versi 2o I\/\%flhemoﬁco
ovaca

DOI: 10.2478/s12175-013-0194-2
Math. Slovaca 64 (2014), No. 1, 175-{I86]

A MODIFIED HALPERN-TYPE
ITERATION ALGORITHM
FOR QUASI-9-ASYMPTOTICALLY
NONEXPANSIVE MAPPINGS
AND APPLICATIONS

YoNnG KUN TANG* — SHIH-SEN CHANG*¢ — LIN WANG*
— Y. H. Zuao* — Cur KiNn CHAN**

(Communicated by Gregor Dolinar)

ABSTRACT. The purpose of this article is to modify the Halpern-type iteration
algorithm for quasi-¢-asymptotically nonexpansive mapping to have the strong
convergence under a limit condition only in the framework of Banach spaces. The
results presented in the paper improve and extend the corresponding results of
Qin et al. [Convergence of a modified Halpern-type iterative algorithm for quasi-
¢-nonexpansive mappings, Appl. Math. Lett. 22 (2009), 1051-1055], Wang et
al. [A modified Halpern-type iteration algorithm for a family of hemi-relative
nonexpansive mappings and systems of equilibrium problems in Banach spaces,
J. Comput. Appl. Math. 235 (2011), 2364-2371], Su et al. [Strong convergence
theorems for two countable families of weak relatively monexrpansive mappings
and applications, Nonlinear Anal. 73 (2010), 3890-3906], Nartinez-Yanes et al.
[Strong convergence of the CQ method for fized point iteration processes, Nonlin-
ear Anal. 64 (2006), 2400-2411], and others.

©2014
Mathematical Institute
Slovak Academy of Sciences

1. Introduction

Throughout this paper we assume that F is a real Banach space with the
dual E* and J: E — 2F" is the normalized duality mapping defined by

J@)={f € B : (o, f) === I}, z€kE
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In the sequel, we use F(T) to denote the set of fixed points of a mapping T', and
use Z to denote the set of all real numbers. Recall that a mapping T: C — C
is nonezpansive, if [|Tx — Ty|| < ||z — y||, for all z,y € C.

One classical way to study nonexpansive mappings is to use contraction to
approximate a nonexpansive mapping. More precisely, take ¢ € (0, 1) and define
a contraction T;: C' — C by

Tz =tu+ (1 —t)Tx forall z e C,

where u € C'is a fixed point. Banach’s contraction mapping principle guarantees
that T} has a unique fixed point z; in C. It is unclear what is the behavior of
x; as t — 0, even if T has a fixed point. However, for the case of T' having a
fixed point, Browder [I] proved that if H is a Hilbert space, then z; converges
strongly to a fixed point of 7" which is the nearest to .

Motivated by Browder’s results, Halpern [2] considered the following explicit
iteration:

xg € C, Tpt1 = apu+ (1 —a,)Tx,, forall n>0, (1.1)
where T is nonexpansive. He proved the strong convergence of {x,} to a fixed
point of T' provided that ,, = n~? where 6 € (0, 1).

Recently, many authors improved the result of Halpern [2] and studied the
restrictions imposed on the control sequence {«,,} in iteration algorithm (1.1).
In 2006, Martinez-Yanes and Xu [3] proposed the following modification of the

Halpern iteration for a single nonexpansive mapping 7" in a Hilbert space and
proved the following theorem:

THEOREM MYX. ([3]) Let H be a real Hilbert space, C' be a closed and convex
subset of H and T: C'— C' be a nonexpansive mapping such that F(T) # 0. If
{an} € (0,1) such that lim o, =0, then the sequence {x,} defined by

n—o0
xg € C' chosen arbitrarily,
Yn = QnTo + <]— - an)TIna
Co={2€C: |lyn = 2|I* < |z — 2)1* + an (|l + 220 — w0, 2)) }, (1.2)
Qn:{ZGC: (o — Tp, T — 2) 20},
Tpny1 = Po,nq,ro, n=>1

converges strongly to Pp(ryxo.

Very recently Qin et al. [4[5] and Wang et al. [6] improved the result of
Martinez-Yanes and Xu [3] from Hilbert spaces to Banach spaces for relatively
nonexpansive mappings [1,[8], quasi-¢-nonexpansive mappings and a family of
quasi-¢-nonexpansive mappings and under suitable conditions some strong con-
vergence theorems are proved.
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The purpose of this paper is to consider a hybrid projection algorithm for
modifying the iterative process (1.1) to have strong convergence for quasi-
¢-asymptotically nonexpansive mappings which contains relatively nonexpan-
sive mappings, quasi-¢-nonexpansive mappings (or hemi-relatively nonexpansive
mappings) as its special cases [9] in the framework of Banach spaces. The results
presented in the paper extend and improve the corresponding results of Qin et
al. [4l[5], Wang, Su et al. [6], Martinez-Yanes and Xu [3] and others.

