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ABSTRACT. We say that a variety V of algebras has the Compact Intersection
Property (CIP), if the family of compact congruences of every A € V is closed
under intersection. We investigate the congruence lattices of algebras in locally
finite congruence-distributive CIP varieties. We prove some general results and
obtain a complete characterization for some types of such varieties. We provide
two kinds of description of congruence lattices: via direct limits and via Priestley
duality.
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1. Introduction

Let K be a class of algebras and denote by Con K the class of all lattices
isomorphic to Con A (the congruence lattice of an algebra A) for some A € K.
There are many papers investigating Con IC for various classes K. However, the
full description of Con K has proved to be a very difficult (and probably in-
tractable) problem, even for the most common classes of algebras, like groups
or lattices. One of the sources of this difficulty is the fact that compact con-
gruences of an infinite algebra form a join-semilattice, which is not necessarily a
lattice. When trying to describe such semilattices one has to deal with various
refinement properties. (See, for instance, [16], [15], or [17].)
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It is therefore not surprising that in most cases when Con I is well understood,
the algebras in I have a special property: the intersection of any two compact
congruences of A € I is compact. This is called the Compact Intersection Prop-
erty (CIP). Varieties with CIP has been considered before (for instance, [4], [5],
[3]), but with the main focus not on a characterization of Con K. (Although the
final example in [3] describes Con K for the variety generated by the 2-element
algebra {0,1} with the operation p(z,y,2) =z V (y A 2).)

In the present paper we initiate a systematic investigation of the class Con IC,
where K is a locally finite congruence-distributive variety with CIP. Even un-
der such restrictions, the problem of describing Con K is still difficult. In our
previous paper [I0] we were able to solve several simple cases. In the present
paper we try to obtain general results. First we describe the lattices in Con KC
as directed limits of suitable limit system. We do not consider this characteri-
zation quite satisfactory, so we try to obtain another characterization using the
Priestley duality. Our results correspond to the two main approaches to the
problem of describing Con XC. The approach based on lifting of diagrams has
been recently greatly developed by P. Gillibert. (See [6] or [7].) The description
based on topological representation has been investigated by M. Ploscica ([12],
3], [14)).

We illustrate our results by applying them to several special cases.

2. Basic facts and denotations

Let L be a lattice. An element a € L is called strictly meet-irreducible iff
a = /\ X implies that a € X, for every subset X of L. Let M(L) denote the set
of all strictly meet-irreducible elements. The greatest element of L is not strictly
meet-irreducible. By adding it to M(L) we obtain the set denoted by M*(L).

If f is a mapping, then dom(f) stand for its domain. By ker f we denote the
binary relation on dom(f) given by (x,y) € ker f iff f(x) = f(y). By f1X we
mean the restriction of f to X.

Let A be an algebra. For every a,b € A by O(a,b) we denote the congruence
generated by the pair (a,b). The congruence lattice of A will be denoted by
Con A. For a € Con A, the a-class in A/a containing a will be denoted by [a],.

The set Cone A of all compact (finitely generated) congruences of A is a
(0, V)-subsemilattice of Con A. The lattice Con A is uniquely determined by the
semilattice Cong A (it is isomorphic to the ideal lattice of Con. A). It is often
easier to describe Con. A instead of Con A.

Let P be a partially ordered set. For every x € P we set Tx = {y EPly> 1:},
Jr = {y eP|ly< 3:} A subset U C P is called an up-set (a down-set) if to C U
for every x € U (Jo C U for every z € U).
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It is a well known fact that for every 8 € Con A the lattice Con A/ is iso-
morphic to 10. Hence, § € M(Con A) if and only if the quotient algebra A/6 is
subdirectly irreducible. Equivalently, # € M(Con A) if and only if § = ker f for
some surjective homomorphism f: A — S, with S subdirectly irreducible. This
is also true if one considers one-element algebras as subdirectly irreducible and
replace M(Con A) by M*(Con A).

For algebras A and B, B < A denotes that B is a subalgebra of A. If B< A
and # € ConA, then 0|B = 6 N B? is the restriction of § to B. For every
homomorphism f: A — B we define the mapping

Con, f: Con. A — Con. B

by the rule that, for every o € Con. A, Con, f(«) is the congruence gener-
ated by the set {(f(z), f(y)) | (z,y) € a}. This mapping is a homomorphism of
(0, V)-semilattices. Notice that finite (0, V)-semilattices are, in fact, lattices.

Now let ¢: K — L be a (0,V)-homomorphism of finite (0, V)-semilattices.
We define the map ¢ : L — K by

v (8) = V{al ple) < 5}

If K =Con.A, L = Con. B and ¢ = Con, f, for some algebras A, B and a
homomorphism f: A — B, then ¢ (8) = {(z,y) € A| (f(2),f(y)) € B}. If A
is a subalgebra of B and f: A — B is the inclusion, then ¢* () is the restriction
of g € Con B to A.

The pair (@, p*) is sometimes referred to as residuated mappings. The fol-
lowing facts are rather well known. (For (1)-(4) see [I Section 1.3], while (5)
follows from Birkhoff’s duality for finite distributive lattices.)

LEMMA 2.1. Let ¢: K — L be a (0,V)-homomorphism of finite lattices.

(1) % preserves A and the largest element.

(2) pla) = A\{Bla<e(B)}.

(3) p(a) < B <= a <™ (B).

