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ABSTRACT. The Kluvanek construction of the Lebesgue integral is extended in
two directions. First, instead of a compact interval [a, b] in the real line an abstract
non-empty set X is considered, instead of the ring generated by subintervals of
[a,b] an arbitrary ring A of subsets of X. Secondly, instead of the length of
intervals (A([¢,d]) = d — ¢) any vector measure A: A — V is considered, where V'
is a Riesz space.

©2014
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1. Introduction

If F is the family of all integrable functions (in some sense) and we put for

f,geF
b
d(f,g) = / f(@) - g(x)|da,

then (F,d) is a pseudometric space. If F consists of all Lebesgue integrable func-
tions on [a, b], then the space (F,d) is complete. It has important applications,
e.g. in the probability theory, and in functional analysis.

Usually the Lebesgue integral is defined by the help of measures A(A) of sets A
from the family of Borel subsets of [a, b], hence the length \([d, ¢]) = d — ¢ must
be extended to measures A(A) of sets from the o-ring generated by intervals.
And the necessity of the extension presents a didactical problem. The Kluvanek

2010 Mathematics Subject Classification: Primary 28B05, 28B10, 28B15.
Keywords: Lebesgue integral, Riesz space.



BELOSLAV RIECAN

idea ([10], [I1]) is in a construction of the Lebesgue integral by the help of lengths
of intervals only.

A function f: [a,b] — [—00, 0] is integrable by the Kluvének construction, if
there exist «; € R, and there exist intervals A; C [a, b] such that

Z || A(A;) < o0
i=1

and

fl@) =" aixa,()
whenever

Z lai|x a4, (z) < 0.

The only problem is in the proof of the independence of the integral of a function
f on the presentation of f in the form

fl@) = 3 aia, (@)

Mainly, Kluvanek’s proof depends on some properties of the real line. Therefore
we suggested in [21I] a modification of the construction considering first non-
negative functions only and we proved the equality of two definitions. A non-
negative function f: [a,b] — [0, 0] is integrable (f € PT), if there exist a; > 0
and there exist intervals A; C [a, b] such that

f: a;pu(A;) < 0o
i=1

and

fl@) =" aixa,(2)
whenever

Z a;xa,(x) < oco.

It is not so difficult to prove the independence of the integral on the presentation
of f in the form

f(l‘) = ZaiXAi (I)v

and the independence can be realised also in a very general case. Moreover in
[21] it has been proved the following result:

THEOREM. A function f: [a,b] — [00,o0]) is integrable (in the Kluvdnek sense)
if and only if there exist g,h € P, such that

f(z) = g(z) — h(z)
whenever
g(x) < oo, h(z) < oc.
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ON THE KLUVANEK CONSTRUCTION OF THE LEBESGUE INTEGRAL

2. Riesz spaces

A Riesz space V is a special case of a linear space that is moreover an I-group
(V, 4, <), hence (V,+) is a commutative group, (V, <) is a lattice, and a < b
— a+c<b+ec

In the Riesz space also the following property is assumed: a < b, a,b € V,
and a € R, a > 0 implies aa < ab.

Recall that in any Riesz space there holds the following identities

a+(bVe)=(a+0b)V(a+c),
a+(bAc)=(a+b)A(a+c),
a—(bVe)=(a—>b)A(a—rc),
a—(bAc)=(a—0b)V(a—rc),

aVb+aNnb=a+b.

A very well known example of a Riesz space is the vector space R of real
numbers with usual operations and ordering. Also in the general case we define
at =aVvo, a” = (—a)VDO0, la| =at +a”.

Evidently

a=at—a”
for every a € V. We shall work with complete spaces, i.e. any upper bounded
subset A C V has the supremum = the least upper bound supA = \/ A. It
follows that also any lower bounded subset A C V' has the infimum. In complete

Riesz spaces the identities stated above can be generalized:
a—l—\/ai = \/(a—i—ai),
a+/\ai = /\(a—f—ai).

Every complete Riesz space is Archimedean, i.e. if a,b € V, and

na <b
for any n € R, then
a <0.
oo
Indeed, put ¢ = \/ na. Then
n=1
oo
ct+a= \/(n+1)a§c,
n=1

hence a < 0. Recall that some integration theories with respect to Riesz space
valued measures have been studied e.g. in [I], [2], [4], some probability applica-
tions in [13], [16]. Of course, some role in these investigations played so-called
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weak o-distributivity of the considered vector space V ([6],[7],[8],[9]). Using the
Kluvanek approach the assumption can be ommited.
3. Integration

DEFINITION 1. Let V be a Riesz space, A be a ring of subsets of a set X.
A mapping A — {v €V : v >0} is a measure, if

Ae A A=[JA, AieA(i=12,...), ANA =0 (i#))

implies
(A =D n(A) =\ D p(Ay).

