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1. Introduction

Let (X, p) be a metric space and T: X — X be a map. If there is a < 1,
such that p(Tz,Ty) < ap(x,y) holds for every z,y € X, then T is called a
contraction. A well known theorem of Banach [I] states that if X is a complete
and T is a contraction, then 7" has a unique fixed point z and for any = € X
the sequence of the successive approximations {T”x}zo:l converges to z, where
Thy = T(T "‘137). Sehgal has generalized this result in [8], by considering maps
that a contractive at a point. The result of Sehgal has been generalized by
Guseman [7]. In these two papers the authors have imposed weaker contraction
conditions on the map, but again the fixed point can always be found by using
the Picard iteration, beginning with some initial choice x € X. Some other
articles that consider mappings that are with a contrective iterate at a point are
[2H6].
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2. Main result

THEOREM 2.1. Let (X, p) be a complete metric space and T: X — X be a map
with the properties:

(a) there exist subsets U, C X, n € N, such that T: U, — Uy, and (| U, # 0;

n=1

(b) there exists a € (0,1), such that for every v € X there are ni,ng € N,
oo
such that for every uw € |J U, there holds the inequality

n=ngo
p(T™u, T x) < ap(u, x).
Then there exists z € X with the properties:
(i) There ezists n, € N, such that T">z = z;
ii) For everyy € X there is a sequence of naturals {q; }s2 1, such that lim T%y
=1 .
71— 00

= Z"

oo
(iii) For every x € (\ U, there holds lim T"x = z.
n=1 n—00

Proof. Let x € () U, be arbitrary chosen. By T': U,, — U, it follows that for

n=1

every s € N we have Tz € () U,. Following [7] and [§] let define the function
n=1

r(z) = sup{p(T"z,z) : n € N} for any x € X. First we will prove that for any
x € () U, there holds the inequality r(z) < +oo.

n=1
Let choose an arbitrary x € [ U,, then there exist ni(z),no(x) € N, such
n=1
that the inequality p(T™(®)u, T™ @) x) < ap(u, ) holds for any u € |J U,.

n=ng(x)

Therefore for any s € N there holds the inequality
p(T™ (T3 z), T g) < ap(Toz, x).

Put I(z) = max{p(T*z,z) : s =1,2,...,n1}. For any s € N there is k € N,
such that knq(z) < s < (k+1)n;(x), then we can write the chain of inequalities:

P(T*2,) < p(T™ ) (T5=M@) ), Tm)g) 1 (T, )
< ap(T ™M@ g ) + p(T @z, 2) < ap(T ™ @z, ) + ()
< ap(T™@(Ts=2m@g) 7@ gy 4 ap(T™ @z, ) + ()
< 2p(T~ 2@y 2) + (14 a)l(z)
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< a2p(T (T @), T @) 4+ o?p(T™ W, 2) + (1 + a)l(x)
< aPp(T* 3@y 2y + (14 a+ o?)i(z)

<aFfp(TFm@g o)+ 1+ a+a?+ -+ Hi(x)

k
< l(x)Zaj < ll(_x)a.
5=0

Thus for any x € () U, there holds the inequality r(z) < f(fc)y < +o00.

n=1

Now we will construct inductively a convergent sequence {z;}$°,. Let choose

oo
an arbitrary z € () U,. Put mg = ny(z), 21 = T™z, my = ny(xy1), x2 =
n=1

oo
T™igq. If we have defined m;—1 € N and z; € () U,, then put m; = ny(z;)
n=1

and x;41 =T x;.

