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BOUNDEDNESS OF THE EXTREMAL SOLUTION
FOR SOME p-LAPLACIAN PROBLEMS

LoNG WEI

(Communicated by Peter Takac)

ABSTRACT. We investigate the regularity of extremal solutions to some p-Lap-
lacian Dirichlet problems with strong nonlinearities. Under adequate assumptions
we prove the smoothness of the extremal solutions for some classes of nonlineari-
ties. Our results suggest that the extremal solution’s boundedness for some range
of dimensions depends on the nonlinearity f.
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1. Introduction

Let Q be a smooth bounded domain in RY and p > 1. We consider the
quasi-linear elliptic problem

— Apu = — div(|VuP72Vu) = Mf(u) in Q,
u>0 in €, (1)
u=0 on 0f),

where A, is the p-Laplace operator, A is a positive parameter and f satisfies the
following assumptions:

(2) f: R — R* is an nondecreasing C? function, f(0) > 0,

such that f(t) po1 s superlinear at infinity, that is,
1
lim t]:,(_t)l = +4o00 and f(t)»=1 is convez in [0, +00).
t—+o00
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Throughout the paper, we say that u is a solution of () if u € I/Vol’p(Q)7
f(u) € LY(Q) and

/Vu|p2Vqu0 de = )\/f(u)ga dr  forall ¢ € CH(R). (3)
Q %)

These solutions, which may be unbounded, are usually called weak energy solu-
tions. For short, we will refer to them simply as solutions. In addition, by the
strong maximum principle (see [L6,20]) one has v > 0 in Q.

On the other hand, we say that u € Wol’p(Q) is a reqular solution of () if w is
a solution and f(u) € L*°(Q2). By well known regularity results for degenerate
elliptic equations, we can have that every regular solution belongs to C#(Q)
for some 8 € (0,1] (see [6,I3],19]).

Problem (]) has been studied in some papers. In [910], for f(u) = e* Gareia-
Azoreno, Peral and Puel obtain the existence of the family of minimal regular
solutions (A, uy) for A € (0,A\*). Here minimal means smaller than any other
possible solution of the problem. Consider the increasing limit

u* = lim wy. (4)

In contrast with the case p = 2 involving the Laplacian (which has been exten-
sively studied, see [2,3L6][7, 12,14, [15,21,22] and so on), it is not always clear
that the limit u* is a weak solution of (IJ) for A = A*. When one can establish
that u* is a weak solution (this may depend on the assumptions on N, p, Q and
f), it is called the extremal solution. The authors show in [9[T0] that u* is a
weak energy solution independently of N and that v* is a bounded solution in
addition A
p

N <p+ b1 (5)
Moreover, if N > p+ p4f1 and the domain € is the unit ball of RY then u* is
unbounded.

Under assumption (2)), Cabré and Sanchén in [4] prove the existence of the
family of minimal regular solutions for A € (0, \*) and the nonexistence of regular
solutions for A > A* of (Il). Moreover, it is also proved that for every A € (0, \*)
the minimal solution u, is semi-stable in the sense that the second variation of
the energy functional associated with () is nonnegative definite. Consequently,
every minimal solution u) satisfies

/\/f'(uk)wz(u,\) dz < (p—1) /w’2(u>\)Vu,\pd:v (6)

for all 1 € C1([0,00)) such that 1(0) = 0. In addition, [4] establishes a range of
dimensions where problem (Il) with A = A\* admits a bounded extremal solution
for some nonlinearities with power growth at infinity. Independently, Ferrero
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studies problem () for f(u) = (1 + uw)™ with m > p — 1 and obtains similar
results in [§].

In [I7] it is proved, for p > 2, that u* is a solution of (1) with A = \* if
N < p(1+p'), where p' = pfl, and u* € L>®(Q) if N < p+p’. But it is still an
open problem to prove the boundedness (or not) of the extremal solution when
p(1+p') < N < p+4p even for p = 2. Later on, in [I8] the author shows some
extended results.

In this paper, we would study some model classes of the nonlinearity of prob-
lem (IJ), which make the extremal solution of this problem possess the regularity
property.