(4) If v: L — M is another (0,V)-homomorphism of finite lattices, then
(o)™ =Ty

(5) If p: K — L is a 0-preserving homomorphism of finite distributive lattices,
then ¢ (c) € M*(K) for every ¢ € M*(L).

Next we recall the algebraic constructions of direct and inverse limit. Let P
be an ordered set. Let K be a class of algebras. A P-indexed diagram A in
K consists of a family (A,,p € P) of algebras in K and a family (fpq,p < ¢)
of homomorphisms fy, ,: A, — A, such that f,, is the identity on A, and

Jpor = fqrfpgforalp<qg<r.
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If the index set P is directed (for every p,q € P there exists r € P with
p,q <), then we define the direct limit of A as

lim A':= lim 4, = (| | Ap)/ ~,
pEP
where | | A, is the disjoint union of the family (A,, p € P) and the equivalence
pEP
relation ~ is defined (for x € A, and y € A,) by

x~y <= IreP: f(r)= fory).

A special case of the direct limit is the directed union, when all the homo-
morphisms are set inclusions. Note that in the category theory this construction
corresponds to the (directed) colimit.

The inverse limit of A is defined for any partially ordered set P as a subalgebra

of the direct product of [][ A,, namely
peEP

lim A := lim A, := {a € Il Ap | ag = fpqlap) for every p,ge P, p < q}.
“ « peP

(The elements of [] A, are written in the form a = (ap)pep.) A special case
pEP
of this construction is the direct product, which arises when P is an antichain.

In the category theory language, this construction is the limit of A

It is well known that any variety V is closed under the formation of direct
and inverse limits.

The direct limit construction will be used to obtain the description of Con, A
for infinite A € V from the description of Con. A for finite A. This is pos-
sible due to the following two facts. First, Con. is a functor preserving the
direct limits, which means that for every directed P-indexed diagram AinV we
have the P-indexed diagram Con. A = (Con, A,, Cone ¢, ) in the category of
(0, V)-semilattices and (0, V)-homomorphisms, and

Con, lim A ~ lim Con, A.
— —

Second, let A = (Ap, ¢p,q) and B= (Bp,¥p,q) be directed P-indexed diagrams
and let h,: A, — B, be isomorphisms for every p € P such that the following
diagram commutes for every p,q € P, p < q:

o,
A, — A,

h,,l hql
Yp.q
Bp Bq
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Then
lim A ~ lim 5.
— —

The inverse limits will be used to construct algebras with prescribed finite
(distributive) congruence lattice. For this we need special diagrams called ad-
missible valuations.

Let SI(V) denote the class of all subdirectly irreducible members of a variety
V. In this paper we find it convenient to include one-element algebras into SI(V).

DEFINITION 2.2. Let V be a variety and let M be a partially ordered set, we
say that M-indexed diagram ¥ = (v(q), fa.5) is a SI(V)-valuation on M, if
v: M — SI(V) such that f, 5: v(a) = v(B) is surjective for every a < 8 and
the assignment § — ker f, g is a bijection T — M*(Conv(a)).

LEMMA 2.3. Let V be a variety, let M be a partially ordered set and let

T = (v(a), fa) be a SI(V)-valuation on M. For every a € M the bijection
Ne)

ta — M*(Conwv(w)) defined by B — ker fo 5, is an isomorphism of ordered sets.

Proof. Let 3,7 € ta such that 3 < . Thus fo, = fz,fa,s and hence
ker fo 3 < ker fo .

Conversely, if ker f, g < ker f, -, then there exists a surjective homomorphism
g:v(B) — v(y)

such that gfa.3 = fa,y. Now, thereis a d € M, § > 3 such that ker fz s = kerg.
Thus

kerfoc,é = kerf,@ﬁfa,ﬁ = kergfoz,ﬁ = ker fa,"/a
80 d = 7, hence 8 < 7. O

DEFINITION 2.4. A P-indexed diagram A = (Ap, ¢p,q) in V is called admissible
if the following two conditions are satisfied:

(1) for every p € P and every u € A, there exists
a€ 11<£H Ap
such that a, = u;
(2) for every p,q € P, p £ ¢ there exist
a,belimA,
+—
such that a, = b, and a, # bg.

Notice that the admissibility is a purely set-theoretical property, depending
only on the sets A, and maps ¢, 4, and not on the algebraic structure of A,.
The next theorem follows from [I1: Theorem 2.4].
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THEOREM 2.5. Let V be a locally finite congruence distributive variety. Let L

be a finite distributive lattice and let M = M*(L). Let A = (v(«), fa,g) be an

admissible SI(V)-valuation on M. Then A := lim A is an algebra whose congru-
—

ence lattice is isomorphic to L. The isomorphism h: M*(L) — M*(Con A) can
be defined by h(a) = ker my,, where 7, is the projection A — v(«).

By the Birkhoff duality for finite distributive lattices, the isomorphism
h: M*(L) — M*(Con A) induces an isomorphism

k: ConA— L

by k(z) = AN{y e M*(L) | h(y) > x}. For z € M*(ConA) we have k(z) =
h=1(x), so k(kerm,) = a.

In Chapter 4 we prove a generalization of Theorem for infinite M. Let us
recall the Priestley duality for distributive lattices with 0 (but not necessarily
with 1). Let L be a distributive lattice with 0. Let P(L) denote the set of all
prime ideals of L (including L itself). For every x € L we define

Uy ={I€eP(L)|zel}, Vo={IeP(L)|x¢I}.