We will show that {z;}$°, is a Cauchy sequence. Indeed by the inequalities
p(Tit1,xi) = p(T™ i, i) = p(T™ (T 1), T wim1)
p(T™ iy, 1) = ap(T™ 2 (T™ wig), T 2 i o)

azp(TmiIi727 xi*Z) S e S Oéip(fz—m%ﬂ?7 Qj) S ai'r*(l')

IN

IN

we get

P(Tigps Ti) = P(Titp Tivp—1) + P(Titp—1, Tiyp—2) + -+
ot p(Tige, Tig1) + p( i1, T4)
i+p—1 i

< r(x) Z o < r(x) “

1—a’

which ensures that {z;}$2; is a Cauchy sequence and taking into account the

completeness of X it follows that there is z € X, such that lim x; = z.
71— 00

Let for the rest of the proof {z;}$2, be the sequence, that was constructed
above and z be the limit of the sequence {x;}52;.

We will show that lim p(T°z,z) = 0. Choose ¢ > 0. There is ig € N, such
5—00
that the inequalities p(z, ;) < £/2 and a'r(x) < £/2 hold for every i > ig. Put
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20
so = »_ m;. Then for every s > sy we can write the chain of inequalities

=0
p(Z, Tsx) < p(zv Tmioxio) + p(TmiOxioa Tsx)
< (s zigsr) + aplizsy, T ™)
- ; +ap(Tm o wi, 1, T o)
< ; + OzQp(xiO,l,Ts_(mio""mio—l)x)
<

; + oot p(x, TS %07) < ; +atr(z) <e.

By the arbitrary choice of € > 0 it follows that lim p(T*x,z) = 0.
S§— 00
There are n1(z),no(z) € N, such that p(T”l(Z)u,T”I(Z)z) < ap(u, z), holds

oo
forany u € |J U,. By the construction of the sequence {z;}:°, it follows
n=ng(z)

that for any s,i € N there holds T*z; € [ U, and thus the inequality

n=1
p(Tm(Z)xi’T"l(z)z) < ap(x;, z) (1)

holds for any ¢« € N. Let € > 0 be arbitrary chosen, then there exists jo € N, such
that for any i > jo there hold p(z;,2) < €/3 and a'r(z) < €/3. Consequently
by (@) we get p(T™* ) x;, T™1(*)2) < £/3 and the chain of inequalities

p(T™ F gy, ;) = p(T™= (T Py _y), T™ iy
ap(T™ P,y 1)
= ap(T™=2(T™ P g;_5), T™ 2z _5)

<a?p(T™ Py o, x;_9)

IN

<alp(TMP g, z) < a'r(z) < g/3.

We will proceed with proving of [(i)
Indeed we have that for any € > 0 there exists jo € N, such that the
inequality

p(Tnl(Z)sz) < p(Tnl(Z)Zanl(Z)xi) + p(Tnl(Z)Iza‘rl) + p(‘rla Z) <e
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holds for every ¢ > jp and thus by the arbitrary choice of € > 0 it follows that
TGy = 2.

Let y € X be arbitrary. We will construct inductively a sequence {y;}5°;.
Put po = n1(y), y1 = Ty, p1 = ni(y1), y2 = T"y1. If we have defined
i
pi-1 € N and y; then put p; = n1(yi), yi+1 = TPy; and ¢; = ) p;. By the
j=0

construction of the sequence {z;}$2, it follows that for any s,7 € N there holds

T°z; € () Uy, thus

n=1
p(T% 2, TP y;) < ap(Th'a,y;) = ap(Th 2, T 'y;1)
< a?p(T42x,y;1) < --- < a'*p(x,y).
Therefore lim p(T%xz,TPiy;) = 0. Since lim p(T®z,z) = 0 and the triangle
i—00 5§00
inequality
p(TPyi,z) < p(TPy;, T ) + p(T%x, 2)

we get that lim p(T%y, z) = lim p(TPiy;, z) = 0.
1—00 1—>00

By and the arbitrary choice of z € [ U, it follows that for every

n=1

o0

y € () Uy there is z, € X, such that lim T°y = z,. To finish the proof
n=1 s—00

it enough to show that z, = z. Let suppose the contrary i.e. there exists

oo
y € () Up, such that lim T°y = z, # z. We have just proved in that
n=1 s—00
for any y € X there exists a sequences of natural numbers {¢;}$2,, such that