First, we assume that f(u) satisfies the condition:

(7) there exists positive constants a and b, a > b, such that

b < J;l((;)) < a holds for any u > 0,

then our first main result can be stated as follows.

THEOREM 1.1. If f satisfies conditions @) and (), u* is the function defined
in {@). Then u* is a regular extremal solution of () for any N < N* :=
p(l + a(;il)). In particular, u* € L>®(Q).

In the above theorem, if we take a = b, then N* = p(l + pfl). For p = 2,
Theorem [[.J] has been obtained in [7]. Now, we point out that there are some
examples for f satisfying conditions (2)) and (7). For example, f(u) = e*+eg(u)
with a small parameter ¢ > 0 and a function g(u) satisfying g(u) > O 0 <

g'(u) < Ce", and ¢"’(u) > 0 for any u > 0. Another example is f(u) = e* Z a;u

if the coefficients a; satisfy some constraints such that f(u) satisfies (2]). So our
assumption (7]) and the condition (21) in [18] are not covered each other.
Next, we assume that f(u) satisfies the following condition:

t " t t 1 t
liminff< )f7(®) =v>0, limsupf( )f7(®) =T,
t=too  f2(1) totoo  f2(t)

then our second result is the following.

THEOREM 1.2. Assume f(u) satisfies () and [8), u* is the function defined by

), then the following assertions hold:

(i) Letp = 2, in addition, v — 7~ T > (o 12)2 , then u* is a solution of (1) and
u* € L*(Q) for any N < Nl( ), where

Nf(p)=p{p—1—(p—2)T

+p31(1+\/2—p+(p—1)[(p—1)v—(p—2)F])};

(8)
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(ii) If f is a convex function and 1 < p < 2, then u* is a solution of () and
u* € L>®(Q) for any N < Ny(p), where

Ngzpﬁwﬁ-%p—®7+pil(b+¢2—p+@—lh>}

We remark that if 1 < p < 2 and v > 1, then we have that N5 > H(p), where
H(p) is given in [18]. For p > 2, if v =TI, then N{(p) = p{p—1— (p — 2)y
+ p31 (1+ 1+ (—1)(y—1))}. In this case, we assume in addition that
v <1, then Nj > N(p), here N(p) is given in [I§]. Hence, our result extends
partially the main results in [I8]. On the other hand, for p = 2, we find that
N3 = 6+ 4,/7, this has been given in [22]. And for f =e" we have y =T =1
and Nf = N5 = p(1+ pfl), which is well known result. Hence, our results
extend partially the main results of above literatures. Our main idea is to find
some suitable test functions for obtaining appropriate estimations in virtue of
(), as in [5L2TL22] and so on.

The paper is organized as follows. In section 2, we give a known regularity
result for solutions of (J). In section 3 and 4, we prove Theorem [[T] and

2. Preliminaries

We consider the problem

{ — Apu = g(x) in Q,

u=0 on 052, 9)

where g € L1(Q) for some ¢ > 1. Then the following result can be found in [I1]
or [1J.

LEMMA 2.1. Assume that g € L1(Q), for some ¢ > 1, and that u is a solution
of @). The following assertions hold:

(i) If ¢ > ]Z, then uw € L>=(2). Moreover,

1
[ulloe < Cligllg™,

where C' is a constant depending only on N, p, q and |Q].
(i) If ¢ = JZ, then uw e L™(Q?) for 1 <r < +o0 and

1
lull. < Cllgllg™"

where C' is a constant depending only on N, p, r and |Q].
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(ii) If1 < g < IIY; then |u|™ € LY(2) for 0 < r < ry, where ry = (p];i);;[q.

Moreowver,
1/7‘ 11
r !
Il < Cligllg™

where C' is a constant depending only on N, p, q, r and |Q|.

3. Proof of Theorem [I.1]

In this section, we will use (@) and (@) to prove Theorem [[L.TI Theorem [[.1]is
a consequence of the following proposition.