We endow P(L) with the ordering < by the set inclusion and the topology 7
generated by all sets of the form U, and V,,. The resulting structure (P(L), <, 7)
is called the dual Priestley space of L. The ordered topological space P(L)
determines L uniquely. In fact, L is isomorphic to the lattice of all proper
clopen down-sets of P(L). As a topological space, P(L) is compact, Hausdorff,
zero-dimensional. It has a largest element. The compatibility of the order and
the topology can be expressed by the following condition of compact totally
order-disconnectedness:

(CTOD) Ify,z € P(L), y £ z, then there exists a clopen up-set U C P(L) with
yeU,z¢U.

Moreover if F', G are closed sets such that 1F N |G = 0, then there exists a

clopen up-set U such that £ C U and UNG = 0.

Further denote by Id(L) an ideal lattice of a lattice L. Prime ideals of L
can be also characterized as finitely meet irreducible elements of Id L. The next
lemma is easy to prove.

LEMMA 2.6. Let L be a distributive lattice and let I € Id L. Then I is prime if
and only if I is finitely meet irreducible element of Id L or I = L.

Now let V be a finitely generated congruence distributive variety. We prove
that, for every A € V, all finitely meet-irreducible elements of Con A are strictly
meet-irreducible. We use the following concept from [12].
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DEFINITION 2.7. A subset P of an algebraic lattice L is called separable, if
P C M(L) and there exists a family {z, | p € P} C L such that

(1) =, & p for every p € P.
(2) /\{xp |pe P} =0.

Let s(V) = max{|M(ConB)| | B < A € SI(V)}. Since V is finitely generated,
every subdirectly irreducible algebra is finite and hence s(V) € N.

LeEMMA 2.8. ([12! Consequence 2.4]) If @ € M(Con A) is non-separable, for
some A €V, then |Q| < s(V).

LEMMA 2.9. Let a be a finitely meet-irreducible element of Con A for some
AeV. Then a € M(Con A).

Proof. Let a be a finitely meet-irreducible element of Con A for some A € V.
For contradiction suppose that there exists infinite R C M(Con A) such that

a:/\R, a ¢ R.

Choose finite P C R with |P| > s(V). By Lemma 2§ P is separable, so we
have z;, £ p (hence z;, £ a) for every p € P and A\{z, | p € P} =0 < a, which
contradicts the finite meet-irreducibility of a. O

LEMMA 2.10. For any algebra A € V,

I €P(Con. A) < supl € M*(Con A).
Proof. The equivalence follows from Lemma and Lemma 2.0 a

Now recall the Compact Intersection Property of variety V. We say that V
has the Compact Intersection Property (CIP), if for every A € V the intersection
of any two compact congruences of A is a compact congruence.

THEOREM 2.11. ([I0: Theorem 3.1]) Let V be a locally finite congruence dis-
tributive variety. The following conditions are equivalent.
(1) V has CIP.

(2) FEvery finite subalgebra of a subdirectly irreducible algebra of V is subdirectly
irreducible.

(3) For every embedding f: A — B of algebras inV with A finite, the mapping
Con, f preserves meets.
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3. Description via direct limits

In this and the next section we assume that V is a finitely generated congru-
ence distributive variety with CIP.

THEOREM 3.1. Let L be a distributive lattice with 0. The following conditions
are equivalent:

(1) L ~ Con¢ A for some A € V.

(2) L is isomorphic to the direct limit of a P-indezed diagram L = (Ly,pp.q |
p < q in P), where each L, is a finite distributive lattice and each ¢, 4 is
a 0-preserving lattice homomorphism such that
(a) For everyp € P, the ordered set M*(L,) has an admissible SI(V)-valu-
ation (vy(a), fF 5).
(b) For every p,q € P, p < q and for every a € M*(L,) there ezists
embedding
€’ VUp(Ppq()) = v4(@)
such that
B fP —
paforp = fa 5617711’
for every a < B in M*(Lg) and o' := o5 (o), B" = o5 (B).
Proof.

(1) = (2): Let L ~ Con, A for some A € V. Let P be the family of all finite
subsets of A ordered by set inclusion. Let A, be the subalgebra of A generated
by p € P. Since V is finitely generated, every A, is finite. For every p,q € P,
p < q, we put L, = Con. A, and ¢, , = Conce, 4, where e, , is the inclusion
A, — A,;. By Theorem 2I1] every ¢, , is 0-homomorphism of finite lattices.
Then A ~ li_r)nAp, so L ~ Cone A ~ li_r)n Con. A, = li_r)an.

Moreover M*(L,) = M*(Con, A,), hence we can define a map
vp: M*(L,) — SI(V)

by vp(a) = Ap/a for every a € M*(L,). Further, for every o, 8 € M*(L,),
a < B we define a homomorphism

Ap/a_“‘lp/ﬁ

as the natural projection (f? ([ ]a) = [2]p). Tt is easy to see that (v, f7 5) is
a SI(V)-valuation on M*(L, ) By [I1t Lemma 2.2], it is admissible.

Now, let p,q € P, p < ¢ and let « € M"(L,) = M*(Con, 4,). Since A,
is a subalgebra of A,, we know (see the remark before Lemma 2.1)) that o/ =
©pq(@) = alA,. We define an embedding

A,/a = Ay )a
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naturally as ep ,([z]or) = [7]a. It is easy to see that the following diagram
commutes:

Ayfod =20y Ao

o | |
A8 =2y A8

(2) = (1): For every p € P we have a M*(L,)-indexed diagram D,

(vp(@), L 5)- By Theorem [2Z3] limD, = A, € V such that M*(Con, Ap)
) «—

~ M*(Ly).

