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ON A FAMILY OF ¢-BINOMIAL DISTRIBUTIONS

MARTIN ZEINER

(Communicated by Gejza Wimmer)

ABSTRACT. We introduce a family of g-analogues of the binomial distribution,
which generalises the Stieltjes-Wigert-, Rogers-Szego-, and Kemp-distribution.
Basic properties of this family are provided and several convergence results in-
volving the classical binomial, Poisson, discrete normal distribution, and a family
of g-analogues of the Poisson distribution are established. These results generalize
convergence properties of Kemp’s-distribution, and some of them are g-analogues
of classical convergence properties.
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1. Introduction

In [§] Kemp studied many g-analogues of the classical binomial distribution,
in particular she investigated Kemp’s distribution, the Rogers-Szegté and the
Stieltjes-Wigert distribution, which all are of the form

P(sz):Ca[n] 70" x=0,...,n, 0<0,
e
q

where
n—1

n (¢ D)n :
= and  (2,q)n = | [ (1 —2¢")
M ¢ (@ Dk(eDn—k " E}
are the ¢-binomial coefficient and the g-shifted factorial, and where C,, is a nor-
malising constant. In this paper we are interested in the convergence properties
of this family of g-binomial distributions. We will see that the behaviour in
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the case o = 0 is very different from the case @ > 0. For Kemp’s distribution
(ie. @ = ) the limit distributions are the Heine distribution and the discrete
normal distribution. This was done by Gerhold and Zeiner [6]. We will show
that these results can be generalized to the case o > 0.

This paper is organised as follows: In Section 2] we give the definitions of the
g-binomial distributions mentioned above and sum up their basic convergence
properties. Afterwards we introduce the family B of ¢g-binomial distributions we
are interested in and a family of ¢-Poisson distributions. Afterwards we study
basic properties of the family B in Section Bl In Sections @H5] we investigate se-
quences of random variables X,, with X,, ~ B(a, 6,,n,q). In particular we show
that there are analogues to the convergence of the classical binomial distribu-
tion to the Poisson distribution and the normal distribution, and that the limits
g — 1 and n — oo can be exchanged. Section[ddeals with convergent parameter
sequences, in particular with the case of constant parameter and constant mean,
and contains a detailed analysis of the behaviour of the RS-distribution in the
limit 6,, — 1. In Section [Bl we examine the case of an increasing parameter
sequence 6,,. We show that, if a > 0 and 6,, grows not too fast, the normalised
X,, converge to a discrete normal distribution.

2. Preliminaries

Throughout this paper we use the notation of [5]. Kemp’s distribution (which
we denote by KB(n,0,q)) was introduced in [8] and is defined as

n:| equ(zfl)/Z
q (_67 q)TL ’

For properties and applications of this distribution see [6L[7,10L12]. In the limit
q — 1 Kemp’s distribution converges to a binomial distribution:

KB(n,0,q) — B (n, 1_?_9).

If n goes to 0o, Kemp’s distribution tends to the Heine distribution H(f), whose
probabilities are given by

IP)(XKB:.’E):[ 0<zx<n, 0<46.

T

qx(m—l)/Zem
P(Xy=2)= (¢.9) eq(—0), x>0,

where
1

(2, @)
is a g-analogue of the exponential function, since e,((1 — ¢)z) — €*, as ¢ — 1.
The Heine distribution converges to the Poisson-distribution in the sense that

eq(2) = , z€C\{¢": i=0,1,2,...},
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ON A FAMILY OF ¢-BINOMIAL DISTRIBUTIONS

H((1—¢q)#) — P(#) for ¢ — 1 and can therefore be seen as a g-analogue of the
Poisson distribution.

Kemp [I10] also introduced two other g-analogues of the binomial distribu-
tion, namely the Rogers-Szegé- (RS) and the Stieltjes-Wigert-distribution (SW),
whose probabilities are very similar to those of Kemp’s-distribution:

]P’(XRSZJP):C'RS[TL] 6”, 0<z<n, 0<80,
e
q

n
P(Xsw = ) = csw[ ] DT, 0<z<n, 0<0,
x
q

where Crg and Cgw are normalising constants. For ¢ — 1 these distributions
tend to a binomial distribution with parameter H@_g. In the limit n — oo the
RS-distribution converges for 8 < 1 to an Euler distribution with parameter 6,
which is given by

where
Eq.(z) = (—2,9) oo, ze€C,

is an other g-analogue of the exponential function, since E,((1 — q)z) — €7,
as ¢ — 1. Moreover, we have e4(2)E;(—z) = 1. The Euler distribution is a
g-analogue of the Poisson distribution since E((1 — ¢q)8) — P(6).

Because of the similarities of these distributions we introduce a family B of
g-analogues of binomial distributions which covers the distributions mentioned
above as special cases:

DEFINITION 2.1. We say a random variable X is B(«, 0, n, q)-distributed iff
RS

PX=z)= , 1
yZ::U [Z

, r=0,...,n, 0<6, 0<a.
qovt gy

q
For o = 0 this is the RS(6)-distribution, a = } gives a KB(n, 0q'/?, q)-dis-
tribution and « = 1 a SW(n, fq, q)-distribution.
Moreover, we define a family P of g-analogues of the Poisson distribution by

qOéI20I 1
b 0 S I?
(¢,9) E2>(0)

where 0 < 0 < 1if a =0, and 0 < 6 if @ > 0, and E{’ is a g-analogue of the
exponential function (which was introduced by [4] and studied by [2] and also

P(X =z)=
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appears in [3]) defined by

B =Y (1)
= (@)

since in the limit ¢ — 1 we have EZ((1 — q)z) — e*. We then write X ~
P(a,0,q). For a = 0 we obtain the Euler distribution, and o = ; gives a
H(0q'/?)-distribution. The sum in () has a different behaviour for a = 0 and
a > 0: In the case a = 0 it is convergent only for 0 < |z] < 1, but for a > 0
it converges for all z € C. This is why we restricted the parameter 6 in the
definition of our ¢-Poisson family. Consequently there is a big difference in the
behaviour of the Rogers-Szego-distribution and the other members of this ¢-bi-
nomial-family. So we will often distinguish between o = 0 and a > 0 in the
convergence results.

3. Properties of the family B

As noted above we study basic properties of our family B. We show that it
is in fact a g-analogue of the binomial distribution and logconcave. Analogous
properties with respect to the Poisson distribution hold for the family P, too.
Then we give a characterisation of a B(«, 6, n, q)-distribution and a random walk
model for B and then we turn to the study of the behaviour of the mean of a
B(a, 8,n, q)-distribution in dependence on n, # and a. In the present section we
always allow a > 0.