2. Preliminaries

In the sequel, we assume that E is a smooth, strictly convex and reflexive
Banach space and C' is a nonempty closed convex subset of E. In what follows,
we always use ¢: £ x E — %Z* to denote the Lyapunov functional defined by

$(a,y) = 2| = 2(z, Jy) + |ly|*  forall z,y€E. (2.1)
It is obvious from the definition of ¢ that
(el = llylD? < o(z,y) < (=l + lyl)?  forall zye B (22)
Following Alber [I0], the generalized projection Ilo: E — C is defined by
IIe(x) = arg unelg o(y, x) for all = € E.

LEMMA 2.1. ([I0]) Let E be a smooth, strictly convex and reflexive Banach space

and C be a nonempty closed convexr subset of E. Then the following conclusions
hold:

(a) ¢(z,Hcy) + ¢(lcy,y) < ¢(z,y) for allx € C and y € E;
(b) If x € E and z € C, then

z=1lexr < (Vy € C)((z—y, Jx — Jz) > O);
(c) Forz,y € E, ¢(x,y) =0 if and only if x = y;

Remark 1. If E is a real Hilbert space H, then ¢(z,y) = ||z —y||? and lI¢ = Po
(the metric projection of H onto C).

Recall that a point p € C is said to be an asymptotic fized point of T
if, there exists a sequence {r,} C C which converges weakly to p such that

lim ||z, —Tz,|| = 0. Denote the set of all asymptotic fixed points of T by F(T).
n—o0

A point p € C is said to be a strong asymptotic fized point of T if, there exists a
sequence {z,} C C which converges strongly to p such that lim |z,—Tz,| = 0.
n—00

Denote the set of all strong asymptotic fixed points of T" by ﬁ(T)
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DEFINITION 2.1.

(1) A mapping T: C — C is said to be relatively nonexpansive [8,[11], if
F(T) # 0, F(T) = F(T) and ¢(p, Tz) < ¢(p, z) for all z € C, p € F(T).

(2) A mapping T: C — C is said to be weakly relatively nonexpansive [12], if
F(T)# 0, F(T) = F(T) and ¢(p, Tz) < ¢(p,z) 1z € C, p € F(T).

(3) A mapping T: C — C is said to be closed if, for any sequence {z,} C C
with z,, — = and Tx,, — y, then Tx = y.

From the definitions, it is easy to see that each relatively nonexpansive map-
ping T is a weak relatively nonexpansive mapping and

F(T) c F(T). (2.3)

If T is continuous, then a strong asymptotic fixed point of T coincides with a
fixed point of T'.

Next we give an example which is a weak relatively nonexpansive mapping
but it is not a relatively nonexpansive mapping in Banach space.

Example 1. ([12]) Let E = [2. Tt is wellknown that [? is a Hilbert space, so that
(1?)* =12. Let {x,} be a sequence in [? defined by

2o = (1,0,0,0,...)
z1=(1,1,0,0,...)
x5 =(1,0,1,0,0,...)
x5 = (1,0,0,1,0,0,...)

T = (571,17571,27571,37 .. '7611,/67 o )7

where

0, if k#1, k#£n+1

for all n > 1. Define a mapping T": 12 — [? as follows:

1, ifk=1n+1
gn,k =

n+1

T "y, if x=ux, (there exists n > 1),
Tr =
-, if © # x,, (forall n>1).

It was proved that (see, [12]),
1) {x,} converges weakly to xg;
2) {z,} is not a Cauchy sequence;

)
3) T has a unique fixed point 0, i.e., F(T) = {0};
)

(
(
(
(4

Tg is an asymptotic fixed point of T';
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(5) T has a unique strong asymptotic fixed point 0, so that F(T) = F (T);

(6) T is a weak relatively nonexpansive mapping;

(7) T is not a relatively nonexpansive mapping.

Summing up the above arguments, and noting (2.3), we obtain that
F(T)c F(T).
DEFINITION 2.2.

(1) A mapping T': C' — C'is said to be quasi-¢-nonexpansive (or hemi-relativ-

ely nonexpansive) if F(T) # 0 and
o(p, Tz) < ¢(p, x) forall zeC, pe F(T).

(2) A mapping T: C' — C is said to be quasi-¢-asymptotically nonexpansive,
if F(T) # 0 and there exists a real sequence {k,} C [1,00), k, — 1 such
that

o(p, T"x) < kno(p, x) forall n>1, z€C, pe F(T).
Remark 2. From the definitions, it is obvious that weak relatively nonexpansive
mappings is a quasi-¢-nonexpansive (hemi-relatively nonexpansive) mapping and
a quasi-¢-nonexpansive mapping is a quasi-¢-asymptotically nonexpansive map-
ping. However, the converse is not true.

Ezample 2. ([9]) Let E be a uniformly smooth and strictly convex Banach space

and A: F — E* be a maximal monotone mapping such that A=*0 # (), then
Jr = (J+rA)~1J is closed and quasi-¢-nonexpansive from E onto D(A);

Ezample 3. ([9]) Let Il be the generalized projection from a smooth, reflexive
and strictly convex Banach space E onto a nonempty closed convex subset C' of
FE, then Il¢ is a closed and quasi-¢-nonexpansive from E onto C.