PROPOSITION 3.1. Assume that f(u) satisfies the condition ([2) and for some
a,b,q,s >0 with

bq > a(p —1)s* (10)
such that
f'(w)
b < flaa-2s <a. (11)

Then the function u* given by (@) belongs to L>°(Q) and is a regular extremal
solution to ([)) for N < p(1+ q).

Proof. Let uy, 0 < A < A* be the sequence of minimal (regular) solutions of
the problem (IJ) which converges to the function u*. Now taking

p(t) = f1(t) = f1(0) :== fU(t) = A and  ¢(t) = f°(t) - f°(0) == f*() — B,
from (B we have

q/ IVux|P £97 (up) £/ (uy) do = )\/f(u,\) [f9(ux) — A] da. (12)

Q

On the other hand, it follows from (@) and (II]) that

A P[P ) = B de < 20— 1) [ [Vua P f2572(un) £ (un) dae
/ /

(13)
<a(p—1)s / [Vux|PfT (up) £ (uy) da.
Q
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Therefore, taking account of (II]), (I2) and (I3]) we deduce that

)\b/f1+q 2s fQS QBfS dx<)\b/f1+q 2s fS_B)de

<A/f

<a(p— 1)32 / ]Vu,\]pfq_lf' dz
Q

a(p—1)s2\ -
) Q/ (s

which implies

1V e2
(b— a(p 1)5 >/f1+q dx < 2bB/f1+qs de.
q
Q Q

Thus, applying the Holder inequality we get

14+qg—s

Q/f1+qu§cﬂ/f1+qs SC(ﬂ/qu) e

that is,
1iq
(/f”ﬁ <C, C > 0. (14)
Q

This shows that f(uy) is uniformly bounded in L'T9(Q). By the Lemma 2]
we obtain that uy is uniformly bounded in L*°(Q2) for N < p(1 + ¢). Therefore

ut = /\hTr/{l* uy belongs to L*>°(Q2) and is a regular extremal solution of (I]) for

A =A% (|

4b
a(p—1)
and setting s = 2, by the Proposition B.I] we can obtain easily the desired result

brN<p@+a@1» 0

Proof of Theorem 1.1. Taking an arbitrary ¢ > 0 such that ¢ <
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4. Proof of Theorem

In this section, we begin with the following lemma.

LEMMA 4.1. Let f be a positive, nondecreasing, convex C?-function, and uy be
a solution of (). Assume that

7P DETDF ) (F ()P i) < O
for some B > 1, then for N < p[1 + (p — 1)f] there holds
[urllzee @) < C

for some positive constant C > 0.

Proof. Since f?(uy) is convex for 8 > 1, a direct computation shows that
—8pf(un) = = Vw8 = 1) — )0
+ (p = VO] |

(15)
_ ﬁp—lf(ﬁ—l)(p—l) (f')p—l div(]Vu,\]p_QVu,\)
< ABPTL B (pryp=t
Let v = vy, be the solution of
SB AT ) ()
v = f?(0) on 012,

from ([IH) we then have —A, f#(uy) < —Ayv in Q and f#(uy) = f#(0) = v on
the boundary. So the weak comparison principle yields that f%(uy) < v. From
the boundedness of f(#=DE=D+1 (4 )(f)P~1(uy) in L' (Q) and the Lemma 2]
we conclude that v is bounded uniformly in L"(f2), where r = oo for N < p,

r € [1,00) for N = p and r € (0, (p]\;i)pN) for N > p. Therefore f(uy) is bounded
uniformly in LA7(Q). Using the Lemma 1] again, we find that uy € L>(f) for
any N <p+p(p—1)8. O

We now apply Lemma [£1] and the inequality (@) to prove Theorem

Proofof Theorem 1.2. First, we choose some suitable functions ¢ and
such that ©(0) = ¢(0) = 0 and ¢?(t) = pilw’(t), then by taking ¥(uy) as a
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test function in (@) and using Eq. (), we get

A fun)@?(un) de < [ @ (un)[Vua [P da
/ /

_ / div(| V[P~ 2Vur )i (uy ) da (17)

0
=AM [ flun)(un)de.
/

Next, without loss of generality, we assume that f(0) = 1. Let

where @ > 0

o) = ()" ()£ (8) - 1),

is a constant to be determined later.

