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ABSTRACT. For aring A, an extension ring B, and a fixed right A-module M,
we prove that M is costar module, r-costar module if and only if the induced

module Hom 4 (B, M) is costar module, r-costar module respectively.
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1. Introduction

It has been showed by many researchers that some properties related to Morita
equivalence pass from a right A-module M to the induced B-module M ®4 B,
where B is a ring extension of the ring A. For example projective, genera-
tor, finitely generated, tilting module quasi-progenerator and *-module. On the
other side, dual concepts as injective cogenerator, Morita duality, quasi-duality
module and cotilting module are found to be inherited by the induced B-module
Hom 4 (B, M) from a right A-module M. In this work, under some conditions,
we prove that M is costar module, r-costar module if and only if Hom 4 (B, M)
is costar module, r-costar module respectively.

2. Preliminaries

Let A be any ring, M a fixed right A-module and D = End4(M). Let B
be another ring and a: A — B a ring homomorphism. Suppose that K =
Homyu (B, M) and E = Endp(K), then the ring homomorphism a: D — E
defined via a(d)(f) = do f, for all d € D and f € K, is clearly identity
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preserving. If B = A® @, for a right A-module Q C A, we say that B is a split
extension of A and we write B = A « (). Hence A and B are extension of each
other.

We will denote the functors Hom 4 (—, M) and Homp(—, M) by Ay and the
functors Hompg(—, K) and Homg(—, K) by Ag. Let D denote the class of
torsionless right R-modules whose M-dual are finitely generated over D and C
denote the class of finitely generated torsionless left D-modules. M is called
costar module if Ay;: D 2 C : Ay is a duality. Let

scopres(M4) = {V € Mod-A : 0—>VL>Z\4"—>MA—>O7 with n € N}.

If M € mod-A, then M is said to be an r-costar module provided that any
exact sequence 0 — X — Y — Z — 0 such that X and Y are M-reflexive,
remains exact after applying the functor A, if and only if Z is M-reflexive.

The following results would be needed in our proofs.

LEmMA 2.1. ([3} Lemma 1.2]) Let B be a ring extension of A and K =
Homu (B, M), where M is a right A-module. Then M cogenerates K if and
only if Cogen(Kp) = {Vp: Va € Cogen(Ma,)}.

Colby and Fuller obtain the following theorem.

THEOREM 2.1. ([I Theorem 2.7, Proposition 2.8]) Let A be a ring, M € Mod -A
and D = End(Ma). The following are equivalent.
(a) Apr: D=C: Ay ois a duality. That is, My is a costar module,
(b) Ans: scopres(Ma) = C: Ay is a duality and D = scopres(My),
(c) dpr is an epimorphism if AM € D-mod, and dn is an epimorphism if
N € D-mod,

(d) D Cscopres(M4) and if 0 — V Ly MP — L — 0 is ezact with
L € Cogen(M), then Ay f is an epimorphism,

(e) If0 — V T MY 5 L~ 0 is emact then L € Cogen(M) if and only
if Ay f ois an epimorphism.
() If0o —V Ly X —5 L — 0 is eact with X € D, then L € Cogen(M)
if and only if Ay f is an epimorphism.
PROPOSITION 2.2. ([3: Proposition 3.3]) Let M be a right A-module. If K =
Homu (B, M) is M -reflexive, then
(1) Vg is K-reflexive if and only if V4 is M -reflexive;
(2) gW is K-reflexive if and only if pW is M -reflexive.

We say that N weakly divide M in Mod-A if M™ = N & Q, for some positive
integer n and for some @ € Mod-A and we write N|M.
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We assume that the rings are associative with identity, the ring homomor-
phisms are identity preserving, all (left, right) modules are unital, and all sub-
categories are full and additive.

3. Costar modules and r-Costar modules

We will fix all the notations and terminologies used in previous section.

Remark 1.
1. For any V € Mod-B, by the adjoint associativity theorem we have the
following isomorphisms

Homp(V,Homa (B, M)) = Homu(V ®p B, M) = Homu (V, M).

As a special case, for K = Homa(B,M) we have E = Homp(K,K) 2
Hom 4 (K, M).
2. For the following you can see [3} Lemma 3.2]. From 1 we have

Hom s (Homa (B, M), M) = E.

Applying the functor Homp(—, M), we get
Homp (Homu (Homy (B, M), M), M) = Homp(E, M).

So if Hom 4 (B, M) is M -reflezive, then

Hom4 (B, M) = Homp(E, M).
Hence for any W € E-Mod, we get

Hompg (W, Homu (B, M)) =2 Homg (W, Homp (E, M)).
On the other hand, by the adjoint associativity theorem we have
Hompg (W, Homp(E, M)) = Homp (W, M),

thus
Hompg (W, Hom 4 (B, M)) = Homp (W, M).

3. Let K = Homy (B, M) be M-reflexive in Mod-A. If M has the structure
of a right B-module, then by 1 and 2

Hompg(Homp(M, K), K) = Homp(Homg (M, K), M)
=~ Homp (Hom (M, M), M)
=~ Homp (D, M)
= M.
Thus M is K-reflexive in Mod -B.
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LEMMA 3.1. If K|M in Mod -A, then E is finitely generated in D-Mod and if
M|K in Mod -B, then D is finitely generated in E-Mod.