A nonnegative function f: X — R is integrable (f € PT) if and only if
day; > O, HAz cA: ZO{Z‘M(Ai) < 00
i=1

and

fl@) =" aixa, ()
We want to define the integral of a function f € P*
f=iaix,4i, @; >0, AjeA
i—1
by the equality N
[ fan=3"auta.
i=1

Of course, it is first necessary to prove the independence of the sum on the
representation of f in the form

o0
F=>oixa, @>0, A€A
=1

It is realized in Theorem 1 what is the main result of the chapter.

DEFINITION 2. Let A be a ring of subsets of a set X, p: A — [0,00) be a mea-
sure. A function f: X — R belongs to Py, if there exist n € R, ay,...,a, >0,

Aq,..., A, € A such that
f = ZaiXAi'
i=1
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ON THE KLUVANEK CONSTRUCTION OF THE LEBESGUE INTEGRAL

n
LEMMA 1. To any f € Po, f = D aixa, there exist m € R, (1,...,Bm > 0,
i=1

By,...,Bn, €A, B,NB; =0 (i # j) such that

f = ZBjXB]”
j=1
and

Zaz/i Zﬂj/i

Proof. By induction. The idea:

aixa, +aaxAz = ar1xana, + (1 + a2)xan4, + 02X a5\4,
a1 pi(Ar) + agp(Az) = arpu(Ar \ Az) + (a1 + a2)pu(Ar N Az) + agp(Az \ Ay),

Let the assertion hold for some n € R. Then
n+1

Z alXA - Z alXA + aTLJrlXAn+1
i=1

I
NERD

BiXB; + Qnt1X A,

<.
Il
-

Put B= |J B;. Then
j=1
n+1 m

Z QiXA; = ZﬁyXB \Ang1 T Z Bi + ant1)X A, 1nB; + nt1XA,,,\B-
j=1

Similarly
n+1
S o,
=1
m

(B \ Ang1) + Z Bi + ant1)(Ant1 N Bj) + ang1pi(Ans1 \ B).
=1
|

LEMMA 2. Let f € Po, f = > aixa, = > Bjxs,. Then
i=1 j=1

Zaz/i Zﬂj/i
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Proof. By Lemma 1 there exist nonnegative 7, d; and pairwise disjoint Cf,
or D; resp. such that

Zazu anu (Ch),
Zﬂm(Bj) = Zamwl).
j=1 =1

Since
MeXConD, = 01X CLnDys
we have
T]HL(Ck N Dl) = 51#(0141 N Dl).
Therefore

Zam anﬂ (Cy) = anZu (Cx N Dy)
k=1 =1
—Z&ZM (Cx N Dy) ZﬁjH(Bg)
=1 k=1 j=1

]
THEOREM 1. Let f € P
[= ZaiXAi = Zﬂija"
i J
Then
S enth) = S,
Proof. For f € Py, f = aixa, put
= Z%’H(A )
It is possible by Lemma 2. O

ASSERTION 1. If f,, € Po, fn \\ 0, then Jo(fn) N\ 0.
Put a =max f;, Y = {a: eX: fi(x)> 0} Let € > 0 be arbitrary. Put

7L:{$€X: fn(.’E ZE}
Then
An (0,

hence

1(An) N\, 0.
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n
Let f, = > a;xc;, C; disjoint. Then

i=1
Zalu Zazu (C;NA) iam(@-ﬁfln’).

i=1 i=1
Ifx e C;N A then f,(x) < «; < e. Therefore
n

To(fu) €D an(Cin An) +e Y u(CiN A,,)

=ap(4, ) +en(lJC)
< ap(An) +ep(Y).