The following two theorems show that our families B and P tend to the
classical binomial and Poisson distribution. This generalises the results for the
Kemp-, SW-, RS-, Heine, and Euler distributions.

THEOREM 3.1. For g — 1 we have

0
B(a,0,n,q) —>B(n, 1+9>.

Proof. By definition,

PX=x)= , *
Z [Z qa?f@y
y=0 "4
()6 ()6
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ON A FAMILY OF ¢-BINOMIAL DISTRIBUTIONS
THEOREM 3.2. In the limit ¢ — 1 we have P(a, (1 —q)0,q) — P(6).

Proof. By definition,

FX=9="" (o, Bo-q0 a " .

Kemp showed in [10] that the RS-, SW-, and Kemp-distribution are logcon-
cave, i.e.,

C P(X=24+1) P(X=x+2)
Az)= px ) “TPX=zt1) 0

for x =0,...,n — 2. We can generalise this as follows:

THEOREM 3.3. B(a,0,n,q) is logconcave.

Proof. We have

2 2
Aw) = ¢ (4, 9)e (4, @ ™ 072(¢, @) at1 (¢, D
(@ Der1(@ Dn—2e-10°""0" (¢, @)er2(¢ QPn—a—2q*@+1)* g+
iy q2am+a (1 _ qn—m) B (1 _ qn—x—l) q2ax+3a
o 1—g=t1 1— g=+2

_ 9q2ax+0‘ 1— qx+2 _ qn—m 4 qn+2 _ (1 _ qn—x—l _ q:Jc+1 + qn) qga
(=) (1= g7+?) -
For o = 0 we have A(z) > 0 by [10], and the numerator is increasing in « since
1— qnfacfl o qurl + qn — qnfacfl (qz+1 . 1) . (qurl _ 1) S0

for x <n—1. O

In the same way we obtain the same property of the family P.

THEOREM 3.4. P(a,0,q) is logconcave.

For the Heine- and Euler-distribution this property was proven by Kemp [9].

In [I1] Kemp characterised some g-analogues of the binomial distribution as
the conditional distribution of U|(U +V = m) where U and V are independent
random variables. We can characterise our family B in an analogous way and
generalise some of Kemp’s results.

THEOREM 3.5. A B(w, 0/ X, m, q)-distribution is the distribution of U|(U+V=m),
where U and V' are independent, iff U has a P(«, 3,0)-distribution and V' has
an Fuler-distribution with parameter \.
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Proof. The proof runs along the same lines as the proofs in [I1]: If U and V
have the postulated distributions, then

au qau2 )\m—u
(@ Du (¢ Dm—u

AT o\" 2
— C ou .
(4, 0)u(a, QDm—u <)\> !

To prove the other implication, we need the following theorem ([13]):

PU=ulU+V =m)=C

Let X and Y be independent discrete random variables and
clx,e4+y)=PX =z|X+Y =z +y).

If
c(x+y,z+y)c0,y)  hlr+y)

@z +y)elyy)  ha)h(y)’
where h is a nonnegative function, then
f(x) = fO)h(x)e™,  g(y) = g(0)k(y)e™,

where a is an arbitrary parameter and

h(y)c(0,
0< f2) =P(X =2), 0<gly) =Y =y), Ky ="V
c(y,y)
Here we have
¢(u+v,u+0)e(0,0) _ (§)"T getutr _ h(utv)
c(u, v+ v)e(v,v) (q(’g’)i)(“qu)u (9)" g (9)" qo* h(u)h(v)
where
qOLU
h(u) = .
(W (4, Q)u
Thus k(v) = (8/1)"/(q, q), and
2
qocu eau
PU=u)=C ,
( ) =G (¢, D
fe*\ " 1
P(V =v)=C ,
v=u=c(") .
yielding a P(«, e?, q)-distribution and an Euler distribution. d

We now give a random-walk-model for the family B (the models for the
Kemp-, RS-, and SW-distribution given in [I0] are special cases of this model).
Let a, and b, denote the probabilities to move up resp. down and choose

ay = cyq*® (1 — q"_””) and by = c(1—q")
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ON A FAMILY OF ¢-BINOMIAL DISTRIBUTIONS

for x =0,...,n. Then B(a,vqg~ %, n,q) is a stationary distribution. To see this,
note that for a stationary distribution we must have

PX=x2)=PX=2)1—a; —by) +P(X =2+ 1Dbyp1 + P(X =2 — 1)ay_1.
So we have to show that

d(z) =-PX =2)(a,+b;) +P(X =2+ Dbyy1 + P(X =2 —1)ay,_1 =0
if X ~ B(a,y¢"% n,q). For 1 <z <n—1 we have

5(x) =C (— m 0“0 (e(1 - ¢°) + evg®** (1 — ¢" "))

n -1, z-1, —a(z— o(z— n—x
+ L B 1] gD g ey Pl (1 — gt
q

n 2
a(z+1)”  xz+1 —a(z+1) 1— z+1
+ L_ N J K 7" g c(l1—q )) -

Using the relation

r—1

2] == oo

we obtain that the terms with v* and 4®*! vanish. Similarly §(0) and §(n) can
be treated.

Now we study the means; for this purpose let us denote by p,(c,8,q) the
mean of a random variable X ~ B(«, 0, n,q). The following lemmas are devoted
to the behaviour of u,(a,6,q) in dependence on n, o and 6. The first result
shows that the means are increasing in n.

LEMMA 3.6. For all « > 0 pn(«, 8,q) is increasing in n.

Proof. For 0 <z <y <n we have
g <qV.
By elementary calculations, this can be written as

1 1
1— qn+17x < 1— qn+17y'

This is equivalent to

N K R

485



MARTIN ZEINER

Multiplication with #*t¥¢®(*"+¥7) yields
”] 267+ @ +y?)
q

{n + 1} [n] y@”yqo‘(fﬂf) N [n + 1} {
T 1qig Yy 1ql

< {n - 1} [”] 2y gty [” + 1} {n] Yo=Y @ HY?)

