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ABSTRACT. We study inverse limits of monounary algebras. All monounary
algebras A such that A can arise from A only by an inverse limit construction
are described. We deal with an existence of an inverse limit. Some inverse limit

closed classes are described. The paper ends with two problems.
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Direct and inverse limits are well-known methods for building up new algebras
from given families of algebras. The construction of an inverse limit is dual to
the construction of a direct limit, which yields that they have a lot of common
properties, cf., e.g., [It §21]. The analogous notions are applied also in the theory
of categories under names directed colimit and directed limit, cf., e.g. [12].

The paper [5] is devoted to direct limits. In the present paper we investigate
inverse limits of monounary algebras. Direct limits of monounary algebras were
studied in [2].

It is possible that an inverse limit of an inverse family does not exist. Ex-
amples of such families are given in Section 3. In Section 2 we will prove that
there are proper classes K such that if an inverse family consists of algebras of
K, then this inverse family has a limit.

Theorem 1 describes all monounary algebras A such that {A} is an inverse
limit closed class, i.e. such that they satisfy the following condition:

If an algebra B can be obtained as an inverse limit of algebras which are
isomorophic to A, then B is isomorphic to A.

The class of unbounded monounary algebras from [9] is important in the proof.
Another inverse limit closed classes are described in Theorems 2 and 3. All of
them are proper classes.
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For a class of algebras IC we denote by <EIC the class of all isomorphic copies

of all algebras arising as inverse limits of families of elements of IC. It is obvious
that LIC - L&K We will prove that there is a class of mononary algebras KC

with LIC # LLK in Section 5.
— ——

1. Preliminaries

The set of all positive integers is denoted by N. If A is a set, then |A| denotes
the cardinality of A.

We deal with monounary algebras. For monounary algebras we use the ter-
minology from [I1I] and [9]. The operation in algebras is denoted by f. The
class of all monounary algebras is denoted by Y. We use the same symbol for a
monounary algebra and its carrier in most of considerations in this paper.

If Ay,..., A, € U, then the class of all isomorphic copies of Ay,..., A, will
be denoted by [41,..., Ay].

Let us denote by N the monounary algebra defined on the set N with the
successor operation. Further, let Z be the monounary algebra defined on the set
of all integers with the successor operation.

Let A € U. We denote

Ris={BCA: B=7Z};
Raom={CCA: C isacycleof A and the length of C' divides m}.

We denote

R:{AEZ/I: |RAl GN},
Rm = {A €U: |Ram| € N},
T = {A €U : every component of A is a cycle and
there are no components C, D of A

such that C # D and C € RA,\D\}~

The class 7 is the same as in [2]. Note that A is a cycle if and only if A € T
and A is connected.

LEMMA 1. It is obvious that:
i) TC U Rm;

meN
(ii) Z € R;
(iii) N¢ | RnUR;
meN
(iv) if a monounary algebra A is finite, then there is m € N such that A € R,,.
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ON INVERSE LIMITS OF MONOUNARY ALGEBRAS

We will use the definition of an inverse limit of sets and of universal algebras
from [It §21]. We formulate it for monounary algebras.

Let (I, <) be an upward directed partially ordered set, I # ). For each i € [
let A; be an monounary algebra. Suppose that for each pair of elements ¢ and
j in I with ¢ > j, there is defined a homomorphism 902- of A; into A; such that
i > j > k implies that ¢}, = ¢} o @l For each i € I let ¢} be the identity on A;.

The triplet (I, A;, gpz) is called an inverse family of algebras.

Let the set A consist of those p € [ A4; for which

i€l
0% (pi) = pj-
If A # (), then A> is a subalgebra of the algebra [] A; and it is called the
inverse limit of the inverse family (I, A;, ¢%). el

If A~ = (), then we will say that an inverse limit of the inverse family
(1, Ai,gpg.) does not exist or that the inverse family (7, Ai,cpg) has no inverse
limit.