Therefore
0 < lim Jo(fn) <a lim p(A,) +ep(Y) =eu(y).
n—00 n—oo

Since the previous inequality holds for every € > 0, and V is Archimedean, we
have

Jim. Jo(fn) = 0.
ASSERTION 2. If f, ' f, fn € Po, f € Py, then
Jo(fn) /7 Jo(f)-
Put g, = f — fn. Then g, \ 0, hence
Jo(f) = Jo(fn) = Jo(gn) 0.
Proof of Theorem 1. Let f € PT

n
f=) aixa = lim y aixa, =\ fu,
% =1
m
f=> Bixs, = nlgrgoz:ﬁjXBj =\/ gm-
i j=1

Then

fa NGm N Gm = Gm,
hence

ZaiM(Ai) = nlglc}o JO(fn) > nlglc}o JO(fn A gm JO gm Zﬂj/i

for any m € R, and therefore

Zazﬂ ) > ZB]/“L
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DEFINITION 3. Let f € PT,
o0
f:ZQiXAm a €R, a; >0, A, €A (i=12,...).

Then we define
/ fdu=> a;u(A
i=1

DEFINITION 4. A function f: X — R is integrable (f € P) if there exist
g,h € PT, such that

g(x) < o0, h(z) <oo = f(x) =g(x) — h(x).
THEOREM 2. Let g, h,k,l € P and
f(x) =g(x) — h(l’)a or f(l’) = k(z) — l(z)

whenever g(x) < oo, and h(x) < or k(z) < oo, and l(z) < oo, resp. Then

/gdu /hdu /kd,u /ldu

Proof. Evidently g+1€ P*, k+h e P, and

/(9+l)dH=/gdﬂ+/ldu,/(k+h)d,u:/kdu—i—/hd,u.

Moreover,

g(z) + U(x) = k(x) + h(z).

DEFINITION 5. If f € P and g,h € P are such that

f(@) = g(x) = h(z)

whenever g(z) < oo, and h(x) < oo, then we define

/fdu /gdu /hdu

4. Linearity and positivity

We want to prove the identity

Jas+poan=a [ 1au+s [gan

It will be useful to have the following characterization of functions from P+.
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ON THE KLUVANEK CONSTRUCTION OF THE LEBESGUE INTEGRAL

LEMMA 3. A mapping f: X — [0,00] belongs to PT if and only if there exist
fn€Po, fn=>0(n=1,2,3,...) such that f,(x) /7 f(x) for any z € X. In the

case
/fdu: lim /fndu.
n—oo

o0
= Z QX A; (.77)
1=1

a; >0 (i=1,2,...). Then it suffices to put

n
= Z QAiXA; (11)
=1

On the other hand, if f, € Py, f, >0 (n=1,2,3,...), fn /' f, then

Z Frs1(z) = fu(2)) + fi(z)

Proof. Let f € PT,

n

= lim < ;(fm(:r) — filz)) + fl(x))

= lim Z aixa, ( Z aixa, (

Of course,
[ ran= > aunla

=t > eapa) =t [ fud

=1

THEOREM 3. If f, g are integrable, then f + g is integrable, too, and

/(f+9)du=/fdu+/gdu~

Proof. If f,g € PT then by Lemma 3 there are f,, g, € Py such that f, 7 f,
gn /g, hence f,, +gn 7 f + g, and

/(f+9)dM= lim /(fn+gn)du= lim /fndu+ lim /gndu
n—o00 n— o0 n— o0

:/fd,u+/gdu.
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Generally let f1, f2, 91,92 € PT be such that
f(x) = fi(z) — fa2(2), 9(z) = g1(z) — ga(x),

whenever f1(z) < oo, fa(x) < 00 or gi(x) < 00, ga(z) < 0o, resp. Then

fi+tag Pt fa+tg2 € P,

and

flx)+g(x) = (fl(l’) + 91(36)) - (fz(l’) + 92(35));
whenever f1(z) 4+ g1(x) < oo, and fa(z) + g2(x) < co. Therefore

[u+aau= [ti+aan= [+

:/ﬁ@—/hw+/mw—/@w
= [ran+ [ga

THEOREM 4. If f: X — [—00, 0] is integrable, and ¢ € R, then cf is integrable,

too, and
/cfd,u:c/fdu.