{T%y}2, is convergent to z and consequently z, = z. O

Let for the proofs of the next Corollaries we use the notations from the proof
of Theorem 211

COROLLARY 2.1. Let (X, p) be a complete metric space and T: X — X be a
map with the properties:

(a*) there exist subsets U, C X, n € N, such that T: U, — Uy, and (| U, # 0;

n=1

(b*) there exists a € (0,1), such that for every x € X there is ng € N, such
o0
that for every w € |J U, there holds the inequality

n=ngo

p(Tu, Tx) < ap(u, ).
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Then there exists z € X, such that:
(i*) Tz = z;
(ii*) For every y € X holds lim Ty = z.

1— 00

Proof. The proof follows immediately by the proof of Theorem 2.1 because
n1(z) =1, and p; = n1(y;) = 1. ]

COROLLARY 2.2. Let (X, p) be a complete metric space and T: X — X be a
map with the properties:

(a) there exist subsets U, C X, n € N, such thatT: U, — Uy, and (| U, # 0;

n=1

(b) there exists a € (0,1), such that for every v € X there are ni,ng € N,
(o]
such that for every w € |J U, there holds the inequality

n=no
(T u, T x) < ap(u, ).

Let there holds one of the following conditions:

1—>00

o .
(c.1) If thereis x € [\ Uy, such that T is continuous at lim T"x;
1

n=

(c.2) If there is x € () U,, such that lim T'x € () Uy;
n=1

11— 00 n=1
(c.3) If the sets {U,}52, are closed,
then there exists z € X, such that Tz = z.

Proof. Tt follows by Theorem PT] that there exists z € X, such that for any
w € () Uy, there holds lim T%u = z and there exists n1(2), such that 7" (?) = 2,

n=1 71— 00
o0
Let holds|(c.1)| i.e. T be continuous at z. Choose arbitrary u € () U, and

n=1
put u; = T?u, then for every € > 0 there exists kg = ko(u) € N, such that for
every i > ko there hold p(z, Tu;) = p(z,T'u) < £/2 and p(Tw;, Tz) < €/2. Now
by the inequality

p(z,Tz) < p(z,Tu;) + p(Tu;, Tz) <

we obtain that Tz = z.
Let holds [(c.2)l Suppose that Tz = v # 2. Then T™ &)y = T™G)(Tz) =
T(T™(*)z) = Tz = v. By the choice of n1(z) € N and Theorem E1] we get

p(v, z) = p(Tnl(Z)va Tnl(Z)Z) < ap(v, 2),

which is a contradiction. Consequently Tz = z.
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Let holds [] The proof follows form |(c.2) m )l because if {U, }72, are closed
then for any u € ﬂ U, will hold lim T'u € ﬂ Un. O

n=1 1—00 n=1

COROLLARY 2.3. Let (X,| - ||) be a Banach space and T: X — X be a map
with the properties:

(a**) there exist subsets U, C X, n € N, such that T: U,, — U,, and () U,
n=1
#0;

(b**) there exists a € (0,1), such that for every x € X there are ni,ng € N,

oo
such that for every w € |J U, there holds the inequality

n=ngo

|70 — T < allu - al.

If there is x € ﬂ Uy, such that the sequence {T"z}$2, is weakly convergent to

n=1

T ( lim Tix), then there exists z € X, such that Tz = z.

1—+00
oo
Proof. By Theorem 2] there is z € X, such that for any = € (] U, we have
n=1

lim Tix = 2. Let take x € ﬂ Uy, such that {Tx}%°, is weakly convergent

71— 00

toT (,hm TlI) Tz. Then {T’:v — z}2, is weakly convergent to Tz — z and
71— 00
therefore we have | Tz — z|| < lim ||T%z — z||. Now using that T%x is convergent
11— 00

to z we get that Tz = z. (]

3. Examples

Now we will illustrate the above results with some examples.