T 1qllg Y 1qlPlg

Now we sum over all pairs (z,y) with x < y:

" 1 1

Z |:n+ :| exqowc |: ] yeu ay® < Z |:n+ ] ex az? |:n:| quay )

q Yy z,y=0 q Y q
2y

z,y=0
z#y
By adding the terms for z = y and an extra-sum we get
1
e
a

SR>

9n+1qa(n+1)2 y
?JZO Y x=0y=0
(n+1)6n+1 a(n+1)? Z|: :| ey ay? +ZZ |:TL+1:| ex o? |: :| ey ay?
y=0 =0 y=0 q
This can be written as
n+1 n n+1 n
n+1 z ox? a n+1 T oz n ay?
I K T H LT S O R M H XS
=0 q y=0 q q y=0
and so we have
n n+1 5
Z [ ] quay Z I[n;rl]qexqam
v=0 v=0 : O
n n+1
> [, [ e
y=0 x=0

The means are increasing in the parameter 6, too
LEMMA 3.7. The means un(«,0,q) are increasing in 0 for all o > 0

Proof. We show that 869 tn(a, 0, q) > 0. Differentiating gives

xr Oé$2
Ll ™) .

(35 1,00 )

M=

8
Il
<)

0
00

I:Z:I qez qaz2
=0

0
"n zaz2n2n -1 _ay? - n T _oax 1 «
0 Yy 0V g™ — x[]@q y[]@yqy
(EL] Sofs] oo - Sl e Sl

M=

8
Il
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Thus it suffices to show that
" n 2 ’ " [n 2 — n 2
(Z i H - 9351) -y H g1 3 M p——
=1 q =0 q y=0 q
The left-hand side can be written as

n 2 n
ZxQ {”] q2ax292(:r—1) I Z 2y [n] [n} qa(m2+y2)9m+y—2 — A+ B
T z], v,

=1 q z,y=0 Yy
z#Y

and the right-hand side as

Zx2|: :| 20z 92(:2 1) + Z |: :| |: :| qa(;p2+y2)9m+y—2 =: Ay + Bo.
q q

x=1 x,y=0
7Y

Since A; = As, it suffices to show that B; < Bsy. For this purpose we consider
the pairs (x,y) and (y,x) with z < y: In B; we have the term

T e
Tlql¥lq
and in By
["] m TG R (2 4 y2), (3)
Tlql¥lq
Since 2zy < 22 + y? for x # y, we have @) < @) and so B; < Bs. O

For o the situation is a little bit different:

LEMMA 3.8. p,(a,0,q) is decreasing in o if o € (0,1] and increasing in o if
a>1.

Proof. Assume a > 1 (in the same way we can treat the case 0 < v < 1). We
show that 66a tn(a,0,q) > 0. This is equivalent to

n

S e ol e e

=0

> Zx[ } 0%q aw’ Zy { ] 0Yq oy® log a.
x=0
So it is sufficient to show that

Z |:n:| |:n] a(z®+y )eeruy loga > Z |: :| |:n] qoc(x2+y2)9x+yxy210ga.
x q q

z,y=0 q Yy z,y=0 Yy
z#yY z#yY
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Considering the pairs (z,y) and (y, z), it is sufficient that 23 + y3 > xy? + y2?.

This is true because this can be written as (y?—22)(y—z) = (y + z)(y — z)? > 0.

(|

Finally, a straightforward calculation shows that our family B is closed under
reversing, i.e., passing from X ton — X.

THEOREM 3.9. If X ~ B(a,0,n,q) thenn — X ~ B(a,0~1q72%" n, q).

4. Convergent parameter

In this section we consider sequences X,, ~ B(«, 0,,,n, q¢) where the parameter
sequence 6,, tends to a finite limit as n — co. This will lead to the family P as
limit law. In particular we prove that the convergence of the classical binomial
distribution with constant mean has a g-analogue. But in the case a = 0 and
0, — 1 these results fail. In this case we obtain — depending on the limit of 6,
— a uniform distribution or exponential-like distributions. In the following we
need the two auxiliary results below.

LEMMA 4.1. For o > 0 we have for all z € C

n
n 2
E { } qr 2" —>E3°‘(z), as n — oo.
x
=0

For a = 0 this holds for |z| < 1.

Proof. We estimate the difference

00 an2 n n 2
2T Z |: :| g 2"
= (g, q)x — |z

[ee]

<Y ( \Zi””+2q” [

rx=n+1

[ L - (q,lq)z

Estimating in the first sum the ¢-shifted factorial by the g-exponential function
yields

oo x
<eld) Y (@al)” +Z R ) ()]
r=n+1 i=1
we use the same estimate for the second sum, split it and compute the first sum
x

to obtain
H —q" H—l)
+ Z qam2z|m< H —q" z+1 >>
z=[%] i=1

(g2 L
< eq4(q) 1— gon|2| +anm |Zx<1_

1
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The first term is obviously o(1). Estimating the products gives

< eq(q) <o(1) + <1 —~ EHj 1—q"~ ) Zq‘“ 2" + ij qo‘m2|zx>

z=|7
and further

< e4(q) (o(l) + (1 _ (1 _ qLSJ)L2J) anz 2| + (qaLZJ‘ZD >;
z=1 z=|3]
the latter sum is o(1) as before, thus
=0(1) +0(n?q") Y ¢*" 2" = o(1). O
r=1

LEMMA 4.2. Assume o > 0 and let (6,,) be a sequence of real numbers with limit
0 >0. Then

. . n azx? px o 2a
nllr)lgo EEZO [m] qq 0y = E,%(0).
If 0 < 1, this holds for a =0 as well.

Proof. For small € > 0 and n large enough we have

imqqaﬁ(a—s)xgim o 9m<2{ } ‘(0 +2)°,

x=0

hence, with use of Lemma [.T]

2a I 1 - n a:v2 : : - n azx? px
gro-a=tm S [0 o 0-or <im0 7] 070

q

< lim supz [ﬂ a® 07 < nli)noloz [ ] o’ (0 +¢e)"”

n—00 q
= E2o‘(9 + 6).
By continuity of Ezo‘ the lemma follows. (]

The first result is a generalisation of the fact that Kemp’s distribution con-
verges to the Heine distribution (see [12]).

ProrosITION 4.3. If X,, ~ B(«,0,,,n,q), a > 0, then for n — oo
X, = Pla,0,q),

if 0, — 0. This still remains true in the case a« =0 and 6 < 1.
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Proof. This follows immediately from the fact that

-
|, (¢9)
for n — oo and from Lemma O

In the case a = 0 and 6 > 1 the situation is slightly different:

PRroPOSITION 4.4. If X,, ~ B(0,0,,n,q), then forn — oo, if 6, — 6 > 1,
n—X,—="P(0,,,4q),

which is an Euler distribution.