Following two lemmas follow from the definition of an inverse limit.

LEMMA 2. Let (I, A;, 902) be an inverse family. Suppose that B; is a subalgebra
of A; for everyi € I and (I, B, <,0§|Bz) is the inverse family.

Then B is a subalgebra of A>.

LEMMA 3. Let P be a set and (I,<) be an upward directed partial ordered set.
Let A* = (I, Aio‘,gpz?“') be an inverse family for every a € P. Suppose that if
a,B€P, a#f andiel, then AN A% = .

Fori,j €I, i > j denote by 5; the mapping from |J Af into |J A§ such
aEeP aEeP
that if x € A, then 5; (z) = 90;“(36) Denote by A% the inverse limit of A%.

Then (I, U Af‘,f;) s the inverse family and the inverse limit of this family
aEP
is equal to |J A“°.
aEP

LEMMA 4. Let A€ U. Let (I, A;, gpg) be an inverse family of algebras such that
<,0§- is an isomorphism for every i,j € I, 1> j. Then A® = A; for everyi € I.

Proof. Choosei € I. Let 9 is a projection of A% on the ith coordinate.

We will show that v is surjective. Let p; € A;. Let j € I. If j > 4, then
denote by p; an (unique) element of A; such that gpg (pj) = pi. If j <4, then let
pj = gpg (pi). Else take k € I such that k > i, and take p, € Ay as in the first
case and put p; = @ (py).

We have that (p;)jer € A> and ¥((pj);er) = pi-
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To see the injectivity of ¢ let p,q € A> be such that there exists j € I such
that p; # ¢;. Choose k > 7,j. We have apf(pk) =p; #q = gof(qk). Thus

Pk # qi. Further, p; = ©¥(pr) # ©¥(qx) = ¢i according to injectivity of ¢F.
Conclude that the mapping v is an isomorphism from A onto A;. O

LEMMA 5. Let (I, A;, gag) be an inverse family of algebras such that algebras A;

are connected and homomorphisms gpé- are injective for all i,5 € I, 1 > j. If
A £ (), then the algebra A> is connected.

Proof. Let p,qg € A* and i € I. Then there exist m,n € N such that f™(p;) =
f™(qi)- Consider j € I. Choose k € I such that k > i,j. We have

PF (™ (k) = F™(ef () = [ (i) = [™(a0) = ™ (5 (ar) = 5 (F™ (ax))-
We obtain f™(px) = f"(qx) in view of injectivity of ¢©¥. Then

F™(ps) = F™(@5 (o)) = D5 (F (0w)) = @5 (F" (ar)) = £ (25 (ar)) = " (45)-
Conclude f™(p) = f"(q). O

Let K be a class of monounary algebras and LIC be the class of all isomorphic
copies of inverse limits of algebras of .
If every algebra from <EIC has its isomorphic copy in K, then we will write

that <LIC = K or that K is an <L—clauss or that K is an inverse limit closed class.

We remark that an intersection of &—classes is an <L—clauss. A union of finitely
many <E—classes is an <L—Class.

A lot of &—classes are found in [3]. For example the class of all algebras A € U
such that A does not contain a cycle of the lenght which divides n, cf. [3: Ex. 5].
We will use the folowing assertion which is proved in [3t Theorems 5, 6].
PROPOSITION 1. The class of all algebras A € U such that if B is a component
of A, then B is a cycle or B € [N, Z] is an L-class.

The class of all algebras A € U such that if B is a component of A, then B
s a cycle or B = Z is an &-class.

LEMMA 6. Let (I, A;, gpz) be an inverse family of algebras such that A; is a cycle
for everyi € I. Then

(i) there exists s € I such that A = Ay or

(ii) A% has uncountable many components and every component of A is iso-
morphic to Z.
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Proof. We have A # () since A; are finite, cf. [ Thm. 21.1]. If B is
a component of A%, then B is a cycle or B = Z according to the previous
proposition. We have that gpz(AZ) = Aj for every i,5 € I, i > j. That means
that the length of A; is a divisor of |A;| and for every b € A; there exists
(ar)ker € A such that a; =b.

