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ABSTRACT. We prove:

THEOREM A. The cardinal product of two copies of the integers is an amalgama-
tion base for the class of all lattice-ordered groups but their lexicographic product
s not.

This answers Problem 27 of [Black Swamp Problem Book (W. Charles Holland,
ed.), Bowling Green State University, 1982].
We also prove:

THEOREM B. The cardinal product of n copies of the integers is not an amalga-
mation base for the class of all lattice-ordered groups if n > 3.
©2014
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1. Introduction and background

A lattice-ordered group G is a group and a lattice such that
a(z VvV y)b=azxbV ayb and a(z A y)b = axb A ayb

for all a,b,z,y € G. We will frequently use the abbreviation ¢-group for lattice-
ordered group. We will write ¢-homomorphism as a shorthand for a map that
is both a group and a lattice homomorphism, etc. Lattice operations V and A
on an f-group G induce a partial order < on G: g < h if and only if gV h = h
(or equivalently g A h = g). We say that g and h are orthogonal if g A h = 1.
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To define a lattice ordering on a group G, it suffices to give a lattice ordering of
G4, the set of elements that exceed the identity: for then g < h if and ond only
if 1 < g~ th.

There are two especially important ways to form new ¢-groups from old. If
G1 and G5 are f-groups, we can partially order their direct product G x G2 by:
(91,92) > 1if and only if g; > 1 (i = 1,2). This is called the cardinal product of
G1 and G4 and is denoted by G; @ Go; it is an f-group. Note that if f; € G;
with f; > 1 (i = 1,2), then the images of f; and f in the cardinal product
of G; and G, are orthogonal. For any positive integer n, we write Z" for the
cardinal product of n copies of Z (the additive group of integers with the natural
total order). Let K be an o-group (i.e., an (-group with the order total). If G is
an f-group and K acts on G as a group of f-automorphisms, then the splitting
extension of G by K is an ¢-group, where 1 < (g, k) if and only if £ > 1 or both
k=1and g > 1. We write G % K for this l-group and call it the lexicographic
split extension of G by K. In the special case that the action of K on G is the
identity, the group is G x K and we write G % K instead of G % K and call it
the lezicographic product of G by K. For further background on lattice-ordered
groups, see [4], for example.

Let £ be a class of algebras. The algebra A € L is said to be an amalgamation
base for L if whenever A is embedded in algebras G1, G2 € L, there is an algebra
L € £ and embeddings of G; and G2 in L making the diagram commute.

For L the class of groups, every group A is an amalgamation base. K. R. Pierce
[8] proved that Z is an amalgamation base for the class of all ¢-groups. In
contrast, he proved that Z2 X Z is not an amalgamation base (see [§]). This led
to his question, [II} Problem 27]:

(i) Is Z? an amalgamation base for the class of all /-groups?
(i) Is Z % Z an amalgamation base for the class of all f-groups?

The first part of Theorem [Al gives a positive answer to (i) and the second
part a negative answer to (ii). The latter should be compared with [I] (see [4:
pp. 265, 266]): Z X Z is not an amalgamation base for the class of all right-
ordered groups (only one of Gy, Gz is an f-group). Also with [9: Theorem 2.2]:
No non-trivial abelian o-group (including Z and AR Z) is an amalgamation base
for the class of all nilpotent ¢-groups. This contrasts with Pierce’s result for Z
cited above; the amalgam belongs to the larger class of all ¢-groups.

We will use a theorem of Holland [5]:

THEOREM. FEvery (-group can be (-embedded in the (-group Aut(Q, <) for some
totally ordered set (Q, <), where Aut($2, <) has the pointwise order.

572



AMALGAMATION BASES FOR THE CLASS OF LATTICE-ORDERED GROUPS

If g € Aut(Q, <) and « € Q with ag # «, then A(q, g), the convexification of
{ag™ | n € Z} in Q, is called either a supporting interval of g or an interval of

support of g.

2. Proof of Theorem [Al

Proof of the cardinal part of Theoreml[Al The key ideas in the
proof are that Z? is a one-generator /-group and [28 Theorem A]: every f-group
can be f-embedded in one with exactly 4 conjugacy classes (the identity, all
elements strictly greater than the identity, all elements strictly less than the
identity, and all elements incomparable to the identity (under the lattice order)).
It follows easily that Z? is an amalgamation base for the class of all /-groups as
we now show. Because (1,—1) Vv (0,0) = (1,0) and (0,1) = (1,0) — (1,-1) =
(0,0)vV—(1, —1), we get that Z? is generated as an ¢-group by the single generator
(1,-1). Let 0;: Z* — G; be an f-embedding of Z? in G; (i = 1,2), and regard
G:1 and G as sublattice subgroups of G; @ Gy in the natural way. By [2:
Theorem A], there is an ¢-embedding n of G7 @ G2 into an ¢-group L that has
exactly 4 conjugacy classes. Let « € L conjugate (1, —1)o1n to (1, —1)on. Then
the f-embeddings nz: G; — L and n: Gy — L complete the amalgamation in
L, where 7 is the inner f-automorphism of L given by conjugation by z. This
gives the affirmative answer to the first part of [I1: Problem 27]. a

By Holland’s Theorem, for purposes of amalgamation, we may assume that
Gi = Aut(9,<) (i =1,2). Let Z X Z = {(a,b), where a = (1,0) and b = (0,1).
Suppose that either

(i) each supporting interval of the image of b in G; contains a supporting

interval of the image of a (: = 1,2), or
(ii) some supporting interval of the image of b in G is fixed pointwise by the
image of a (1 =1,2).

