(s1), $1
one has
a(r(s1)) = s1.

Its fixed sections yield the A(U)-hyperplane (s; — 7(s1))*, which contains F,.
Since

¢(s1) = (ao7)(s1) = 81
and s; is nowhere zero and is contained in Fy, so rank Fy > rank F’;.

Conversely, if ¢ = cvo7 for some transvection « such that rank Fy > rank F,
it follows that there exists a nowhere-zero section s; € £(U) such that ¢(s1) =
(aoT)(s1) = s1 and 7(s1)|v # s1]y for any open V. C U. Assume that the
transvection « is given by

a(s) = s+ awy(a, s)a,
where ¢ € A(U) and a € £(U). Then,
(aoT)(s1) =7(s1) + awula,7(s1))a = s1,
which implies that
7(s1) — s1 = cwy(a,7(s1))a.

Since (7(s1) — s1)|v # 0 for any open V- C U, wy(a,7(s1))|v # 0 and c|y # 0
for any open V C U. But, for any open V C U,

wo (a,7(s1))lv = wu(ala), a(r(s1)))lv = wo(a, s1)lv # 0
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and

wy(s1,7(s1)) = wu(a(sy), a(t(s1))) = wy(s1 + cwr(a, s1)a, s1) = cwy(a, s1)?,
therefore

wy (s1,7(s1))|v # 0
for any open V C U. ([l

LEMMA 7. Let 7 be a symplectomorphism of E(U) such that wy(7(s),s) =
w(7(s),s) = 0 for all s € E(U). Then, if T is not the identity, there exists
a transvection o of E(U) such that Foor = Fy = F;, where Fy, and F; are free
sub-A(U)-modules of E(U) consisting of all fized sections of ¢ and T, respec-
tively. Furthermore, there exists s1 € E(U) such that w(¢(s1),s1) is nowhere
zero.

Proof. By polarization, one has
0=w(r(s+1t),s+1t)=w(r(s),t) +w(r(t),s),
so that
w(T(s),t) =w(s,7(t))
for all s,t € £(U). In other words, 7 is a symmetric A(U)-endomorphism
(7* = 7); as T is symplectic, one has
Tror=ldgy=1= 72
It follows that 7 is a symplectic involution, which splits the A(U)-module £(U)

into two sub-A(U)-modules: £(U); and E(U)_, corresponding to eigen-value
sections +1 and —1, respectively, i.e.

EU)=EU)+dEWU)-.
Observe that if s € E(U)y and t € E(U)- :
w(s, t) =w(r(s), 7(t) = w(s,—t) = —w(s,t) =0

(assuming that the characteristic of A(U) is not 2). Thus, E(U)4 and E(U)_ are
orthogonal, hence non-isotropic. Clearly, £(U)+ is the free sub-A(U)-module F;
of fixed sections of 7.

If 7 # 1, £(U)- is non-void and non-isotropic. Take in £(U)_ a nowhere-
zero section sg, so that by Corollary [Il there is a nowhere-zero section s; such
that w(sg, s1) is nowhere zero. Let a be the transvection determined by sg and
a nowhere-zero coefficient A € A(U). We contend that ¢ := « o 7 is not an
involution. Indeed,

w(p(s1),51) = w(—51 — Aw(s0, 51)50, 51) = —Aw (80, 51)*

is nowhere zero.
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Since s € £(U)_, s is orthogonal to £(U),, that is, £(U), C sg, which is
the free sub-A(U)-module consisting of all fixed sections of . Thus, F. C Fy,
but, by virtue of Lemma [6] we necessarily have that F, = F; . [

Putting Lemmas [, 6l and [7] we have

THEOREM 2. Let (E,w) be a free sympletcic A-module of rank 2n and o €
End 4 & an A-symplectomorphism of £. Then, for any open subset U of X,
o = oy s a product of at most 4n — 2 symplectic A(U)-transvections.

Proof. We use induction on the rank of the free sub-A(U)-module F, = F,,
of fixed sections of o, showing that if o # I, there exist at most two symplectic
transvections, a and S, of £(U) such that, if ¢ := afo, rank Fy > rank F,,.

Besides, if rank F,, = 2n — 1, then o is a symplectic transvection. Indeed, in
such a case, there are at most two transvections o and 8 such that

2n =rank Fy > rank F,,
where ¢ := afo = I¢(). Thus,
o=p"ta"t
Now, suppose that rank F,, < 2n—1; so there exist m symplectic A(U)-trans-
vections ajq, ..., a.;, of E(U), where m < 4n — 2, such that
O Oyt - -~ 10 = 1.

Hence,
o= 041_1042_1 . ~0¢,_n1,

which is a product of symplectic A(U)-transvections. |
We thus obtain our major result, which is

THEOREM 3. Let (E,w) be a free symplectic A-module of finite rank. Then, the
symplectic group sheaf Sp & is generated by the symplectic transvection group

sheaf Tv €.

Proof. Suppose that o € (Sp&)(U) € Homa(E,E)(U) = Hom 4, (Elv, E|v),
where U is an open subset of X. By Theorem 2] every oy, where V is open in
U, is a product of symplectic A(V)-transvections. O
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