Let the set {|A;| : i € I} be finite. Denote by I the least common multiple
of members of this set. The inverse limit construction yields that there exists
s € I such that A is a cycle of length .

Let a = (a;)ie; € A®. We have f!(a) = a. Further, a, f(a),..., f"!(a) are
different since as, f(as),... f'"1(as) are different. Consider b = (b;);e; € A°.
Then there is k € N such that & < [ and bs = f*(as). We obtain f*(a) = b.
Conclude A>® = A,.

Assume that the set {|4;| : i € I} is infinite. Then A> does not contain a
cycle.

Leti e I, a € A;. Take j € I such that j > i and |A;| > |A;|. Therefore there
are b,c € A; such that b # ¢ and gog (b) = gog (¢) = a. Therefore A contains
uncountable many elements. Conclude A* has uncountable many components.

(I

COROLLARY 1. The class T and the class of all connected monounary algebras
fail to be inverse limit closed.

2. Inverse families with A> # ()

Let (I, A4;, gpé) be an inverse family of algebras.

As we have already mentioned, if A; are finite, then A # (). In this section
we will see that for monounary algebras also stronger assertions are valid.

LEMMA 7. If A; € R, for every i € I, then A™ # .

Proof. Let i € I. Suppose that B; = |J C. In view of ¢(B;) C B; for
CERA;m

every i > j we have that (I, B;, <,0§|Bz) is an inverse family of algebras. The

assumption gives that B; is finite for every ¢ € I. Thus B> # (). The algebra
B is a subalgebra of A% according to Lemma 1. O

LeEMMA 8. If A; € R for every i € I and there exists k € I such that Ay has no
cycle or Ay has finitely many cycles, then A® # (.

Proof. Suppose that Ay has no cycle. Let J = {i € I : k < i}. Then
(J, A;, ¢]) is an inverse family of algebras. In view of cofinality of J we have that
an inverse limit of (1, A;, %) exists if and only if an inverse limit of (.J, A;,¢])
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exists. Further, if an inverse limit of (I, A;, 902) exists, then an inverse limit of
(I, A;, gpg) is isomorphic to an inverse limit of (J, 4;, gpg)

We will show that there are finite sets B; such that B; C A; for all j € J
and (J, Bj, ¢! |B;) is an inverse family of sets.

First we will determine Bj. Let D be a component of A, with Rp # 0.
Suppose that Rp = {Z1,...,7;}, where | € N according to A, € R. Choose
zs € Zg for every s € {1,...,1}. Then there are positive integers mq,...,m
such that ™1 (z1) = f™2(22) = --- = f™ (%) in view of connectivity of D. We
put the element f™!(z1) into By. We do the same with every component of Ay,
which contains a subalgebra isomorphic to Z. We obtain that By is finite since
A €R.

LetjeJ, j# k. Put Bj ={be€ A;: b belongs to a subalgebra of A; which
is isomorphic to Z and @.(b) € By} for j # k. We have B; # () since By does
not contain a cycle. Further, B; is finite in view of |B;| < |R4,| € N.

Let i,j € J, i <jand b € Bj. Then @i () (b)) = ¢i(b) € By, ie., ¢! € B;.
Thus 90{ |B; is a mapping from B; into B;.

If Ag has a cycle, then we add one element of every cycle of Ay into By and
continue the proof by the same way. O

3. Uniform inverse families

Let A € U. In this section we will deal with inverse families which have all
algebras isomorphic to A .

If A e U Rm, then A* # ) according to Lemma [l If A € R and A
meN
contains no cycle, then A% # () according to Lemma Bl If A is finite, then A>

is a retract of A according to [3t Cor. 2]. We will describe all algebras A such
that {A} is an L-class.