Let p,q € P, p < q and let M*( ={B1,- . B} M (Lg) = {m,--- s}
We consider elements of 4, < H vp(e) in the form a = (ay,...,a,) with

aeM*(Ly)
a; € vp(B;) and similarly for A,. Further we write f{; and f]p’ ; instead of f2
P

and fﬁj”@[.

By Lemma 2.JY5) we can define a map g, 4: A, — Aq such that

Gpqg((ar,...,ap)) = (dv,...,ds),

where d; = e} (a;) such that 3; = go‘fq(%) We have a; € v,(5;) and d; €
vg(7i). We need to show that (dy,...,ds) €

Let v; < vk, then 8; = ¢~ (vi) < 90p7q(’)’k) = 51. Since A, is an inverse limit,
we have a; = fﬁl(aj). Thus, by the assumption (2)(b) we have

Le(di) = fl(epig(ag) = et (f71(az)) = et (ar) = dy.

So (di,...,ds) € Ag, hence g 4 is well defined and it is a routine to show that
Jp,q 15 @ homomorphism. Hence A= (Ap, gp.q) is a directed P-indexed diagram
in V. Denote A the direct limit of this diagram.

Denote by ¢y the kth projection A, — vp(Bx) (k=1,...,7) and by &; the lth
projection A, — vg(v) (I =1,...,s). By Theorem 23] we have Con A, ~ L,
where the isomorphism h,: Con, A, — L, can be defined by hy,(ker(dx)) = B.
Similarly, let hy be the isomorphism Con, Ay — Ly defined by hq(ker(e;)) = ;.

Now we claim that the following diagram commutes.

Con, 9p,
Con, A, ~% Con, 4,
hy l hql
L Pp.q L
P ’ q
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Since hy, hy are isomorphisms, we have b~ = h,; L hi =h, ! By Lemmal2.1]

we can prove equivalently that b~ = (Cone g,,4)hy . All maps in diagram

—

preserve A, it suffices to show that hs s~ (7i) = (Cone gp.q)hy (i) for every
vi € M*(Ly).
Let ¢y (7i) = Bj. Then hi-¢r- (vi) = ker(d;). Further, hi(vi) = ker(g;)
and
(z,y) € (Cone gp,q) ™ (ker(ei)) == (9p,q(®), gp,q(y)) € ker(e;)
= Gpq(®)i = gpq(y)i = €qu(l‘j) = ezfq(yj)
= z;=y; — (z,y) € ker(d;),
SO
(Cone gp.q)™ hy (vi) = ker(d;) = hy, ¢, (Vi)
This proves that our diagram commutes. Using this commutativity and the
fact that the functor Con, preserves direct limits, we have

Con. A = Con, lim A ~ lim Con, A~lmL ~ L. [
— — —

In concrete cases, the general description of the direct limit system in (2) can
be specified more closely, which sometimes leads to a nice description of the class
Con V. (See such examples in our previous paper [10].) However, in many cases
the description provided by Theorem [B.1] is not quite satisfactory. That’s why
in the next section we try another approach.

4. Description via Priestley duality

Let V be a finitely generated congruence distributive variety with CIP. Hence
Con, A is a distributive lattice with 0 for every A € V. So it is natural to
describe these lattices by means of Priestley duality.

Let L be a distributive lattice with 0 and let (P(L), <, 7) be its dual Priestley
space. Consider the following conditions on (P(L), <, 7):

(Prl) P(L) has an admissible SI(V)-valuation (v(I), f1,s);
(Pr2) For every I € P(L) there exists an open set U such that I € U and for
every J € U the algebra v([) is isomorphic to a subalgebra of v(.J).

THEOREM 4.1. If L ~ Con. A for some A € V, then the dual Priestley space
(P(L), <, 7) satisfies (Prl) and (Pr2).

Proof. Let L = Con. A for some A € V. By Lemma we have sup [l €
M*(Con A) for every I € P(L). So we can define a map v: P(L) — SI(V) such
that

v(I)=A/supl.
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Since for every I,J € P(L), I < J, we have supI < sup.J, we can define a
surjective homomorphism

fr.g: A/supl — A/sup J

as natural projection fr ;([#]sup 1) = [T]sup 7. It is easy to see that (v(I), fr,7) is
an SI(V)-valuation on P(L). The admissibility follows from [II} Lemma 2.2].

To prove (Pr2), let I € P(L). Since the quotient algebra A/sup [ is finite,
there are n € N and z1,...,x, € A such that for every y € A there exists
1€ {1,...,n} with z; € [ylsup1-

Let B be the subalgebra of A generated by xz1,...,x,. Hence, B is finite and
B/ sup I[B is isomorphic to A/sup I. Denote by U the intersection

(| {JePWw) 6@y ecstn (| {JePL)|O(x,y) ¢ J}.
m7y€B :E,yGB
O(z,y)el O(x,y)¢I

Since U is an intersection of finitely many clopen sets, it is a clopen set. More-
over, it is easy to see that I € U. For every J € U we have sup I|B = sup J|B.
Indeed, the compactness of O(z,y) implies that ©(z,y) < sup [ iff O(z,y) € I,
hence
sup 1B = {(z,y) € B*| (z,y) €sup I} = {(z,y) € B* | O(x,y) <supI}
= {(z,y) € B* | O(a,y) € I} = {(w,y) € B* | O(x,y) € J}
=sup J[B.
So, v(J) =A/supJ > B/supJ|B =B/supI|B ~ A/supl = v(I). O
Unfortunately, the converse to Theorem [L1] does not hold in general. (See
[9].) We are only able to prove the sufficiency of conditions (Prl) and (Pr2) in

some special cases. We will present two such special cases. First we prove a
generalization of Theorem

