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ABSTRACT. The purpose of the present paper is to determine univalence con-
ditions of certain integral operators.
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1. Introduction

Let A be the class of functions f which are analytic in the open unit disk
U={z€C: |z| <1} and f(0) = f'(0) — 1 = 0. We denote by S the class of
the functions f € A which are univalent in U.

We consider the integral operators

G7<Z):/Z<f§j‘)>i du, (1.1)

1
ne= | / u ()Y du| (12)
v . 1/ 3 1/
1 i=t1
T = || ) [ TIGs ) au ay
L \i=1 5 j=1
PN
Top(z) = 6/u51< " ) du , (1.4)
L O
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. 1/8
[ﬂ/uﬁ 'T1 <ff > du| (1.5)
11

Jj=1
z

1/7;
Ky s, :"/n / ( ) du, (1.6)
0 1

for f € A, a, 3,y complex numbers, a # 0, 3 # 0, v # 0 and f; € A, 7; complex
numbers, v; #0 (j =1,2,...,n).

The integral operator in (1.1) was considered by Kim and Merkes [2]. The
integral operators in (1.2) and (1.3) were introduced and investigated by Pescar
[7]. Also, the integral operators in (1.4), (1.5) and (1.6) were studied by Pescar
and Breaz [8]. Many univalent conditions associated with these integral opera-
tors in (1.1) to (1.6) were obtained by several authors [IHS].

j:

Recently, Pescar and Breaz [9] considered a general integral operator
1/p

1/v;
H%ﬁm---ﬁnﬂ(*z) = / p-1 H <fj > du (1.7)
0

for f; € A, ,7; complex numbers, 5 # 0, v; # 0 (j = 1,2,...,n) and n €
N —{0}.

For 3,v;,n € N — {0}, j =1,2,...,n, in the particular cases, from (1.7) we
have the integral operators G, Jy, Jy, va,.o.vn> Lo La,gy Koyya,eoiyn -

In [9] Pescar and Breaz obtained certain univalent conditions of the inte-
gral operator H., ,,, .. ~,.5- In this note we shall further consider the univalent
conditions of the integral operator Hy, ., .. .v..8-

For our purpose we need the following lemmas.

LEMMA 1.1. (see [4]) Let o be a complex number, Reaw > 0 and f € A. If

_ ’Z|2R00¢ Zf”(z)
<1 1.8
Rea fliz) | — (18)
for all z € U, then for any compler number B, Re 8 > Re«, the function
z 1/B
Faz) = |8 [ () du (1.9)
0

is in the class S.

LEMMA 1.2. (see [B]) Let a, ¢ be complex numbers, Rea > 0, |¢| < 1, ¢ # —1
and f € A. If

20 |42 zf"(2)
()

clz <1 forall zeU, (1.10)
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then the function
F,(z) = a/u"‘lf/(u) du (1.11)

s in the class S.

2. Main results

THEOREM 2.1. Let vj, o be complex numbers, v; # 0 (j = 1,2,...,n) and
Rea > 0. Suppose that each of the functions f; € A (j = 1,2,...,n) satisfies
the condition

2fj(z)

fi(2)

then for any complex number 5,Re 8 > Re «, the function

—1‘3 Wil gea  (ze ), (2.1)
n

/B

; w /m u 1/vn
Hy, gy 8(2) = ﬁ/uﬁ1 <f1£ )> (fni )> du (2.2)
0

s in the class S.

Proof. We consider the function
F 1/m 1/vn

p(z)=/<f1<U)> m(f"(“)) du  (f;€A; j=1,2,...,n). (2.3)
0

u u

Then the function p € A and p(0) = p’(0) — 1 = 0. From (2.3) we have
n 1/7;
(2
P =1]] <fj( )> (2.4)

and

=3 (F () (25)

= k=1
Thus we obtain
2p () 1 zfjf(z) B 1’ (2.6)
() | = 2l | £
From (2.1) and (2.6) we have
1— 2Rea "
d " (2) <1 forall zeU.
Rea P (z)
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So, according to Lemma 1.1, the integral operator H,, -, ..., 3 belongs to
the class S. g

COROLLARY 2.1. Let vj,a complex numbers, Rev; # 0 (j = 1,2,...,n) and
n
> Rel/y; > Rea > 0. Suppose that each of the functions f; € A (j =

j=1

1,2,...,n) satisfies the condition
21z .
f]()—l‘gleea (z€U),
fi(2) n

then the integral operator Jy, ~,, .. . given by (1.3) is in the class S.

Proof. Wetake 8= ) 1/v; in Theorem 2.1. d
j=1

Remark 2.1. Forn =1,v; =7, f1 = f, from Corollary 2.1, we obtain that the
integral operator J,, given by (1.2) is in the class S.

COROLLARY 2.2. Let vj,a be complex numbers, v; # 0 (j = 1,2,...,n) and
0 < Rea < 1. Suppose that each of the functions f; € A (j = 1,2,...,n)
satisfies the condition

2f;(2)
fi(2)

then the integral operator K., ~,.... ~. given by (1.6) is in the class S.

—1’§’7jRea (z€U),
n

Proof. We take =1 in Theorem 2.1. O

Remark 2.2. For n =1, 7 = v, f1 = f, from Corollary 2.2, we obtain that
the integral operator G, defined by (1.1) is in the class S.

COROLLARY 2.3. Let o,y complex numbers, o # 0 and Rey > 0. Suppose that
each of the functions fj € A (j =1,2,...,n) satisfies the condition

2fj(z)
fi(z)
then for any complex number B, Re B > Re~y the integral operator Lo g given by
(1.5) is in the class S.

n

—1’§’7jRea (z€U),

Proof. For vy =~ =--- =7, = «, from Theorem 2.1, we have Corollary 2.3.
d

Remark 2.3. If we take n =1, f; = f, 11 = « in Corollary 2.3, we obtain that
the integral operator T, g given by (1.4) is in the class S.
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THEOREM 2.2. Let v, ¢, be complex numbers, v; #0 (j =1,2,...,n), |¢| <1
and Rea > 0. Suppose that each of the functions f; € A (j = 1,2,...,n)
satisfies the condition

2fj(2) lal - ;]
f) 1‘ <, A=l (2.7)
then the function
Hy e (2) = a/ua_l <f1uu)> . <fnuu)> " du (2.8)
0

is in the class S.
Proof. By using the same method as in Theorem 2.1, we have
" n 1 z ! z
T = e
p'(z) i LG)
where p(z) is defined by (2.3). This readily shows that

e (1 —(Lz%‘) i vlj <ZJ£J,‘<S)) _ 1)’

"
C‘Z|2a 4 (1 _ ’Z|2a)2p (Z)

ap'(2)
<l +, Z e _1‘
B |7J fi(2)
From (2.7) we obtain
/!
2a 1_ 2 Zp (Z) < 1 .
- ffT <1 e

Now by applying Lemma 1.2, we conclude that the function H,, ., . ..«
defined by (2.8) is in the class S. This evidently completes the proof of the
theorem. 0
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