Proof. Since K|M in Mod-A, then M"™ =2 K & @, for some positive integer n
and for some @) € Mod-A. Applying the functor Hom 4 (—, M) we get

Hom 4 (M™, M) = Hom (K, M) @ Hom4(Q, M)
D" %’HomB(K, K)EBHOII]A(Q,M)
D" = E @ Hom4(Q, M),

so F is finitely generated in D- Mod.
If M|K in Mod-B, then K™ =2 M @ F, for some positive integer n and for
some F' € Mod-B. Similarly applying the functor Hompg(—, K) we get

Homp(K",K) = E" = D @ Homp(F, K),
so D is finitely generated in E- Mod. (]

THEOREM 3.1. Let M be a right A-module. Let K be M-torsionless and K|M
in Mod -A. If M is costar, then K is costar.

Proof. We just need to prove the following statement, if 0 — V' RNy G N
L — 0 is an exact sequence in Mod-B, then L € Cogen(K) if and only if Af
is an epimorphism. Then the desired result follows from Theorem 21l Now

suppose we have the exact sequence 0 — V i) K"® — L — 0 in Mod-B,

hence its restriction to Mod-A4, 0 — V M K" — L — 0 is exact. Suppose

that L € Cogen(K) in Mod-B. Since K|M, it is clear that M cogenerates K
and hence by Lemma 2] L|4 € Cogen(M). Since K is M-torsionless, is K.
By Remark 1, Ay (K) = E. Since K|M, by Lemma B1l E € D-mod. So
Ay K € D-mod and hence Ay (K™) € D-mod. By definition of D, K™ € D.
Since M is costar, applying Theorem [ZI[(f), A f| 4 is an epimorphism, and hence,
the following commutative diagram

=L

AxK® —20 0 AV

induce that Af is an epimorphism (note that the isomorphisms in the diagram
come from Remark [I11).

Conversely Let us suppose that Af is an epimorphism. Hence by the same
commutative diagram above A(f|4) is an epimorphism. Thus again since M is
costar, applying Theorem 21l(e), L|4 € Cogen(M) and hence by Lemma [ZT]
L € Cogen(K). O
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THEOREM 3.2. Let B = A « Q be a split extension of A. Let M be a right
A-module. Let K = Homyu (B, M) be M -reflexive. If K|M in Mod -A, and M|K
in Mod -B, then M is costar if and only if K is costar.

Proof. The only if part is by Theorem 3.1l
It is clear that
Homp (A, K) = Homp(A,Homa (B, M))

~ Homu(A®p B, M)

= Homu (A, M)

=~ M.
Since M|K, K cogenerates M. By Remark [[13, K is M-reflexive. Since M|K
in Mod-B, by Lemma [B.I, D is finitely generated in E-Mod. Now we have

all the necessary requirements of the if part of the proof to be followed from
Theorem BT} O

THEOREM 3.3. Let M be a right A-module. Let K = Hom (B, M) be M -reflex-
ive and Homy (B, M) = M ®4 B. If M is r-costar, then K is r-costar.

Proof. Let
0 —X—Y —>272—0 (3.1)

be an exact sequence in Mod-B, such that X and Y are K-reflexive.

Firstly suppose that the exact sequence (B.1) remains exact after applying
the functor Ak i.e., we have the exact sequence

0—)AKZ—>AKY—>AKX—>O.

By Remark [l AxY = ApY and AgX = Ay X, so the following commutative
diagram

=k

induce that

is an epimorphism. Thus we have the exact sequence
0 — AyZ — AyY — Ay X — 0.

Since X and Y are K-reflexive, by Proposition 22 X and Y are M-reflexive.
Since M is r-costar module, Z is M-reflexive and hence, again by Proposition 2.2]
K-reflexive.
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Conversely assume that Z is K-reflexive. Hence by Proposition 221 it is
M-reflexive. Since M is r-costar module, we get the exact sequence

0— ApyZ — AyY — Ay X — 0.

The commutative diagram

AyY — AyX —— 0

AKY e AKX
induce that
AKY — AKX — 0

is an epimorphism. Thus we have the exact sequence
0—)AKZ—>AKY—>AKX—>O.

Finally, since Homy (B, M) 2 M ®4 B and M € mod-A, it is clear that K €
mod-B. O

THEOREM 3.4. Let B = A « Q be a split extension of A. Let M be a right
A-module. Let K = Homu (B, M) be M -reflexive and Homu (B, M) =2 M ®4 B.
Then M is r-costar if and only if K is r-costar.

Proof. The only if part is by Theorem

By Remark 13, M is K-reflexive. Since K € mod-B, we have the exact
sequence

B" — M®qsB—0.

Applying the functor — ®p A, we get the exact sequence
B"®pA—M®4 B A—0,
and hence the exact sequence
(B A" — M®4 A —0.
So we have the exact sequence
A" — M — 0,

which means that M € mod-A. The if part of the proof now follows from
Theorem [3.3] O
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