THEOREM 4.2. Let L be a distributive lattice with 0 and let (P(L),7,<) be its
dual Priestley space. Let (v(I), fr,7) be a SI(V)-valuation on P(L). Let A be a

subalgebra of [] wv(I) such that
I€P(L)

(a) for every a € A and for every I,J € P(L), I < J,
aj = fr,.s(ar);
(b) for every I € P(L) and for every u € v(I) there exists a € A such that
ar = u;
(c) for every I,J € P(L), I & J there exist a,b € A such that

ar = by, aj #by;
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(d) for every a,b e A the set Uy = {I |ar = b;} is clopen.

Then the Priestley spaces P(L) and P(Con, A) are isomorphic (and hence L
and Cong A are isomorphic) and the isomorphism ¢: P(L) — P(Con. A) can
be defined by p(I) = {a € Conc A| o <kerps}, where py: A — v(I) is the
projection.

Proof. Let I € P(L), by (b), pr is surjective, hence kerp; € M*(Con A), so
by Lemma 210 we have {a € Conc A | o < kerpr} € P(Con A). Thus the map
¢: P(L) — P(Con, A) is well-defined.

We prove that ¢ is an isomorphism of ordered topological spaces. If K €
P(Con, A), then K = {a € Conc A | a < v} for some v € M*(Con A).

We claim that ker p; < v for some I. For contradiction suppose that ker pr & v
for every I € P(L). Our assumption means that

U Ua,b = P(L>
(a,b)€A%\y
Since P(L) is compact, there exists n € N and elements a’, b* € A (i € {1, cee n})
such that (a’,b") ¢ v and for every J € P(L) there exists j € {1,...,n} with
a’y = b, hence ©(a’,1’) < kerp;. Then

n @(ai,bi)g /\ ker,, =0 <~.

1<i<n JeP(L)

This contradicts the A-irreducibility of v (note that if (a, b) ¢, then O(a, b) £7).
Hence, there exists I € P(L) such that kerp; < 7. Since p;: A — v(I) is
surjective, the lattice Conwv([) is isomorphic to the filter Tkerp; of Con A. The
congruence v € Tkerpy corresponds to the congruence ' € Conwv(I) given by
v = {(z1,y1) | (x,y) € v}. By Definition 22 ~" = ker f; ; for some J > I, so

(z,y) €y <= (o1,y1) €7 =ker f1;
= fra(zr) = frulyr) <= z;=y;
< (z,y) € kerpy,
hence v = kerpy. Thus for every K € P(Con. A) there exists J € P(L) such
that p(J) = K, so ¢ is surjective. Moreover, by (c), ¢(I) < ¢(J) if and only if
I < J. Hence ¢ is bijective and both ¢ and ¢! preserve the order.

It remains to show that ¢ is a topological homeomorphism. We check that
@ 1(U) is open set for every U from the subbase of P(Con. A). Let a € Con, A4,

k o o
so a = |J O(a’,b") for some a*, b € A, i € {1,...,k}. Let
i=1

1=

U={IeP(Con.A)|acl},
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then
Tcp H(U) &= p(I)eU <= acyp(l) < a<kerpy,
o
e (U)={Ila<kerp/}= () {I]6(a’",b') <kerp;}
1<i<k
= () {I1a}=0b:}.
1<i<k
Hence o™ (U) = () Uiy is clopen. Now let V = {I € P(Conc A) | a ¢ I},

1<i<k
hence ¢~ 1(V) is a complement of ¢~1(U), so it is also clopen.

We have proved that ¢ is continuous. Since both spaces are compact Haus-
dorff, and ¢ is bijective, it must be a homeomorphism. Hence, P(L)~P(Con, A),
so L ~ Con, A. O

Note that if L is finite, then the topology is discrete. Hence Theorem 2.8is a
special case of Theorem

5. Special cases

Let V be a finitely generated congruence distributive variety with CIP. More-
over, assume that Con S is a chain for every S € SI(V). We denote

S; := {AeSI(V) | ConA is an i-element chain}.
Further, denote by P, the class of all partially ordered sets (C,<) with
a largest element such that for every x € C, Tz is a k-element chain, k €
{1, ce ,n}. Hence, C' € P, is a disjoint union of antichains Cy,...,C,_1 such
that [tz| = k41 for x € Cy. Let L be a lattice such that P(L) € P,,, then denote
Py, = Py(L) = (P(L))y for k=0,...,n—1. Notice that P, is a one-element set.
We present a detailed analysis of two special cases.
The first case
We suppose that V satisfies the following additional assumptions:
(A1) max{j|S; #0} =n> 1.
(A2) If A < B € SI(V), then Con A ~ Con B.
LEMMA 5.1. Let L be a distributive lattice with O such that its dual Priestley
space (P(L), <,T) satisfies (Prl) and (Pr2). Then
(1) P(L) € P,
(2) for every k € {0,...,n—1}, the set Py(L) is clopen.
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Proof. By Lemmal[23] 17 is isomorphic to Conv([), which is a chain of length
at most n for every I € P(L).