The following three examples describe some inverse families which have no
inverse limit. We consider N with a usual linear order and A; = A for all i € N
in every example.

Example 1. Let A be a monounary algebra which contains no cycle and no
subalgebra isomorphic to Z.

Consider the inverse family (N, A;, ¢%) such that ¢} = f~7 for all i > j,
i,7 € N, see Fig. 1.

Let p € A%®. Then p; = ¢ (pit1) = f(pir1). Thus the set

{pii iGI}U{fk(pl): kGN}
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creates a cycle of A; or a subalgebra of A; which is isomorphic to Z, a contra-
diction.

A Ajyg

i+1
]

¢

FIGURE 1.

Ezample 2. Let A be a monounary algebra and {By : k € N} be the set of all
components of A. Suppose that for every k& € N there exists a homomorphism
1y from By into By1.

Consider the inverse family (N, 4;, %) such that

@t | By = g o g1 00 thopq

for all i € N, k € N, see Fig. 2.

To show that A> = () we will prove that for every x € A; there exists i € N
such that o ¢ i (A;).

Assume that = € By, for k € N.

If k£ is odd, then we put ¢ = 2.

Let k be even. Consider i such that k = 272 . j where j is odd. We have
z € @i (B;) and Bj € ¢i_,(A;). Therefore z ¢ ¢} (A;).

Ai Ai+]

:
O
C

Q

¢

1

FIGURE 2.

697



EMILIA HALUSKOVA

Ezample 3. Let A = NU{m,, : m,n € N}. Further, let f(i) = ¢ + 1 for all
1 €N, f(1,)=1for all n € Nand f(m,)=(m—1), forallm > 1, m,n € N.

Consider the inverse family (N, A;, %) such that ¢} ;(m)=m+1, ¢} ;(1,)
=1,¢ ;(my) = (m—1),4q for all i,m,n €N, i > 1, see Fig. 3.

‘We have @i(m) =m+i—j, ¢;(1n) =i—j and

@%(mn) = (M — i+ j)nyi—j for m > 1. Further, ¢%(A) N {my : m € N} =0 for
> 7.

Let a € A*>, j € N. Suppose that a; = m,,. Then

P (4 —1)1) = (m+n—1—(n—1))14n-1 = my.

Therefore ajy,—1 = (m +mn —1);. This contradicts to ajyn—1 € @51271(/1).
If a; = m, then a,, =1 and a;, 41 = 1,,.

We conclude A% = 0.

A; Ajyg

i+1
i

¢

FIGURE 3.

The rest of this section we will study &{A}-classes. It is easy to see that
every retract of A belongs to <E{A} The notion of a retract of an algebra is
substantial. For retracts of monounary algebras see [6]—[10].

LEMMA 9. Let AcU.
(i) If A contains a cycle, then L{A} N'T # 0.

(ii) If A has no cycle and it contains a subalgebra isomorphic to Z, then

Z € L{A}.
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ON INVERSE LIMITS OF MONOUNARY ALGEBRAS

Proof.
(i) The algebra A has a retract from 7, cf. [2t Lemma 20].
(ii) An algebra isomorphic to Z is a retract of A. O

The following notion is used in [9: Df. 6.2.1, Thm. 6.2.5].

DEFINITION. Let A be a connected monounary algebra. We say that A is
unbounded, if

(i) A does not contain a cycle and a subalgebra isomorphic to Z;

(ii) A does not contain a retract isomorphic to N.

LEMMA 10. Let A be a connected monounary algebra. If A is unbounded, then
A contains at least two nonisomorphic retracts.

Proof. We have that if a € A and n € N, then there is m € N such that

Fmm(fm (@) # 0
according to [9: Df. 6.2.1, Thm. 6.2.5].

We construct a sequence {ay}72, by the folowing way:

Let ap € A. Let k € N and ay, be determined. If f=1(ay) # 0, then put ag;
an element of f~1(ay). If f~'(ax) = 0, then we take the least possible m such
that f~(m*V(f™(ay)) # 0 and put aj,; an element of ="+ (f™(ay)).