Proof. Define Y, =n — X,,. Then

n gn—= n o—= _
P(Y, =) = n[ng " = n[w}q n (q@ b 1
n n-y n -y ) x 1 _
yz::o [y]qen ygo [y}qen y;o (@), 97"
by Lemma O

In particular we are interested in sequences X, such that the limits ¢ — 1
and n — oo can be exchanged. The propositions above immediately yield

COROLLARY 4.5. For each o > 0 let X,, ~ B(«,0,(q),n,q) with 6,(q) — 0(q).
Additionally assume that 0,,(q) — X\/n and 0(q)/(1 —q) — X as ¢ — 1. Then we
have the following commutative diagram:

B(a, 0n(q),m,q) == P(ev, (1 — q)0(q),q)

q—)ll J{q—)l

B(n,») —— P())

b)
n n—00

A

One very natural way to choose the parameter sequence is to set 0,(q) = (noA],
q

A> 0.

The convergence B(a,0,(q),n,q) — P(a, (1 — q)0(q),q) still remains true
for « = 0 if we require (1 — ¢)f(q) < 1. Moreover, the commutative diagram
remains correct for given A > 0, if we restrict ¢ to values greater than or equal
to max(0,1 — }).

The next result is a g-analogue of the convergence of the classical binomial
distribution with constant mean to the Poisson distribution.

THEOREM 4.6. Fix p >0 and o > 0. Consider a sequence of random variables
X, ~ B(a,0,,n,q) with parameter sequence 0,, = 0,,(q, 1) chosen such that the
means [, of X, are equal to p. Then we have
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(i) The sequence X,, converges to the limit law P(c, 0, q), where 0 is the limit
of the sequence 0,,.

(ii) Asq— 1, X, tends to a binomial distribution with parameters n and p/n.

(iii) In the limit ¢ — 1, P(a, 0(q, 1), q) converges to a Poisson distribution with
parameter (.

Thus the following diagram is commutative:

n—oo

B(a, 0n(q, 1t),n,q) —— Pla,0(q, 1), q)

qﬂll lqal

m
Proof. First we check, that for given p, ¢ and large n there is a unique 6,(q),
such that 1, (0,(q),q) = p. The function p,(0,q) is continuous and increasing
in 0 (see Lemma[3.7]). Moreover gin}J pn(0,q) = 0. From Corollary [5.] (ii) we see
—

that for sufficiently large n and suitable 6y, 1,,(6,,,q) > : Using the notation
of Corollary 51l we deduce from the fact that n — X,, converges to the point
measure in 0, that the means of n — X,, converge to 0; thus the means of X,
become arbitrarily large. Consequently there exists a unique solution 6,,(q) of
tn(0,q) = p. By [15: Lemma 3.3], 8,,(q) converges to a limit 6(q), where 6(q) is
the unique solution of pw(6,q) = p. Hence B(«a, 6,(q),n,q) — P(a,0(q),q) by
Lemma

Again by [I5: Lemma 3.3] we get that 6,(¢) — ﬁu for ¢ — 1 and so

n

1_?_’;')5:7()(]) — ". Consequently B(w, 0,(q),n,q) — B (n, ").

It remains to check that 6(q)/(1 — q) converges to p for ¢ — 1 (this im-
plies P(«,0(q),q) — P(u)). The value 0(q)/(1 — q) is the unique solution of
oo (1 — q)0,q) = pu. Moreover, us((1 — q)8,q) converges pointwise to 6 for
g — 1, so we can apply [I5: Lemma 3.3]. a

In the case & = 0 an analogous result holds for X,, or n — X, depending on
the values of the parameters, i.e., if 0(q, u) < 1 then the theorem holds for the
sequence X,,, and if 6(q, u) > 1 then this is true for n — X,,.

Now we turn our attention to the case a = 0. To finish the analysis of the
RS-distribution we consider 6,, — 1. It is worthwhile to point out that the limit
distributions only depend on the growth rate of the parameter sequences and
are independent of ¢q. This is why we will distinguish three cases in dependence
on the speed of the convergence of the parameters 6,, to the limit 1. First we will
provide a result of fast growing 6,,. In order to do so we start with an auxiliary
result.
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LEMMA 4.7. If f(n) < mn, 0, <1 and f(n) — oo and 02" 1 for n — oo,
then for k € N

_ k+1
Z {n} 0! ~ eq(q) fén) L n — oo.
0<i<f(n) -'da +

Proof. Write

" V/F(n)) . F(n)—[\/f(n)] -1 "
‘kpnt __ -kt -kt
5 Mzen_ > Mzen+ 3 H o
0<i<f(n) = -4 =0 a i=1y/f(n)]+1 B
0 .
SN SR H

F) =1/ fm)<i<fm) "1

The first and the third term on the right-hand side can be estimated by

, )k (¢, Dn
<\/f( )+1>f( ) (QaQ)Ln/2J<Q7q)n—Ln/2J

and are therefore negligible. The middle term can be bounded by

(¢.9) Fn)—1/f(n)] -1
»4/n pf (™) Z ik
(¢,9) (¢:9)
W)+ D=/ F(n)) -1 i=[y/F(n) )41

F(n)—[\/f(n)]-1 "

< ¥ H ;
i=|\/f(n)]+1

Fn)—1\/f(n)] -1
>,

i=|\/f(n)]+1

(¢, n
(D2 (@ Dn—ns2)

and has the asserted asymptotic. O

This lemma implies that under the assumption 7 — 1 the limit law is uniform
on the interval [—\/3, \/3]

THEOREM 4.8. If X,, ~ RS(n,0,,q) with0,, < 1 and 0" — 1, then (X,,—un)/on
converges for n — oo to the uniform distribution on the interval [—\/3, \/3]

492



ON A FAMILY OF ¢-BINOMIAL DISTRIBUTIONS

Proof. Westart with an asymptotic of the means and variances. By Lemmal4.7]
we have

_ =0 eq(q) 2
225 noo oi eq(q)n )
’LZ:U |:’L:|q n
and
n " 9
toge0
0,221'—20[1](12 n_M2Nn2_n2 :n2
n n . " 3 4 12
n
’L'Z:U [Z:Iqe'%l

From these two facts one can easily see that the support of the limiting distri-
bution is

Hm [—pn/on, (N — pn)/on] = [—\/3,\/3}.

n—00

Now we compute

P(X <z)= lim > .

— .
" OO7“"<‘““‘" <z > [ﬂqﬁ%
i=0

Op = °on

1

I
i»—'
gE
| —
> 3
—_
_
D
S

'Zo [’;]qe; 0<k<onztiin
1=

I
?