Further, by (Pr2), for every I € P,(L) there exists an open set U such that
I € U and v(I) is isomorphic to a subalgebra of v(J) for every J € U. By the
assumption (A2) we have Conv(I) ~ Conwv(J), thus J € Py(L). This shows
that Py (L) is open. Since the sets Py(L),..., P,(L) are mutually disjoint, they
must also be closed. O

THEOREM 5.2. Let V satisfy the assumptions stated above. Let L be a distribu-
tive lattice with 0 and let (P(L), <, 7) be its dual Priestley space. The following
conditions are equivalent.

(1) L ~ Con¢ A for some A€ V;

(2) (P(L),<,7) satisfies (Prl) and (Pr2);

(3) P(L) € P,, and for every k =0,1,...,n— 1 the set Py(L) is clopen.

Proof. We have already proved (1) = (2) = (3).

(3) = (1): By (Al) there exists F' € SI(V) such that ConF' is an
n-element chain a,, 1 < an_o < -+ < «g. For every i € {O, A 1} de-
note F; = F/a;, so Con F; is an (i + 1)-element chain. For every j < i we define
a map f;;: F; — F; as the natural projection. For every I,J € P(L), I < J
denote v(I) = Flyrj—1 and fr 5 = firr/-1,117/—1. We define an algebra

AgHF,

I€P(L)
such that a € A if

(i) ay = fr,s(ar), whenever I < J.

(ii) for every i € {0,...,n — 1} and every u € F; the set {I € P;(L) | a; = u}
is open.

We can see that (v([), fr,7) is a SI(V)-valuation on P(L). Moreover, since
F; is finite, all the sets {I €EP|ar= u} are clopen. For a,b € A, the set
Uap = {I|a1:b1} is a union of sets {IEPi|a1:u}ﬂ{I€Pi\b1:u} for
every u € F;, (i =0,...,n — 1), hence U, is clopen. It remains to check the
conditions (b) and (c) of Theorem 1.2

To prove (b), let I € P;(L) and let k € F;. Hence k = [v],,; for some v € F.
Let a = (ax)kep(r), Where ax = [v]q, for every K € P;j(L). We claim that
a € A. Condition (i) holds trivially. Let i € {O, R 1}, for every u € F; we
have u = [w],, for some w € F. Hence the set

(1€ Prlar = ulo,} = {1 € i oy = fula} = {3 1o 2 [0l

i
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is in each case clopen. So a € A and ay = k.

To prove (c), let I, J € P(L) such that I £ J. Denote j = [tJ] — 1. Since
J > 1, there exist u,v € v(J), u # v such that (u,v) € ker f; j_1. Hence, there
exist t1,to € F such that

U= [tl]aj * [tQ}(Xj =v

and
[tl}ocs # [tﬂocs
for every s < j.
For every K € P)(L) denote
O = [tl}al-

We have already shown that every element of the form a = (ax)xep(z) belongs
to A. Further, by CTOD, there exists a clopen up-set V' C P(L) such that
I €V, J¢V. Denote

U= UPD\V).
Both P;\V and P; NV are clopen, so [(P;\ V) and [(P;NV) are disjoint closed
sets and their union is equal to the clopen set P; U Pj; 1 U---U P,_;. Hence U
is a clopen set. For every [ € {0, N 1} and every K € P, we denote

po _ [hla i K¢U,
K7 ta)a, if K €U.

Now denote b = (bx)kep(r) and we prove that b € A.
Let KM € P(L), K < M. It KM € U or K,M ¢ U, then clearly
frm(bg) =by. If K € U and M ¢ U, then
s=[tM|-1<

and fr,m(bx) = frs([t2]a,) = [t2]a, = [t1]a, = bu-
Further, let ¢ € {0, A 1} and w € F;. The set

P if w=[ta]a;, = [t1]ass
o) PNU i w = [taa, # [t
{I € P’L ‘ bI - w} - P’L \ U lf w = [tl}ai # [tQ}O&i’
1] otherwise
is in each case clopen. Hence a,b € A. Moreover ar = [ti]a,,,_, = br, ay =
[tl}aj 7& [tQ}Oéj = bJ'
By Theorem 1.2 we have P(L) ~ P(Con. A), so L ~ Con, A. -
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Thus, in our special case we have proved the converse to Theorem [£.Il Thanks
to the result of Katrindk and Mitschke, we can go even further. Recall [§] or [2]
for the definition of a dual Stone lattice of order n.

THEOREM 5.3. Let V satisfy the assumptions stated above. Let L be a distribu-
tie lattice with 0 and let (P(L), <,T) be its dual Priestley space. The following
conditions are equivalent.

(1) L ~ Con¢ A for some A€ V.

(2) P(L) € P,, and the set Py(L) is clopen for every k =0,1,...,n — 1.

(3) P(L) € P, and for every i € {0,...,n— 2}, there ezists an element e; €
{I|I€Py(L)U---UP(L)} such that e;¢J for every Je€P;(L) (j>1i).

(4) L is a dual Stone lattice of order n.

Proof. We have already proved the equivalence (1) <= (2). The equivalence
(3) <= (4) was proved in [8 Theorem 4.5] (in a dual form).

(2) = (3): Leti,je{0,....n—1},i<j,lesI € RU---UP;, J € Pj.
Since I £ J, there exists ay ; € I\ J. Denote
Ung={KeP(L)|ar; ¢ K},
Lljz{ULJ\JEPj for somej>i}.