Let B be a subalgebra of A generated by {ax}72,. We have that B is a retract
of A since for every element b € B we have that the degree of b in the algebra
B equals to the degree of b in the algebra A. If B is not isomorphic to A, then
the proof is finished.

Let B = A. Let i be the least such that f='(a;) = (. Let j be the least
such that j > i and f~'(a;) = 0. Take the least possible m,n € N such that
f™(a;) = f*(aj). We have m < n. Further, if k,1 € N are such that k£ # [ and
fYag) = f~Y(a)) =0 and k > i or I > i, then f™(ay) # f"(a;) according to
the construction. Consider B’ a subalgebra of A which is generated by {ax}72 ;.
We obtain B’ a retract of B. Therefore B’ is a retract of A.

Assume that B’ = B. Let ¢ be an isomorphism from B onto B’. We have
olas), plag) € {ark, and f(p(a:) = £ (p(az) = 0. Further, f™ (p(a;)) =
o(f™(a;)) = o(f*(aj)) = f"(¢(a;)), a contradiction. Thus B’ is not isomorphic
to B. O

COROLLARY 2. Let A be a connected monounary algebra. If A is unbounded,
then &{A} contains infinitely many nonisomorphic algebras.

Proof. The above lemma gives a retract of A which is not isomorphic to A and
which is an unbounded algebra again. O

THEOREM 1. Let A € U. Then {A} is an L-class if and only if A € TU[N, Z].
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Proof. Suppose that A ¢ T U[N, Z].

If A contains a cycle or A contains a retract isomorphic to Z or IV, then <E{A}
possesses an algebra which is not isomorphic to A. Else A contains a retract
B such that every component of B is unbounded. If B is not isomorphic to A,

then L{A} # {A}.

Assume that B &£ A. Choose E a component of B. Let {Ea P ae K } be
the set of all components of B isomorphic to E. Take D a retract of ¥ which is
not isomorphic to E by the previous lemma. Put D, a retract of E, which is

isomorphic to D for every o € K. Then (A— |J Ba)U( U Da) is a retract
acK acK
of A which is not isomorphic to A.

Conclude {A} fails to be an L-class.
Let A € TU[Z]. Then {A} is an L-class according to Lemma [l

Let (I, A;, gpz) be an inverse family of algebras and A; = N for every i € I.
Suppose that A% # (). Then A* is connected according to Lemmalfl We obtain
that A is isomorphic to N or Z or it is a cycle in view of Theorem. [Il

Let p € A% be such that p; = 1 for some i € I. (If py, # 1 for all k € I, then
(P — Dger € A®.) If p' € A is such that f(p') = p, then f(p)) =p;i =1, a
contradiction. Conclude A>* = N. [

4. Inverse limit closed classes

First, some inverse limit closed classes in monounary case from [3] will be
studied in this section. Further, some new inverse limit closed classes will be
recognized.

We use the symbol C for proper subsets.

We denote by T the smallest set of operations such that T’ contains all pro-
jections, f € T and T is closed under compositions. Elements of T" are called
terms, cf. e.g. [4].

It is clear that terms of monounary algebras have very special and easy form:

LEMMA 11. Ifh € T is n-ary, then there exist j € {1,...,n} and a nonnegative
integer k such that h(x1,...,2,) = f*(x;).

Let h € T. Let A € Y and h be unary.
The following notation is used in the paper [3].

NoTATION. For a € A we denote
h™"(a)={be A: h"(b) =a}.
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Denote
Sp={AeU: h'(a) #0 for each a € A};
Enm ={A€U: |h(a)| <m for each a € A}.

If h = f* for any nonnegative integer k, then we will write Sy, instead of Sy,
and & p, instead of &, .