Ezample 1. Let f:[0,1] — [0,1] be a convex function, such that jz < f(z)

< g:v. We will construct inductively sequences of real numbers {a, }72; and

{Ban+1}52,. Let ay = 1. Put agy,, n € N to be the solution of the equation
— agp + a2pn—1 = f(azn), (2)

Bon+1, n € N to be the solution of the equation
202, + Pont1 = f(azn) (3)
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and agp+1, n € N to be the solution of the equation
2a2n4+1 + f(azn) = 2ag,. (4)
Define T': [0,1] — [0, 1] by
_J-rtag1, neN, z¢c [a2n, a2n—1]
B {235 + Bony1, nEN, x € [agnt1,a21)

and 7'(0) = 0. The graphic of the function 7" is shown in Fig. [II

—2
Yy=37

y=f(z)

y=Tx

laﬁ a, :a‘ a, ‘az A,=1
FicURrE 1. Graphic of the function in Example 1.

It is easy to see that lim a, = 0. Indeed by ([2) and (@) we have the in-
n—o0

equalities ag, = agn—1 — f(a2n) < a2n—1 — a2, and 2ag, 1 = 2ag, — f(agn) <
2a9, — gagn = gagn. After combining the last two inequalities we get that
aont+1 < §a2n,1 holds for every n € N. By the inequalities ag,4+1 < ag, < agp—1

it follows that lim a, = 0. Put U, = [0,a2,+1] for n € N, then () U,, = {0}
n—00 n=1
#0.

Let zg € [0, 1] be arbitrary chosen and fixed. Then there is ky € N, such that
x € |a2ky+1,A2k—1]- By lim a, = 0 it follows that there is ny € N, such that
n—00

the inequalities T'(u) < T(zo) and fu < fasn41 < tmo — T(20) hold for every
oo o0
w€ |J Un,n>ny. Thus for any u € |J U, there hold the inequalities
n=no n=no

T (x0) —T'(u)| = T(z0) — T(u) < ;L(aco —u) —Tu < §|x0 — ul

and therefore by Corollary 221it follows that T has a fixed point z and for every
x € [0, 1] the sequence T"x converges to z.

It is interesting in this example that there are open sets V,, = (un, t), such
that nh_}n;O u, = 0 and for any v,, € V,, there holds the inequality |T?v,, — Tv,| >
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|Tv, — v,|. Indeed take v,, = agn—1 — aspt1. By using the inequalities (2)) and
@) we get

(2n, — Vp = 2G2p — A2p—1 + Q2pt1 = G2p — 2f(azn) <0

and therefore v,, € (agn, azn_1). Then T'(v,) = —v,+az,—1 = agnr1 and T?v,, =
Tasni1 = 0. Thus |T?v, — Tv,| = asny1 and [T, — v,| = aon_1 — 202,41,
because ag,—1 — 2a2,+1 > 0. Consequently

I T?v, — Twn| a2n41 _ G2n — T

= = > 1.
‘Tvn - vn| agn—1 — 2a2n+1 2f(a2n) — Q2np

By the continuity of T' it follows that there are open sets V,,, such that v, € V,,
and for any v € V,, there holds

|T?v — T

> 1.
|Tv — |

Ezample 2a. Let us consider the Cantor set. It is is obtained by repeatedly
deleting the open middle thirds of a set of line segments (starting from [0, 1]).
More specifically, let K7 be the unit interval [0, 1] with its middle third removed,
that is K7 = [0,1/3] U [2/3,1]. Let Ky be Ky with its middle thirds removed,
that is Ko = [0,1/9]U[2/9,3/9]U[6/9,7/9]U[8/9, 1]. Continuing in this manner,
we generate a sequence of closed sets K,. The Cantor set is defined by C =
ﬁ K, # 0. There is and explicit formula for the open middle third sets that

n=1

are removed. Put Vo = (1/3,2/3)U (1/9,2/9) U (7/9,8/9) and
oo m—3
3k+3 -8 3k+3 -7 3k+3 -9 3k+3 -1
V=WuU U
’ (mLJz k;yq ( S i ) < gmo T3 ) 7

then C' = [0,1]\V. Put A = V5\Q and B = V\(V,UQ) and let define Ty : A — R
and Ts: B — R by