It is easy to see that I ¢ Uy y, J € Uy ;. Moreover since Uy is an open cover
of the closed (and hence compact) set @Q; = |J P}, there exist finitely many
J1,y.yJm € P(L) such that j>i

Qig{K|Oé]7J1¢K or ... or qum¢K}:{K|a17jl\/~--\/a["]m¢K}.

Denote fr = ay,j, V-V ay,j, . Hence for every I € Py U---U P; there exists
Br € L such that

(1) /81 € Ia
(ii) Br ¢ J for every J € P}, j > i.

Further, denote Uy = {K € P(L) | By € K}. The collection of sets Uy, I €
Py U ---U P; covers the compact set Py U ---U P;. By the compactness, there
exist Iy,...,1; € By U---U P; such that

PoU---UP,C{K|B, €K or ... or 8, € K}.
Using the fact that ideals K € P(L) are prime we obtain
PyU---UP, C{K |Br, A---NB, € K}.
Denote e; = 31, A--- A Br,. Hence for every I € PyU---U P;(L) and for every
J € P;(L) (j >1i) wehavee; € I and e; ¢ J.
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(3) = (2): Letie {0,...,n—2}. By (3), PyqU---UP,1 = Q; =
{I eEP(L) e ¢ I}, which is a clopen set. Then also P; = Q;—1 \ Q; is clopen,
i=1,...,n— 2. Moreover, Py is the complement of Qy and P,_1 = Qp_2. O

The second case

Similarly as in the first special case, we assume that V is finitely generated
congruence distributive variety and Con A is a chain for every A € SI(V). Instead
of (A1), (A2) we consider the following additional assumptions:

(B1) max{j|S; #0} = 3;
(B2) For every G < F € SI(V) either ConG ~ Con F or G € So, F € Ss;

(B3) There exists F° € S3 such that F°/a < F°, where « is the only nontrivial
congruence on F;

LEMMA 5.4. Let G < F € SI(V) such that ConG is a 2-element chain 0 < 1
and Con F' is a 3-element chain 0 < a < 1. Let h be an embedding G — F, then
Conh(1l) =1.

Proof. Wehave Conh(1) # 0 because h is injective. For contradiction suppose
that Conh(1) = a. Hence h(G) is contained in one a-class, so F'/« has an one-
element subalgebra. We have a contradiction with the assumption (B2). O

LEMMA 5.5. FY/a is isomorphic to a retract of FO.

Proof. Let e: F°/a — F° be an embedding and f: FY — FY/a be a natural
projection. Then by B.4]

Con fe(1) = Con f Cone(1l) = Con f(1) = 1,

so Con fe is an isomorphism {O, 1} — {O, 1}, thus fe is injective and since F© is
finite, fe is an automorphism. Hence G = e(FY/a) is a retract of F° isomorphic
with FO/a (with e(fe)~1f as the retraction). O

LEMMA 5.6. Let L be a distributive lattice with O such that its dual Priestley
space (P(L), <,T) satisfies (Prl) and (Pr2). Then

) —

(1) P(L) € Ps,
(2) Py(L) is clopen, Py(L) is open.

Proof. By the definition of a SI(V)-valuation, 11 is isomorphic to Conwv([)
which is a chain of length at most 3.

Further let i € {0,2} and let I € P;(L). By (Pr2) there exists an open set
U with I € U and for every J € U we have v(I) < v(J), thus J € P;(L) by
assumption (B2), hence P;(L) is open. Since Py(L) is a one-element set, it is
also closed. (]
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THEOREM 5.7. Let V satisfy the assumptions stated above. Let L be a distribu-
tive lattice with 0 and let (P(L), <, 7) be its dual Priestley space. The following
conditions are equivalent.

(1) L ~Conc A for some Ae€V;
(2) (P(L),<,7) satisfies (Prl) and (Pr2);
(3) P(L) € P3, Py(L) is clopen and Py(L) is open.

Proof. We have already proved (1) = (2) = (3).
(3) = (1): Denote F = F°, let G be a retract of F' such that G ~ F/a.
For every I € P(L) denote
o(I):=F if I € Py,
v(l):=G if I e P,
ol):=1 if T € PR,.
(By 1 we denote both the one-element algebra in V and its single element.)
By Lemma there exists a surjective homomorphism f: FF — G such that

fIG =idg. For every I,J € P(L), I < J we define a map fr ;= v(I) — v(J)
such that

f]7](a) = f(a), if I S PQ, J S P17

f]’J(a) =1, if J e Py
(and, of course, fr r is the identity for every I € P(L).) We define an algebra
A< [ »)
IeP(L)

such that a € A if

(i) ay = fr,s(ar), whenever I < J;

(ii) for every u € F the set {1 € P(L) | a; =u} is clopen.
(Note that the set {I € P(L) | a; = u} may contain elements from both P; and
P,.) It is easy to see that (v(I), fr,7) is a SI(V)-valuation on P(L). Let a,b € A.
Since Uy p = {I |ar = bI} is a union of sets {I lay = u}ﬂ{[ | by = u} for every
possible u, we have that U, is clopen. It remains to check the conditions (b)
and (c) of Theorem (.2

First let U C Po(L) and V' C P(L) be clopen sets. Let v € F, v1,v2 € G,
vy # vg. For every K € P(L) denote

1 it KePp,
a(Uv)g =< v if KeU,
flv) if Ke PLU(P\U),
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1 if K€ Py,
b(V,’Ul,’UQ)K: vy if KEl,(Pl\V),
v if K e [(PNV).