Pierce’s proof in [§] gives that (Z X Z,Gy, G3) can be amalgamated in these
cases. This suggests the proof of the lexicographic part of Theorem [Al

Proof of the lexicographic part of Theoreml[Al Let Aut(R <)
be the lattice-ordered group of all order-preserving permutations of the real line
under the pointwise order. Let G; and Gy be (-isomorphic copies of Aut(R, <);
say, n;: Aut(R,<) = G; (i = 1,2). Let b € Aut(R, <); have two intervals of
support, (0,2) and (3,5). So A(1,b) = (0,2) and A(4,b) = (3,5).
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Let ap € Aut(R, <)4 have one interval of support, (1,1b). Let a € Aut(R, <)
have support contained in (0,2) and be defined on (16", 16""1) as b= "ayb"
(neZ). Let by € Aut(R, <) be the identity off (0,2) and agree with b on
(0,2), and by := bb;' € Aut(R,<). By construction, by > 1 is orthogonal to
by >a>1,b=biby =byVby, and [a,b] = 1 = [a,b1] = [a, ba]. Moreover, A/
is ¢-isomorphic to the subgroup of Gy generated by any,bn; via: (1,0) — am
and (0,1) — bn;. Note that in any ¢-group containing Aut(R, <), if 1 < z < b,
then aa® is orthogonal to bs; so (aa®)? % b.

Let ¢o € Aut(R, <) have one interval of support, (4,4b). Let ¢ € Aut(R, <)
have support contained in (3,5) and be defined on (4b",4b""1) as b= "cob"
(n€Z). Let d := ac € Aut(R, <). By construction, ¢ > 1 is orthogonal to a,
[d,b] =1 and Z X Z is also (-isomorphic to the subgroup of G5 generated dns, bns
via: (1,0) — dne and (0,1) — brne. By a standard permutation argument, there
is z € Aut(R, <) with 1 < 2 < b such that (dd®)? > b. Because of the existence
of bon; > 1 in G; and x79 € Ga, we cannot identify the copies of Z S Zin any
(-group L containing ¢-embedded copies of G; and G5 (whether or not other
elements of Gy and Gy are identified): because the image of ((dng)(dnz)®"2))?
exceeds the image of b, but ((any)(am)¥)? is othogonal to the image of bamy
for any 1 < y € L less than the image of bn;. This establishes Theorem [l  [J

Since Z is an amalgamation base for the class of all /-groups but Z XZis not,
we see that the class of amalgamation bases is not closed under lexicographic
products.

3. Proof of Theorem Bl

In [3: Example 5.2], we showed that Z% is not an amalgamation base for
the class of all f-groups. The proof can easily be adapted to show that nor is
Z* (see Proposition B4). A somewhat different proof gives that Z? is not an
amalgamation base for the class of all /-groups. This is the main step in the
proof of Theorem [Bl From it, we can easily deduce Theorem [Bl

PROPOSITION 3.1. Z3 is not an amalgamation base for the class of all lattice-
ordered groups.

Proof. Let a:=(1,0,0), b:=(0,1,0), c:= (0,0,1) be the standard generators
of Z3 with a,b,c > (0,0,0). Let

G1:= ((a,b) % () @ (c)
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with z > 1, the splitting extension being defined by
a®*=b, b =a, and
G2 = (a,b,c) % (y)

with y > 1, the splitting extension being defined by
ay=0b, b =¢c =a.

If (Z3,G1,G2) could be amalgamated, it would follow by Holland’s Theorem
cited above that G; and G2 could be f-embedded in Aut(€2, <) for some totally
ordered set (2, <). For ease of notation, identify G; and G2 with their images
in Aut(£2, <). Note that G, G2 are metabelian, indeed “/-metabelian”.

Let ag be any bump of a; that is, ap is the restriction of a to one of its
supporting intervals. Since ¢® = b and z A ¢ = 1, it follows that if by := af,
a1 := bj, etc., then I', the convexification of the union of the supporting intervals
of {a, | n € Z} is also the convexification of the union of the supporting intervals
of {b, | n € Z}, and T is disjoint from the support of ¢ (since ¢ and x are
orthogonal). Moreover, for every supporting interval A C T of a, there is a
supporting interval of b contained in I' that is less than A (pointwise) and also
one that is greater than A (pointwise). Mutatis mutandis, with b in place of
a. This holds for any bump of a or b, and implies that every interval of € that
contains supporting intervals of @ and ¢ must also contain a supporting interval
of b. But for every I' as above, I contains supporting intervals of ¢ and a but
not of b. This contradiction establishes that Z? is not an amalgamation base for
the class of all £-groups. O

Theorem [B] immediately follows from Proposition 3] and the trivial fact:

LEMMA 3.2. If a lattice-ordered group A is not an amalgamation base for the
class of all lattice-ordered groups, then nor is the cardinal product A® B for any
lattice-ordered group B.