éx_fs’ xe(é,g)\(@

41117"“1187 Ie(gvg)\@

T _ 2T~ 500 TE€ (g,97)\Q
1(7) 1 1 4 2

4Tt 5, TE (2779)\(@

2T = 50 € (§,57)\Q

2Tt 5, 2 €(57,5)\Q
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k+3
2% = Ggmit)

k+3
LRy
TQ(x) =31 3k+3_g
2T —
1
4

2.3m+1)
gk+3_1
r+ 4.3m+1

Let define a map T'[0, 1] — [0, 1] by

1
3T,

T1<I>,
Tr (),

Tr =

gk+t3_g 3k+i_23

rE (7 3m ) gmir ) \Q
T 3";7:;123’ 3"‘;?;—7 \Q
ve (ML 500 )\Q
T e 3:’;1—15’ 3"‘;?;—1 \Q.

ze(@QnVyucC
rzeA
T € B.

An approximation of the graphic of T is plotted in Fig. Bl

a1l

# 7 1 2 1
9

Nall! ’V ‘
0 1

9 3

©|o

FIGURE 2. An approximation of the graphic of the function in Example 2a.

We will show that the map 7" with the sequence of sets {U,}52,,

where

U, = K,, satisfies the conditions in Theorem 211
Let zo € [0, 1] be arbitrary chosen. There are two cases xo € V or zg € C.

Case I) Let xg € V.

If 2o € V\Vp, then there are mg > 2 and ky € {—1,0,1,...mo— 3}, such that
2o € <3k+3—8’ 3k+3—7> U (3’”3—27 3“1—1)_ Put

3m 3m 3m 3

r = sup {)\ >0: (zo— A xg+A)C (319;178, 3%;77) U (3?3,727 gk;’fl)}

Choose ng = mgp+1 and ny € N be such that (1/2)"*=1 < (r/3). Then for every

u € |J U, there hold the inequalities

n=no

™
Tz — TMu| < <2> xo + <
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because Tz < 7, for every x € [0,1].
If 29 € Vi, then choose ng =2 and put r = sup{A > 0: (zg — A\, 20 + ) C Vo }.
Choose n; be such that (1/2)"1=! < (r/3). Then for every u € |J U, there

n=2

hold the inequalities

\™ 1\™ 1\ ! 1
]T”lxo—T"1u|§<2> x0+<2> u§<2> <;<3]x0—u.

Case II) Let z¢ € C. Then for any u € |J U, there holds

n=2
1
|Txg —Tu| < 3|350 — ul,
because Tz > % for every x € [0,1] and Tz = § for every x € C. Now we can
apply Theorem 2.1l Let us mention the result

THEOREM 3.1. ([8]) Let X be a Banach space, and T: X — X a continuous
mapping satisfying the condition: there exists a constant o € (0,1) such that for
each © € X, there is a positive integer n(x) such that for ally € X

p(T" )y, TP z) < aply, ).
Then T has a unique fixed point z and lim T°x = z for each x € X.
S§—00
It is easy to see that for any x € V N Q and for any n; € N we can choose

an irrational u, such that |T"*z — T™'u| > |z — u| and thus the conditions in
Theorem B.1] are not satisfied.