Since P is closed, we have PyNV and P; \ V closed, hence both [ (P,NV) and
L(Py \ V) are closed. These sets are disjoint and their union P; U P» is clopen.
Hence both [(P; N V) and [(P;\V) are clopen sets.

Denote a = (a(U,v)k)kep(r), We prove that a € A. Let I € P, J € P,
I < J. Then

frular) = f(v) =ay.
Further, for every u € F' the set

U if u=v# f(v),
{IeP(L)|ar=u}= ﬁi S ﬁ Z z 5(2);(:1;:
0 otherwise

is in each case clopen. Thus, a € A.

Now denote b = (b(V,v1,v2)K)kep(r), We prove that b € A. Let I € P,
Je P, I<J. Then

i) = f(v)) =vy=by if T € [(P\V)N Py,
LIOD = Fvg) =va =by if I € [(PLNV)NP,.

For every u € F' the set

WPNV) i u=wvy= f(vy),
{IeP(L)|ar=u}= %(H\V) if u=wv = f(n),

otherwise

is in each case clopen, so b € A.

Now we can deal with the conditions (b) and (c) of Theorem Let J € P,
and let v € v(J) = F. By CTOD there exists a clopen down-set U such that
J €U and (PLUPy) NU = 0. Denote a = (a(U,v)r)kep(r)- We have a € A
and ay; = v.

Now let J € P; and let v € v(J) = G, hence f(v) = v. Denote a =
(a(0,v) k) kep(r), we have a € A and ay = f(v).

Further let I,.J € P(L) such that I £ J.

First let J € Py, then there exist vy, vy € v(J) = F, v1 # vg such that f(vy) =
f(v2). By CTOD there exists a clopen down-set U C P» such that J € U and
(P1 UPyU {I}) NU = (. Denote a = (a(U, 'Ul)K)KeP(L); b= (O,(U, ’UQ)K)KGP(L).
We have a,b € A and a; = f(v1) = f(v2) = b, ay = v1 # vy = by.
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Now let J € P; and let v1,v2 € v(J) = G such that v; # vy. By CTOD
there exists a clopen up-set V' C P(L) such that I € V and J ¢ V. Denote
a = (a(0,v2)k)kep(r), b = (b(V,v1,v2) k) kep(r)- We have a,b € A. Moreover
ar = f(v2) =v2 =br, aj =va #v1 =by.

By Theorem [£.2] P(L) ~ P(Con. A), so L ~ Con, A. O

Similarly as in the first case we can go even further. Recall some basic
facts about dual Stone lattices. A bounded lattice L is called dually pseu-
docomplemented if for every & € L there exists its dual pseudocomplement
2t =min{y € L | zVy = 1}. The elements satisfying z* = 1 are called co-dense
and form an ideal of L denoted by D(L). A dual Stone lattice is a distributive
dually pseudocomplemented lattice satisfying the identity 2™ A 2T+ = 0.

The next lemma follows from results of Katrinak and Mitschke (see [§]).

LEMMA 5.8. Let L be a dual Stone lattice. Denote max(P(L)) the set of all
mazimal elements of P(L)\{L}. Then

(1) I € max(P(L)) if and only if D(L) € I;
(2) for everyI € P(L) there exists exactly one J € max(P(L)) such that I C J.

THEOREM 5.9. The following conditions are equivalent:
(1) L ~ Con¢ A for some A€ V.
(2) P(L) € P3 and Py(L) is clopen, P>(L) is open.

(3) L is a dual Stone lattice and its co-dense elements form a generalized
Boolean lattice.

Proof. We have already proved the equivalence (1) <= (2).

(2) = (3): We know that L is isomorphic to the lattice of all proper clopen
down-sets of P(L), hence ) is the least and P; U P; is the greatest element of
L. Further, let U be proper clopen down-set of P(L). It is easy to see that
its dual pseudocomplement is UT = [(P; \ U). Then UTT = (P, NU), so
Ut NUTT = (. Hence, L is a dual Stone lattice.

Clearly, U = 1 if and only if U C P, and thus

D(L)={U|UC P,, U clopen}.

Obviously, clopen subsets of P, form a generalized Boolean lattice. This gen-
eralized Boolean lattice is not necessarily a Boolean lattice, since Ps itself need
not be clopen.

(3) = (2): It is easy to see that Py = {I |1 € I} = {L} is clopen. Since
P, = max(P(L)), by Lemma[5:8(1) for every I ¢ P; U Py there exists € D(L)
such that z ¢ I. Hence I € V, = {J € P(L) | « ¢ J} and since V; is open and
PNV, =0, we have P; closed.
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Further we prove that P(L) \ (P U P) is an antichain. For contradiction
suppose that there exist I,J € P(L) \ (P; U Py) such that I < J. By CTOD
there exists a clopen down-set V' such that J € V and V N (P U F) = 0.
Also by CTOD, there exists a clopen down-set U C V such that I € U and
J ¢ U. Identifying L with the lattice of all clopen down-sets of P(L), we have
V,U € D(L). However, U has no complement in the interval [}, V]. Indeed, let
W C V be a clopen down-set. Now

o if JeW, then I € W,s0 UNW # (;
o if J¢W then JEUUW, soUUW #V.

It is a contradiction with the fact that D(L) is a generalized Boolean lattice.
Thus, P» = P(L) \ (PA U P) is an antichain. By Lemma [5.8(2), for every
I € P, the set 11 is a 3-element chain. So, P(L) € Ps. 0
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