€q(9)(Tn + fin)

I 1 < noy n> 1 N 1

= lim x = X )

n—oon \2y/3 2 2v/3 2

which is the distribution function of the uniform distribution on [—+/3,v/3]. O

Following the above proofs or using the fact that a RS(n,6,q)-distribution
corresponds to an (n — RS(n,1/6, q))-distribution we immediately get the fol-
lowing corollary:

COROLLARY 4.9. If X,, ~ RS(n,0,,q) with 6, > 1 and 0 — 1, then

(tn — Xn)/on and (X, — pn)/0n converge for n — oo to the uniform distri-
bution on the interval [—\/3, \/3]

Now we turn to the case that 8 — ¢ with 0 < ¢ < 1. For this purpose we

start with the following lemma, which supplements [I5 Lemmas 4.4, 4.5] and is
crucial for the analysis of the variances.

493



MARTIN ZEINER

LEMMA 4.10. For 6, <1 and 0, — 1, 07 — c with0 <c <1 and f(n)/n ~
B >0 we have

n

) 1—c+cloge— Lelog?e
S i26] ~ 2 8O 20008 € s

3
= log” ¢
as n — oo.
n . 1—c+cloge— Lelog?e
[Z] 20 ~ —2¢e,(q) 1g3 2¢108 n?
i=0 q og ¢
as n — oo.

Proof. Using
iizti _ =1ttt 2nt" (1 - 1) ;L n2t" (1 —t)? + )
=0 (t - 1)
we obtain for the first sum
ZZQ% ~ (=24 2¢ — 2clog e + clog® ¢) 5 -
— log” ¢
=0
The second sum follows immediately as in [I5} Lemma 4.4]. O

Now we are able to establish the convergence result in this case.

THEOREM 4.11. If X,, ~ RS(n,0,,q) with 6, <1, 6, — 1 and 0! — ¢ with
0<c<1, then (X, — un)/on converges to a limit distribution X with
a(c,xz) _ 1
P(X <a)=°© ,
c—1
where

\/(C_1)2_010g20 1—c+clogc

ale.z) = (c—1)loge v (c—1)loge

and x € [—v1, 2] with
1—c+clogc c—1—logc

"= Y2 = .
\/(0—1)2—clog2c \/(0—1)2—clog20

Proof. Using [I5: Lemmas 4.4, 4.5] and Lemma [L10] we get for the means p,

and

Y i [7],
o é@%[ﬂq T lg?c (e=Dn (e-1)loge

(1—c+cloge)n® loge  1—c+cloge
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2

and for the variances o7,

n .
> 2071,
on="" - i
. |
> 0[]
i=0 1
—2(1 —c+ecloge — Lelog® c)n®  loge (1—c+cloge)? ,
~ - n
log® ¢ (c—=1)n (c—1)2log? ¢
4+ 1—-2c—clog’c ,

(c—1)2log’c
As an immediate consequence we get that the support of the limit distribution
[—71,72) = Hm [—pp/on, (n — pn)/oy)]
n—oo

is as stated in the theorem. Now we compute the distribution function of X:

. AR .
T s k 2 S i eq(q) fgin 2 {IJ o
“Hn <y E [i]qen loge™ k<onz4pn q
o i=0

n

Since 0,2 + pn ~ na(e, z) we have further

. 1 n
P(X <z)= lim o Z [kz] q@z

e €q<q) 10g0n k<na(c,z)

colea) _q
logc ne(I(q) COL(C,&E) -1

= lim =
n—oo  e4(q) lco_glcn c—1 7
what completes the proof of this theorem. O

Again we get the following immediate consequence:

COROLLARY 4.12. If X,, ~ RS(n,0,,q) with 6,, > 1, 0,, — 1 and 0,, — ¢ with
1 <é¢< oo, then (pn, — Xp)/on and (X, — pin) /0oy converge to a limit X, whose
distribution is given in Theorem [{.11] with ¢ = 1/¢ resp. ¢.

Finally we study the case that 6/ — ¢ with 0 < ¢ < 1 and f(n) = o(n).
The analysis of this case is very similar to that of the previous case. So we
start again with a lemma which is useful to find the asymptotic behaviour of the
means and variances.

495



MARTIN ZEINER

LEMMA 4.13. Let f(n) — oo for n — oo, fsfb) —0, 0, S cwitho <c<1
and. Then

Z 220’

log c
and
- i f(n)?
S [1] o~ et
e log” c
Proof. Similar to [I5: Lemma 4.8]. O

The following theorem shows that in this case the limiting distribution is an
exponential distribution.

THEOREM 4.14. If X,, ~ RS(n,0,,q) with 6, < 1, 0, — 1, 02 s ¢ with
f(n) = o(n) and 0 < ¢ < 1, then (X, — pn)/on converges to a normalised
exponential distribution with parameter A =1, i.e.,

P(X <2)=1-e""1 x> -1

Proof. From [I5 Lemmas 4.4, 4.8] and Lemma [L.13 we get
~f) L 260 FwP _ fw)?

and o = .
logc " log?c  logic  log?c

Hn ™~

Computing the distribution function of the limit distribution yields

[&] ,n
P(X <z)= lim . q
— )
n Ookso'nx"’_u'n Z [7;] q@%
1=0
" oo —eq(a), k| On
log ¢ k< —h{g(z) +—h{g(7;) q
1 1—cfllt;c Jeu(q) logc
= l1im n)e
n—00 log ¢ o eq(q)f(n)
e —x—1
:170*103621—6 . D

COROLLARY 4.15. If X,, ~ RS(n,0,,q) with 6,, > 1, 0,, — 1, 02" s ¢ with
f(n) =o(n) and 1 < ¢ < oo, then (pu, — Xy)/on converges to a normalised
exponential distribution with parameter A = 1.
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5. Unbounded parameter

Now we turn our attention to sequences of random variables X,, with X, ~
B(a, 0,,n,q), where the parameter sequence 6,, = 6,(q) tends to infinity. We
start with fast growing parameters 6,,, i.e., 8,, = ¢~2°"9() with g(n) convergent
or g(n) — oco. Due to the reversing property 3.9 we conclude immediately from
Lemma

COROLLARY 5.1. Let X,, ~ B(a,0,,n,q) with 6, = g~22"~9("),

(i) If g(n) — v then for a > 0 we have n — X,, = P(o,q"7,q) .
(i) If g(n) — oo then for all o > 0 we have n — X, — dy.