Ezample 2b. Let T: [0,1] — [0,1] be defined as in Example 2a, for every x €
(0,1)\{1/2}. Let T(0) =1, T(1) = 1/2, T(1/2) = 1. Then all he conditions in
Theorem [2.1] are satisfied with with the sets U, = [0,1/n], n € N. It easy to see
that ny(0) = 3. Therefore T3(0) = 0 and obviously there is no x € [0, 1], such
that Tz = x.

Ezample 3. Let (X, ] -||) be a Banach space with a basis {e;}$°,, such that
o0 o0
i — ey = s i 1< s ;
if =z ;xle“y izzlyzez with |z;| <|y;| forevery i€N, (5)
then [[zf} < [ly]-

Let {c;}52, be an increasing sequence of positive reals, convergent to 1. Let
T: X — X, be linear map defined by Ter = aper. Consider the sets U, =

{ S her |3 hier| < 1 1. Obviously N U, #0.
=1 =1 n=1
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oo
Let . = Y x;e; € X be arbitrary chosen. There is m; € N, such that
i=1

oo

< Ljai
X
8 )

1=m1

which implies the inequality [z|| < Choose mgz € N, such that

Wlm < 8||ac|| and put my = max{mj,mo}. Then for every m > mg and every

y € Uy, there hold the inequalities

> ael < Lt < (Bt ) <
=gl = L= =y

> e
1 1
< Mzl =1yl < llz =yl

i€

- ||y||\

i=m-+1

and

ol < b < Cllell < llell— ol < | llz —

x z|| — z —yl|.
Y=g = gltlh=y g W=y =y
oo
Choose s = s(x), so that max{a;® <272: i=1,2,...,mo}. Lety € |J Uy,
n=mao
o0

then there is n > mg, such that y € U, and y = > \;eq, where \; = 0 for every

i=1
i > n. We can write the chain of inequalities:

[e's)
s 2 : s
i”(a;i — )\i)ei + aioxiei

i:mg—i-l

(i — Ni)e + Z Qo (i — Nie;

[roea =7y -

i=mo+1
oo oo
+ Z (0° — oyl Jaieq || + Z (@ — ape Nie;
i:mg—i-l ’i:m0+1
1 oo
< e =yli+ > me|| + |yl
i=mo+1

< o=yl + yllz =yl + e =9l = 5 llz ~ .
4 4 4 4
The sets U, are closed for every n € N and by Corollary 22l there exists z € X,
such that Tz = z. It is easy to see that Shﬁrglo T%e; = 0 and o is the fixed point

of the map T, where o is the zero vector in X. By Theorem 2] we have that
for every y € X there is a sequence of naturals {¢;}5°,, such that hm Ty =o.

Therefore for every ¢ > 0, there exists k. € N, such that ||Tq’€ey|| < . By the
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fact that 0 < o; < 1 for every ¢ € N it follows that for every s > g holds
|ai|® < || for every ¢ € N. Now by (B) it follows that for every s > ¢_ there
holds the inequality ||T*y|| < e. By the arbitrary choice of € > 0 we get that
lim Ty = o.

S5— 00

A Result that generalizes Theorem [3.1] is the following:

THEOREM 3.2. ([7]) Let X be a Banach space, and let T: X — X a mapping.
Suppose there exists B C X such that

(Gl) T(B) C B;

(G2) for some ac € (0,1) and each y € B there is an integer n(y) > 1 with

p(T" Wz, T"Wy) < ap(z,y)
for all x € B;

(G3) for somex € B, cl{T*x: s € N} C B.

Then there is a unique z € B such that T(z) = z and Shﬁngo T3z = z for each
x € B. Furthermore, if

p(T"H 2, T")2) < ap(z, 2) (6)
for all x € X, then z is unique in X and lim T%z = z for each x € X.

85— 00
It is easy to see in Example 3, that for every 0 < o < 1 and every n € N there
is s, € N such that

[T"es, = T"o|| = [[T"es,[| = (as,)"lles, | = alles, || = alles, — o],

which shows that the condition (@) in Theorem [3.2]is not satisfied.
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