Proof. The assertion holds evidently for f € Pt and ¢ > 0. Generally

/qﬂu:/@yﬂmm#:g/wm—g/mm:c/me

if c >0, and

/?fmw=/ﬂdh(dmdMZC/fdu+0/ﬁdu20/fdm

if ¢ <O. O

O

THEOREM 5. If f, g are integrable, and f < g, then

[ran< [oan

Proof. If f,g € PT, then there exist f,, g, € Po such that f, * f, g /9.
Put h,, = max(fn,gn). Then f, < hy, h, /g, hence

/fdu:lim/fnduSlim/hnd,u:/gdu.
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In the general case there exist fi, f2, 91,92 € PT such that f(z) = f1(z) — fa(x),
g9(z) = g1(x)—g2(x), whenever the differences are defined. Then f1+g2 < g1+ fo,

and
/ﬁw+/mw§/mw+/hw-

5. Continuity

The basic property of the Lebesgue integral is obtained in the following Beppo
Levi theorem.

THEOREM 6. Let f, be integrable functions such that f, / f and the sequence
(f fn du)n is bounded. Then f is integrable, and

/fdu:nlin;o/fndu.

The proof of the theorem will be realized by a sequence of the following
propositions.

ProOPOSITION 1. A non-negative function f: X — [0,00] is integrable if and
only if f € PT.

Proof If f € P*, then f = f — 0, and f € P, since 0 € PT. Let f be
integrable, and g, h € PT be such that

f(z) =g(z) — h(z)
whenever g(x) < oo, h(x) < co. If f > 0, then g > h. Let g, € Py, h, € Po,
In = b,y 9n 7 g, by h. We have g, — hy, > 0, and g, — h,, € Pg. Moreover

gn(x) - hn(x) S g(x) - h(‘r) = f(.%),
whenever g(z) < oo, hence f € PT. O
PROPOSITION 2. Let f,, € P, f. /' f, the sequence (f fn d,u)n 18 bounded.

Then f € PT, and
/fmF:Mn/ﬁAM
n—oo

Proof. Since f, € P, there exists a sequence (g,m)>_; of functions of Py
such that gnpm 7 fr (m — 00, n=1,2,...). Put

hy = max(glnngm sy gnn)-

Then h,, € Py, hp < hpy1 (n = 1,2,...). For arbitrary m,n € R put k =
max(m,n). Then n < k, hence

ok < MAX(gur, Gors - - -+ Gik) = D
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Since m < k, and (gpm )m is non-decreasing, we have
n—o0
hence

lim f, = lim lim g,, < lim h.
n—o00 n—00 m—00 k— o0

On the other hand h,, < f, (n =1,2,...), hence
f= lim hy € P,
k—o0
and

/fdu= lim /hkdué lim /fndué/fdﬂ-
k—o0 n— o0
O

oo
PROPOSITION 3. Let g, € Pt (n = 1,2,...) and Y. [gndpu € V. Then
n=1

> gn € PT, and

n=1

/ZgndM:Z/gndﬂ“
n=1 n=1

Proof. Put f, = Y. ¢gi (n = 1,2,...). Then f, € P*, and f, / > gn.
i=1 n=1
Therefore by Proposition 2

[ amdu= i [ gudp=tm > [gda=3" [guan
n=1 =1 n=1

Proof of Theorem 6. Put

h1<I)=f1<I), hn<I)=fn<I)—fn,1<I) (n:1a2v-~->
if f,(z) < oo, and h,,(x) = oo in the opposite case. Then h,, € PT, and

dn [ o=t ([ (im(x) - fale) + @) dn )

1=

=1 n=1 n=1
a
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6. Concluding remarks

Theorem 6 has many very important corollaries, e.g. the Lebesgue dominated
convergence theorem: If f,,: X — R are integrable, f,(z) — f(x) for every
x € X, and there exists an integrable function g: X — R such that |f,| < g,
(n=1,2,...), then f is integrable, and

/fdu= lim /fndu,
n—oo

of course, the convergence must be taken with respect to the ordering in V.
Moreover, if V' = R, then the pseudometric d: £ x £ — [0,00) defined by the
equality

d(f,g) = / |f —gldu

leads to the complete pseudometric space (£, d).

As we mentioned above some applications were useful in the study of proba-
bility measures and vector valued random variables. Another area for using the
ideas presented above is in the fuzzy sets theory, multivalued logic ([14], [20],
[23]) and the corresponding algebraic structures ([3], [5], [12], [15], [I7], [18],
22)).

Recall that in [24] the title A note on the Kluvdnek has been used, of course
the definition doesn’t coincide with the main Kluvanek idea. The Kluvéanek
construction was presented in [11], of course, in Slovak only. The construction
is possible to use only in the one dimensional case. Therefore we modified it in
[21] and the modification can be use also in the Riesz space valued case.
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