A component description of £ 1 and &1 NS is given in Proposition [II

Ezample 4. Let A = {a,b,c,d} and f(a) = f(b) = ¢, f(¢) = f(d) = d. Then
Ae 51’2 — 5272.

LEMMA 12. Let k € N. Then
(i) So=Em=U;
(ii) S =& for k> 1;
(ili) Exa =& fork>1;
(iv) Ekm C Ekmt;
(V) Ekti,m C Exym form > 1;
(Vi) Ekym # Ein forl € N, m > n.

Proof.

(i) We handle an identity operation.

(ii) Suppose that (A, f) € S1. Let u € A. We denote by aq,aq,...,a; the
following elements of A: f(a1) = u, f(a2) = a1, ..., f(ax) = ar—1. Then
f¥(ax) = u. Therefore A € Sy.

Suppose that A € S. Let v € A. Let a € A be such that f*(a) = v. Then
f(f*1(a)) = v. Conclude A € S;.

(iii) It is obvious that & 1 C & 1.

Let A ¢ &.1. Then there exist a,b € A such that a # b and f*(a) = f*(b).
We can assume that f*=!(a) # f*=1(b). Put ¢ = f*~'(a), d = f*=1(b). We
have ¢ # d and f(c) = f(d). Thus A ¢ &1

(iv) The inclusion follows from the definition & ,,,. Let B = {1,2,...,m+1}
and f(z) =1 for all z € B. We have B € & m+1 — Ekym.-

(v) The relation Exy1.m C &k follows from the fact that an equality
F5(a) = 7*(5) implies f*+1(a) = f441(3).

Let D = {1,2,...,m + 2k} and D be a connected monounary algebra from
Fig. 4. We have D € &y — Ex41,m, see Fig. 5.

(vi) Let A be an infinite connected monounary algebra from Fig. 6. Then
Ac gk,m — 5z,n-

(I
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D=(D.f)
m=4
k=6
m+k+2
m+k+1
m+2k
m+k
m+2
m+1
1 \
5 m
FIGURE 4.

(D.F)

C‘QHIC‘QHZCP T m+2k
m+k
mt1 m+2

FIGURE 5.

FIGURE 6.
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A component description of &£ ; and & ,, NS is given in Theorem. 1.

THEOREM 2. ([3t Thm. 5, 6]) Classes E m and Sy N Exm are &-classes.

It is obvious that:

LEMMA 13. Let k be a nonnegative integer, A € U and B be a component of A.
[fA € Sk, then B € S;,. IfA € ghm, then B € 5k,m-

The following lemma is an immediate consequence of [3t Lemma 1] . The set
R4, is defined in preliminaries of this paper.

LEMMA 14. Let (I, Ai,cpé) be an inverse system of algebras with a nonempty
inverse limit.

(i) If A> contains cycles C, D such that C # D and C € Ra~ |p|, then there
exists © € I such that A; contains cycles C', D' such that C' # D' and
C' e RA¢,\D’|-

(ii) If there exist p,q € A such that p # q, f(p) = f(q) and q belongs to a
cycle, then there exists i € I such that p; # qi, f(pi) = f(¢;) and ¢; belongs
to a cycle.

NoTATION. We denote
Erm = {A €&+ A hasno cycle}.
ﬁ’mZTUS,’Cme{AEL{: A=BUC, BeT, C’Eé’,g’m}.
Analogously as in Lemma [I2] we can see that:
LEMMA 15. Let k € N. Then
(i) Epa=E1y Jork>1;
(ii) g;{,m C gl/e,m+17'
(i) Epyym C Epon form > 1;
(iv) Em # &L, for L €N, m >n.
LEMMA 16. Let k € N. Then
(i) Teq =T fork >1;
(i) Tiem C Thoomt1;
(iil) Trt1,m C Tym form > 1;
(iv) Teom # Tin forl € N, m > n.