Case (i): p > 2.
Observe first that the condition (2]) implies f is convex on [0, +0c0) in this case.
For 1 (t) we have the following estimate

for all ¢t > 0,

In fact,

P(t)

Pty < C(FH»P (P2 -1 f 1+ 0 (18)

where C € (0,1) and C are constants.

— 1) [ )ds
" (19)

= =1 [ [, R - ) g (8] s
0

Note that the condition (8) yields: given any e € (0,7) there exists C' > 0 such

that
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so substituting (20) into (I9) we obtain that

() < (o 1>[ . M”T / fr2 g s

+( F—l—e /f’pf ds

- Dp-DE+a+

Observing that

1

/f2a—2flp ds = o (flp—1<f2a _ 1)f_1
0

t
1 [e3 — !/
+ o [ DI -
0

as above by (&) we can find

/ (P~ D217 — (p— V()P 25" f] ds

t

<[-(p-1)y—o) / (P~ 1)f 27 ds + C.

0

Hence from ([22)) and (23]) we obtain

[ reras <o (@re - o
0

(p - 2)2(F + 5):| /f/pfa—2 ds+ C.
0

D(f)P2f" flds

“L- G-V -2 [ £2mas o).

where

*

T 2a—1+4(p-1)(y-

(22)

(24)
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Substituting (24)) into ([2I)) and notice the fact
2 1

f20-2fp = f20 =0 as t — oo,

we can obtain
W) < CHP NP =)' +C forallt >0, (25)
that is, (I8) holds, where

~_ (p=DR2a+(p-2)T+¢)?

“= dpa-1+p-ne-a) <OV 20
4] implies
1

a<a = 2p—1) [2—(p—1)(p—2)(f‘+5)

+2\/2-p+ (- D[p-1D—) - p-2T+)] |.

Now going back to the inequality (I7), we find that

[y —v2as < [glearez -0+ ol

Q Q
that is
(1=C) [yt ede <2 [(F)7 Ao +C [ fdu,
/ / /
which yields for any « € (1, a*)
/(f’)p1f2“ dz < C. (27)
Q

Since € can be arbitrarily small, we conclude that for any

a< 2(p1_1) [2—(p—1)(p—2)1“+2\/2—p+(p—1)[(p—1)7_(p_2)p} }
there exists C' > 0 such that ([27)) holds.

Case (ii): 1 <p < 2.
We now proceed as in the above case, the estimate (2I]) is replaced by

B(t) < (p—1)C? / P2 ds 1 (p— 1)(Ce — a)? / SR ds
0 0 (28)

t
—2(p—1)C(Ce — Oz)/f/pf‘)‘2 ds + C,
0
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where
-2 -2 -2
p2 v—e)+a ifp2 v—e)+a 2‘1)2 (I'+¢) +al,
Ce =
-2 -2 -2
p2 T+e)+aw ifp2 (y—¢)+a <‘p2 (T+¢e)+ .
Observing that (24)) still holds, so we have also the estimate (25]) with the con-
stant )
5 (r—1)C.
C = N € (0,1). 29
2~ 14 (- 1y o) <OV 2
23) implies
1
o<y [2H DR P+ 22— pt -1 -2)] |

Hence, the same procedure as in the case (i) gives estimate (27)) for any

a < 2(p1—1) [2+(p—1)(2—p)7+2\/2—p+(p—1)ﬂ }

Therefore, it follows from Lemma 1] that if
p{p—l— (p—2)r

* 21<1+\/2—p+(p—1)[(p—1)7_(p_g)p])} for p > 2;

N <
p{p—l— (p—2)y
2
+p_1<1+\/2—p+(p—1)'y)} for1<p<?2,
then there holds [|uy|| (o) < C. Therefore u* = }1{{1* uy belongs to L>°(£2) and
is a regular extremal solution of (1) for A = A*. g
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