Proof. Let Gi, G5 be f-groups with f-embeddings of A in G; and G5 witnessing
that A is not an amalgamation base for the class. Then there are naturally
induced f-embeddings of A @ B in the cardinal products G; ® B and G2 @ B. If
A® B were an amlgamation base, there would be an ¢-group L and ¢-embeddings
of G1 ® B and G4 & B into L which would agree on the images of A& B. They
would then agree on A contradicting that (A, G1, G3) witnesses that A is not an
amalgamation base for the class of all /-groups. O

Since Z and Z? are amalgamation bases but Z? is not, we see that the property
of being an amalgamation base is not closed under cardinal products.
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In our example in the proof of Proposition 3.1l we had G1, G2 “¢-metabelian”.
Hence:

COROLLARY 3.3. For anyn > 3, Z" is not an amalgamation base for any class
of lattice-ordered groups containing all £-metabelian lattice-ordered groups.

For fun and completeness, we use the ideas in [3] to prove Theorem [Bl directly
if n=4.

PROPOSITION 3.4. Z* is not an amalgamation base for the class of lattice-
ordered groups.

We will use:

LeMMA 3.5. (Holland [6]) Let G be a lattice-ordered group and f1, f2, h1,he € G.
Iffl VAN f2 =1 and h1 VAN h2 == 1, then

g:= (fifs DR foha fr PR fr(heh ) £y tha fohy t f the = 1.

Proof of Proposition34l Let A be the cardinal product of 4 copies of

Z,say A=Ay ® A1 @ Ay ® Ag, where A; := (a;) with a; >0 (5 =0,1,2,3).
Let By := Ay @ A;, the subgroup of A generated by {ap,a1} and By :=

Ay @ As, the subgroup generated by {as,as}. So By @ By = A. Let Hy :=

B % (81), where the action of $; on Bj is induced by the permutation (0, 1) on

the subscripts of a. That is:

a’fl

agl = and = ao.

Similarly, let Hy := By S (B2), where the action of 3 on Bs is induced by the
permutation (2,3) on the subscripts of a. Let Gy := H; @ Ha, the cardinal
product.

Let Cy := A1@As, the subgroup of A generated by {a1, a3} and Cy := Ay As,
the subgroup generated by {ag, as}. So C1®&Cy = A. Let Ky := C’1§<fyl>, where
the action of 41 on €} is induced by the permutation (1, 3) on the subscripts of a.
Let Ky := Cy S (72), where the action of 79 on Cs is induced by the permutation
(0,2) on the subscripts of a. Let G := K71 @ K>, the cardinal product.

Suppose that there were an f-group L and f-embeddings €1: G; — L and
g9: Go — L coinciding on A (i.e., a®* = a®2 in L for all @ € A). For ease of
reading, identify the images in L with their preimages in G; and G5, respectively.
Since 1 APy =1and 713 Avyy =1,

9= (B1y )1 BBy g B (varn By By B e = 1,
by Lemma By the above equations, af = az # ag; so g # 1. This contra-
diction establishes the proposition. O
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4. A consequence concerning orderings

There are essentially three ways to make Z x Z an ¢-group:
(i) the cardinal order, Z?;
(i) the lexicographic order Z X Z; and

(iii) archimedean orders:
let r be a positive real number and
let (mq,n1) < (ma,ne) if and only if (my — my) + 7(ny —ny) > 0.

By [8], Z x Z with any archimedean order is an amalgamation base for the class
of all ¢-groups. Hence, by Theorem [A] and either Lemma or [§], we obtain:

COROLLARY 4.1. Let n be a positive integer and A, be the free abelian group
of rank n. Then A; results in an amalgamation base for the class of all lattice-
ordered groups for the trivial partial order and both lattice orders if n = 1, and
Ay is an amalgamation base for any mon-lexicographic lattice order. If n > 2,
there are lattice orderings of A, for which the resulting lattice-ordered group is
not an amalgamation base for the class of all lattice-ordered groups.

We can compare this result with ones in [7] and [I0]. In [7], it is shown that
As is not an amalgamation base for the class of all right-orderable groups. Since
torsion-free nilpotent groups are orderable, we can also compare Corollary 4.1]
with a result in [I0]: Let G1,G2 be copies of the free nilpotent class 2 group
on two generators. If A, is appropriately embedded in each, then (As, G1, G2)
cannot be amalgamated in the class of all nilpotent groups (torsion-free or oth-
erwise); cf. [T Theorem 2.2].
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