LEMMA 17. Let k € N.
Then Ti,1 C Egm form > 1 and if m > 1, then Ti1 C Tiym C Ekym-

THEOREM 3. Classes S,Q’m, S,Q’m NS1, Te,m and Tim NSt are <L—classes.
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Proof. Let (1, A;, 902) be an inverse family. Let A # ().

Suppose that A; € Sl’ﬂm. The algebra A is a subalgebra of a direct product
of algebras without cycles. Therefore A* has no cycle. Further, A~ € & p,
since A; € E,m. Conclude A% € & .

Analogously we can prove that if 4; € &, NSy, then A~ € & NSy

Suppose that A; € Tgm. Then A; € & ., according to Lemma 17. That
means A* € & ,,. We have that every component of A* belongs to & m
according to Lemma [I3]

Let D be a component of A* with a cycle. Then D is a cycle according to
Lemma [4(ii). If D1, Dy are two different cycles of A>°, then Dy ¢ Ra~ |p,)
according to Lemma [T4(i).

Analogously we can prove that if A; € Ty ,, NSy, then A € T, NS, O

5. About inverse limits of 7

The class T is not an inverse limit closed according to Cor.1. In the previous
section we described countable many inverse limit closed classes which contain
T. The question is: How £T looks like? It is not solved in this section, but we

give some observations. Further, we will prove that LL7 # LT

LEMMA 18. Let A € U contain a proper subalgebra B such that B € T and for
every prime p € N there is b € B such that fP(b) =b. Then A ¢ LT.

Proof. Let (I, A;, cp;) be an inverse family of algebras from 7. Let A* contain
a subalgebra B such that B € T and for every prime p € N there is b € B such
that fP(b) = b. Consider J = {j € I : |A;| > 1}. The set J is cofinal with I,
since B is a subalgebra of A%°. Therefore (J, A;, ¢{) is the inverse system with
the limit isomorphic to A*°.

Suppose that p € N is prime and (b;);er € B is such that fP((b;)icr) = (bi)icr-
Then fP(b;) = b; for every i € I. That means that every algebra A;, j € J has
a cycle of the length p. Conclude A; = B according to A; € T for every j € J.
We obtain A* = B according to Theorem. [T} (]

COROLLARY 3.
&T C 7—171 NnS;

We will use the set R4 from preliminaries in the following lemma.

LEMMA 19. Let A € U be such that 1 < |Ra| < |N|. Then A¢ LT.

704



ON INVERSE LIMITS OF MONOUNARY ALGEBRAS

Proof. Let (I, A;, gag) be an inverse family of algebras from 7. Then A> # ()
according to Lemma [[l Let B be a subalgebra of A% which is isomorphic to
Z and (b;);e; € B. Denote by B; a component of A; such that b, € A; for
every ¢ € I. Then (I, B;, cpz\Bl) is an inverse family of cycles and B is a sub-
algebra of its inverse limit B*°. We have that B> consists of uncountable many
components isomorphic to Z according to Lemma [6l The fact that B> C A
completes the proof. O

COROLLARY 4.
LLT # L7
—4 —

PROPOSITION 2.
L(TUI[N,Z]) =[N, Z]ULT

Proof. Let (I, A;,¢) be an inverse family of algebras from 7 U [N, Z].

Let exist ¢ € I such that 4; = N. Then A; = N for every j > i, j €
Put J={je€l: j>i}. Then J is cofinal with 7. We obtain that A> =
according to Theorem. [T}

1.
N

Let our inverse system contain no algebra isomorphic to N and let there
exist ¢ € I such that A; = Z. Then A; = Z for every j > i, j € I. Put
J={jelI: j>i}. Then J is cofinal with I. We obtain that A>* = Z
according to Theorem. [I] .

Therefore L(T U[N, Z]) € [N, Z]ULT.

The opposite inclusion is trivial. ]

6. Problems

1. Let A be an unbounded monounary algebra. Does the algebra N, failing
to be unbounded, belong to L{A}?

2. Describe LT.
—
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