Now we consider parameter sequences 6,(q) = ¢~/ with f(n) — oo and
2an — f(n) — oo for n — oo and a > 0. These assumptions will be in force
throughout the section. We will prove in Theorem [5.7] that a suitably chosen
subsequence of the normalised sequence of random variables X,, converges to
a discrete normal distribution. Lemmas (5.2 B3] and £.4] are devoted to the
asymptotic behaviour of the sequence (u,,) of means. Afterwards we study the
sequence (o,) of variances in Lemmas and and then we establish the
convergence result.

To simplify notation, we define

Lf(n)

2a
n ala+x 2
Bi(2) = ) Z{ o) —x] gt S = 5(),
=0 2« q
AR
n 2
Da(z) = Z[ n } g DT, = 3(1),
;) T+ LfQ(a)J +1],

> 2
SP(2) =Y 2qet N = N0(1),
x=0

oo - a(la—(x 2 oo o0
S5(2) = Y 2qe T = w1,

x=0

_{rm
where a = { 2n }
Now we turn to the study of the sequence of means.

LEMMA 5.2. For n — oo we have

fin = VQ(Z)J + c(a, a, q) +o(1),
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where

T <qa(a—m)2 _ qa(a+x)2)
cla,a,q) = !

18 8

(qa(a+x)2 4 qa(af(erl))?) .

Il
o

x

Proof. We have to study the behaviour of

M=

x [n} qqaz2 qff(n)z

x

8
Il
<]

[”] qqa:r2 q—f(n):v

x

M=

=0

n 2
For this purpose we expand the fraction by ¢ "8 and analyse the denominator D
and the numerator N separately.

n n , 5
_ Z |:’I’L:| (n)x-l—f(n Z |: :| (= aﬂcz-af(")) .
)

=0 z q =0

splitting the sum into two parts gives

Lf(") "

n (—2az+f(n))? n (—2az+f(n))?
E q 4o + E q 4o .
z q x q

= o= 150 |41

By reversing the order of summation in the first sum and shifting the summation
index in the second sum we obtain

f(n)
|~ 2o ( 2atf2(Z>J+f(n)+2az)2

2 [Lf(”)J } h

n— Lf(n)J 1

n (72aLf(Z)Jf2a72az+f(n))2
Y| [

f(n)
x=0 T+ L 22 J + 1 q
simplifying the exponents of ¢ leads to

f(n)J

2a

Z [L o) _ an<a+m>2

n—Lfé")J—l
n a(a—(z+1))?
" ;J LH@ZUHLQ '
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This tends to

=2

~—~
e~

N2

0 (i gD 4 i qa<a<x+1>>2> _
=0 =0

since we can bound the first sum as follows:
KR

- ala 1E2 ala 1E2
Q)ZQ(H_ZL“")J }qu)
x=0

1 f(">J

e

=0

estimating the g-binomial coefficient yields

. D141 g
(-l ey
Z qa a+x
<q7Q); Lfé:)J ;)
> 2
N 6q(q) an(a+z) )

Here we used that

(1 - q”*LféZ)JH) o <<V2(Q)J + 1) ng" L é’”JH)

Similar arguments hold for the second sum. Now we turn to the numerator V.

n
wo 3] gt
=0 x q

we split the sum again, reverse the order of summation resp. shift the summation
index and get

Lf(")

X (%] =) [Lf(”)J } g

n— |5 | -1

TR L

=0
Using the same arguments as above yields

B V<n>

2

J 7 = eq(q) (B7%(2) = 35°(2)) + €4(¢)35° + o(1). ()
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Combining (@) and (B) we obtain
3 gla—@H)? _ 3 4 (qa(a+m)2 _ qa(a—(m+1))2)

o E: (qa(w+IP +_qa(a7(z+ln2)
=0
Simplifying the fraction yields the theorem. O

Now we provide an estimate for the O(1)-term in the preceding lemma.

LEMMA 5.3. Let c¢(a, o, q) be defined as in Lemma[B.2l. Then

(i) 0<c(a,a,q) <1,

(ii) ¢(a,,q) =0 <= a=0,

(iii) c(a,a,q) +c(1 —a,a,q) =1.
Proof. Since for all x > 0

—a+x 2 ala+x 2
qoz(+)2q(+)7 (6)

0 < ¢(a, @, q). Moreover, c(a, «, q) = 0 iff in (@) equality holds for all z > 1. But

this is the case iff (z — a)? = (z 4 a)? for all . So c(a,,q) = 0 iff a = 0. For
(i) it remains to show that

s —a 1E2 ala 1E2 s a(—a 1E2 ala 1E2 OLCL2
Zx(qa(+)—q(+))<2(q(+)+q(+))+q '
=1 =1

We can rewrite this as

D@ =g = Y (e gt <o,
r=1 =0

The left-hand side is increasing in a, and for a = 1 we have

D (e =1)g" T =3 (4 1)g T =0,
r=1 =0

Since 0 < a < 1, (i) follows.
To see (iii), note that the denominators of ¢(a,«,q) and ¢(1 — a,a,q) are
invariant under the substitution a +— 1 — a. Then add the numerators:

oo oo
Y a <qa<1fafz)2 _ qa(kmy) +3 e <qa<afz>2 _ qa<a+x>2>
x=1 x=1
by splitting the first sum and shifting the summation index we obtain

= @+ )¢ =N (@ - 1)@ + Y a (q“(a‘m)2 - q“(“”)Q)
x=0 x=1

x=2
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o0 0o
— qaa2 + an(a+x)2 + qa(a71)2 + Zqoc(afnc)2

=1 r=2
> 2 Az 2
=3 <qa<a+x> + gola—(@+1) )7
=0
which is exactly the denominator of ¢(a, «v, q). O

LEMMA 5.4. Let c(a, o, q) be defined as in Lemma [5.2].

(i) Ifa >0, then L (")J +c(a,a,q) € Z.
(ii) If a =0, then

< IO i g < T

{2@? if n> 5™
M
2a

Proof. Lemma B3l implies (i). To see (ii) we use

n—'g ) f(m ]
T n az® _ 2l 0n o
J f(n) + 90;1 [m+f2(a)]qq 90;1 I:f2(a)—$:|qq
n 200 f2(;1) ) o f2(2> ) 2
:cho [f2(2>7w}qqax * x21 [$+f2(z)]qqax

Now consider the case n > ¢ (") : We have to prove that

n i o
n o o?
> .
RV FEE P
r=1 o q

We will see that for all 1 < z < fZ(Z), the term on the right-hand side is less
than or equal to the corresponding term on the left-hand side (there are enough
terms on the left-hand side by our assumption), i.e.,

fn)| = | f(n) :
z+ 2a0 g 200 €z q

f(n)
2

Our assumption implies

nf:r—f<n)+1+z'2
200

Taking the product over all ¢ on both sides yields

f(n) f(n) f(n) f(n)
<1_q” T= 94 +1> .. <1_q” +m> > <1_q 20 _3”+1> <1_qx+ 2a >
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and therefore

1 1
>

(9 s (2:9) ) (GDrm (@60 fmy
T+ 90 =T 9y 2 ~F = oq +z

and this leads to the assertion in this case immediately.

The case n < ! Eln) can be treated similarly. O

In [6] Gerhold and Zeiner studied the behaviour of the means of Kemp’s g-bi-
nomial distribution in the limit ¢ — 0 and ¢(a, @, ¢) in the limit ¢ — 1. We will
do the same analysis here. First we will show that for ¢ — 0

0 if0<a<,
e

9, if a=1

2
if J<a<l.

[l

For this purpose we estimate ¢(a, a, q):

qo¢(1—a)2 + 2qa(2—a)2 + Z xqa(a—x)2 _ Z Iqa(a+m)2

=3 =1

cla,a,q) = -
qoca2 +qa(a71)2 + E qa(a+x)2 + Z qo&(afx)2
=1 =2
00 )
qo¢(1—a)2 4 2qo¢(2—a)2 + Z xqa(l—m)2 _ Z xqa(1+x)2
< =3 r=1

qoca2 _i_qoc(afl)2 + i qoc(1+z)2 + i qax2

=1 r=2

qoc(lfa)2 4 2qoc(27a)2 ) § qocz2
=2

qaa2 + qa(a—1)2 +92 io: qam2

r=2

1+2qa(372a) _‘_2q70¢(17a)2 § qocz2

r=2
qa(—1+2a) +1+ 2q—a(1—a)2 io: qa:m

r=2
For a € [0, ;) we have 2a—1 < 0 and therefore the denominator tends to infinity
while the numerator goes to 1. Consequently ¢(a,,q) — 0. Lemma [53] (iii)
implies that c¢(a,a,q) — 1 if a € (;, 1) and c(;,a,q) = ; Moreover, from the
estimates in the proof of Lemma we get easily that the o(1)-term vanishes
in the limit ¢ — 0.

In the limit ¢ — 1 we have c¢(a,a,q) — a. To see this, apply the Euler-

Maclaurin formula (see [I]) to

fra) =g+ and  gt(e) =agtTR
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first, which yields
(0
> :f+(€):IJir+f ( )+ij

£>0

[\

with

1;:7f+(x)dx and R}:]o(x—m—;)ﬁ’(x)dx.

Computing [ Jf gives

where erf(z) denotes the error-function. Similarly, we get for g™ (z)
+
97 (0)
> gty =15+ s By
>0
with

o0

0

Computing I 5 gives

Byn-Ei (14 e (, Pl
I+__ \/ﬂ-q +er 2v/—Alogq 1 1

g 4A\/—Alogq 2 Alogq’
In an analogous way we treat the functions
I (.77) _ qAac2fBac and g (.T) _ qux27Bx.

I;:/g+(:v)dx and R;=7<x—m-;>g+/(:v)dm.
0

Note that f~(0) = f*(0) =} and g~ (0) = g™(0) = 0. Putting things together

we obtain with A = o and B = 2aa
= -+
Iy + R, — 1] —R;r

C(J/?a’ = - —
( %) I;r+If +R}+Rf +q 9

B2
By/mq™ 44 - +

2A\/—Alogq + Rg o Rg

B2
VmqT 4A — + —a2
J—Alogq +R; + Ry +q7°
2
atqia VOB (R — RY)

., i .
L qf VoAl (R 4 R 47
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Thus it remains to show that v/—logq(R, — R;}) and /- log q(Ry + R?) both
tend to 0. We have

r 1
RJT = / <m — |z] = 2) g*" 8% og q(2Az + B) dz.
0

The integral

Vi 1
Jp = B/ <$ _ LxJ _ 2) qAx2+Bx dz
0

Az?+4 Bz

is bounded uniformly for all ¢ € [0,1), since ¢ is decreasing in x:

1 1 [e9]
4T Ty +i§:00
s +i+l

< j <1:— |z] — ;) qu2+Bmdm+i / <1:— |z] — ;) qu2+B:vdm

i=0

3t
= Jl
1 ) ! )
_ Az’+ Bz Az’+ Bz
—/<x—LIJ—2>q dm+2/<x—LxJ—2>q dz
0 =4

Thus (—log q)%/2J; — 0. With the same idea we want to estimate

r 1\
Jy 1= 2A/ <m— x| — 2) ¢ By dg,
0

Az’+ Bz

Unfortunately h(z) := ¢ x need not be decreasing in x for z > 0. Differ-

entiating gives
W (z) = ¢A*"+B7 (1 + (242 + Bz)logq) .

Obviously A'(0) > 0 and lim A'(z) = lim A'(z) = —oo since logqg < 0.
Tr——00 Tr—r o0

Consequently there exists a single positive root r of h'(z). For ¢ near at 1 we
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have r < 1//—Alog g since

n ! ~1l+logq| — 24 + B
V/—Alogq Alogq /—Alogq

B+/—logq -
VA

Thus h(z) is decreasing for = > r. Split J; into integrals over [0, [r]] and
[[7],00). The second integral is bounded by the same arguments as above. The
first integral can be estimated trivially by

]
1
QA‘ / <:v — |x] = 2) ¢ BTy dg
0

Therefore \/— log qR}r — 0 for ¢ — 1. Analogously we get v/— log qRJ? — 0. In
order to show that the term with

T 1 . .
Ry = [ (2= lal= ) (a5 a5 g2+ B) da
0

=1-2+ 0.

[r]

§A/xdm < A[T]Z.
0

vanishes, it remains to consider the integral

Vi 1
J3 = / <x — x| - 2) qAx2+qux2 dx.
0

: . 2 . :
Again we determine where H(z) := 22¢* *5% is decreasing. We have

H'(z) = g% +B7 (22 + (242° + B2?)logq)
and therefore lim H'(z) = 400, lim H'(z) = —oo and H'(0) = 0. Since
T——00 T—00

H"(0) > 0, there exists a single positive root s of H'(xz). Moreover s <
1/4/—Alog q since

H’( 1 ): 2 +logq< 2a B )
V—=Alogq) /—Alogg (—=Alogq)®/?  Alogq
2 2 B
= — — <0.
V—Alogq +/—Alogqg A~
Thus H(z) is decreasing for x > s. Split the integral into integrals over [0, [s]],
[|s],[s]] and [[s],00). The third integral is bounded as above. The second inte-
gral is trivially bounded by é [s]%2. And the first integral — the increasing part
— can be bounded similar to the decreasing part. Therefore /— log qR;r -0
for ¢ — 1. In a similar way we find /—logqR, — 0.
After this analysis of the means, we turn our attention to the sequence of
variances.
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LEMMA 5.5. For n — oo we have
Ui = ¢(a,a, q) — c(a, a,q)2 +o0o(1),

where

e q S Ota*I2 ala .7,‘2
olasang)i= 0 Y (g g el
=1

Proof. By definition we have

NE

22 [n} qqaac2 qff(n)ac

E(X)=" ) :
[”:ﬂ qqowc2 qff(n)z

M:g

=0

Now we proceed as in the proof of Lemma and study the numerator N after

. F(n)?
expansion by q 2« .

n
N=3 a m goot e TG
X
x=0 q

we split the sum and reverse the order of summation resp. shift the summation
index and get

5]

SE 1 - de

x=0
n—| 52 -1 2
f(n) n ala—(z+1))2
+ x4+ +1 n ,
;) ( { 2 et [0 +1] 0

which can be written as

- V(")rzl —2 V(”)J i (z) + B (2) + Sa(z?) + VQ(")JQEQ + 3,

2 2 o

+2 V;(Z)J S(x) + 250 (2) + 2 V;(Z)J .

Using similar arguments as above yields

_ V(”)f”“q(q) (2 V(mJ 52 9 V(H)J £ (2) 12 VQ(Z)J 52 (2)

2a 2a 2a
+ 3 () + B (2) + BF + 255 (x)) +o(1).
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Thus E (be) equals

(S e e B R )

+ ¢(a, a, q).
Since
o |t Pl ([ o -2 |0 [ e 2 [ 47| 75 )
fn = L 2a J - g
+ ¢(a, a, q)* + o(1),
we obtain
o2 = ¢(a,a,q) — cla,a,q)* +o(1). O

LEMMA 5.6.

o(a,a,q) > c(a,a,q)*.
Proof. We have to show that

> a (gola g gotara?) (3 g (el gatera?)
=1

Il
-

x

>
oc(a+x)2 + Z qoc(a z)?

M8

i qa(a+x)2 + i qo&(afx)Z
z=0 =1

x=0

A sufficient condition for this is

> a2 (goion? qeiera?) (50 (ot 4 goteror?)
=1 >

8
Il
—

E qa(a+x)2 + E qoc(a z)? § a(atx)? + Z qoc(a x)?

x=0 rx=1 =0

We show that

(i 22 (qa(aﬂc)2 + qa(a+x)2)> (i g’ 4 Z G

x=1

> (Zx< ala—z)? +qa(a+m)

x=1

Expanding gives

Z .’EQ a(zta)? oc(y+a)2 + Z qua(I+a)2qo¢(y7(z)2

z,y=1 z,y=1
> 2 2 > 2 2
+ Z qua(m—a) qa(y+a) + Z Ian(:Jc—a) qa(y—a)
z,y=1 z,y=1
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o0 oo
> Z xqa(w+a)2yqa(y+a)2 i Z xqa(xfafyqa(yfaf
z,y=1 z,y=1

00
z,y=1

Now we consider the pairs (z,y) and (y, z) again and obtain
qua($+a)2q0¢(y+a)2 4 qua(I+a)2qa(y+a)2 4 qua(I+a)2qa(y*a)2
b y2qoE0? galrta) 4 2p0(e—a)? jalr+a)? |2 a(eta)? paly-a)?
4 quOL(I*GFqot(?ﬁa)2 + quOL(I*GFqot(?ﬁa)2
> 2y @+ o @)? | 9y pale-0)? aly-0)* 4 9 salera)? aty—a)®
+ 2y golua)?

This is true since 2 + y? > 2xy. O

Now we are able to establish the next convergence result. For this purpose
recall that c(a, «,q) and ¢(a, «, q) depend on the fractional part of féz). Since
convergent variances and convergent fractional parts of means are required for
convergence to a discrete distribution, we will choose a subsequence (ny) of (n)
such that {f 2(2) } remains constant.

THEOREM 5.7. Let (ng) be an increasing sequence of natural numbers and
Xn, ~ B(a, g Tw) ny, q) such that { f2(2) } = a constant. Recall that we assume
f(n) — oo, 2an — f(n) = co and a > 0. Then (X,, — fn,)/0n, converges for
k — oo to a mormalised discrete normal distribution, i.e., they converge to a
limit X with
a(z—a)?
]P’< zl(m—c(a,a,q))>: ooq( : ,
o Z qo&(xfa)Q

r=—00

where o = klim On, and c(a,a,q) is defined as in Lemma [5.2].
— 00

Proof. For simplicity we write in the following n instead of ng. First we note
that Lemmas and imply that the sequence of variances (02) converges

n
since {fz(z)} is constant by assumption. We define

|pn] if a>0
— ; — f(n
H(pn) =% |pn] if a=0, n> féa;
[pn] ifa=0, n< ')V
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Since H () = f2(2) — a, we have

r n 7 q( fQ(Z)7a+x)2ff(n)(f2(;”)fa+x)
P (X, = H(pn) + ) = I a4 n
L 2 lq Z [Z] qay27f(n)y
y=0 "9
o] ¢ W ey
L 2« E n O‘y27f(n)y
qyzzjo [y}qq
a(z—a)?
q
— eq(Q) [e’e)
eq(q) X (qa(a+$)2 + qa(a—(m+1))2)
x=0
2 2
qa(m—a) _ qa(:p—a)
f: qa(a+x)2 i qa(m—a)2
By normalising we get the theorem. O

For a = % this theorem reduces to the convergence property of Kemp’s bino-
mial distribution established in [6].

Using Jacobi’s Triple Product ([5]) we can rewrite the infinite sum as

f: qOL(Ifa)2 _ qa(f (q2a’ q)oo (_qa72aa7q)oo (_qoc+20ca7q)oo )
T=—00

In the limit ¢ — 1 these discrete normal distributions converge to the standard
normal distribution, see [14].
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