Ezample 4. ([14]) Let E be a smooth, strictly convex and reflexive Banach space,
C' be a nonempty closed and convex subset of ' and f: C' x C' — be a bifunction
satisfying the conditions:

(A1) f(z,x)=0for all z € C;
(A2) f(z,y)+ f(y,z) <0 for all z,y € C;
(A3) for each z,y,z € C, ltiﬁ)l fltz+ (1 —t)z,y) < f(z,y);
(A4) for each given x € C, the function y — f(z,y) is convex and lower semi-
continuous.

The “so-called” equilibrium problem for f is to find a z* € C such that f(z*,y)
>0, for all y € C. The set of its solutions is denoted by EP(f).

Let r > 0, z € F and define a mapping T;.: E — C as follows:

(Vz e E)[T,(x) ={z€C: f(z,y)+ Hy—2, Jz—Jx) >0 forall y € C}],
(2.4)
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then
(1) T, is single-valued, and so z = T,.(x);
(2) T, is a relatively nonexpansive mapping, therefore it is a closed quasi-
¢-nonexpansive mapping;
(3) F(T,) = EP(f).
LEMMA 2.2. Let E be a uniformly convexr and smooth Banach space and let

{zn} and {y,} be two sequences of E. If ¢(xy,yn) — 0 and either {z,,} or {y,}
is bounded, then ||x, — yn| — 0.

LEMMA 2.3. ([9]) Let E be a real uniformly smooth and strictly convex Banach
space with Kadec-Klee property and C' be a nonempty closed subset of E. Let
T:C — C be a closed and quasi-p-asymptotically nonexpansive mapping, then
F(T) is a closed conver subset of C.

DEFINITION 2.3.
(1) A countable family of mappings {7;}: C — C is said to be uniformly

quasi-¢-asymptotically nonexpansive, if (| F(T;) # () and there exist real

=1
sequences {k,} C [1,00), k, — 1 such that for each i > 1,

o(p, T'x) < kn(p,x)  forall z€C, pe()F(T) (2.5)
i=1
(2) A mapping T: C — C is said to be uniformly L-Lipschitz continuous, if
there exists a constant L > 0 such that |77z — T"y|| < L|jz — y||, for all
x,y € C, for all n > 1.

3. Main results

THEOREM 3.1. Let C' be a nonempty closed convexr subset of a real uniformly
convex and uniformly smooth Banach space E and T;: C — C,i=1,2,..., be
a family of closed and uniformly quasi-p-asymptotically nonexpansive mappings
with sequence {k,} C [1,00) with k, — 1, and for each i > 1, T; is uniformly

L;-Lipschitz continuous. Let {a,} be a sequence in [0,1] such that lim «, = 0.
n—o0

Let {x,} be a sequence generated by

x1 € E chosen arbitrarily, C; = C,
Ynm = J HandJzy + (1 — o) JTRz,], m>1,

Chy1 = {z € Cp: sup &(2,Ynm) < and(z,21) + (1 — an)P(z, ) + §n}
m>1
Ty =1, x1 forall n>1,

(3.1)

180



QUASI-¢-ASYMPTOTICALLY NONEXPANSIVE MAPPING

where &, = (k, — 1) sup ¢(p, z,), ¢, is the generalized projection of E onto
pEF

Cry1. If F := (| F(T;) is bounded in C, then {x,} converges strongly to Il zx.
i=1

Proof.

(I) First we prove that .# and C,, n > 1 all are closed and convex subsets
in C.

In fact, it follows from Lemma 2.3 that F/(7;), ¢ > 1, is a closed and convex
subset of C. Therefore .% is closed and convex in C.

Again by the assumption that C; = C is closed and convex. Suppose that C,
is closed and convex for some n > 2. In view of the definition of ¢ we have that

o1 = {2 € Cut 5D 02, ym) < (2, 21) + (1= €n)(z,20) + & |

m>1

ﬂ {Z € C : ¢(Z;yn,m) S an¢<Z,I1) + (1 - an)(b(Z"r”) + 5”} N Cn

m>1
= ﬂ {z€C: 20, (2, Jx1) + 2(1 — ap){z, Jun) — 2(z, Jyp,m)
m>1
< apllaal? + 1 = an)llzall? = [ynmll*} N Co
This shows that C,41 is closed and convex. The conclusion is proved.

(IT) Now we prove that .# C C,,, for all n > 1.

In fact, it is obvious that # C C; = C. Suppose that # C C, for some
n > 2. Hence for any u € .% C C,, we have

Gty Yn,m) = S(u, J ™ (an 1 + (1 — ) J T a4))
= |lull® = 2(u, anJzy + (1 — ) JTRx,) + ||anJzy + (1 — an)JJ T x, ||
< ull? — Dan, Jar) — 21— )ty Tz + P+ (1= ) [Tk

= and(u,z1) + (1 — an)o(u, T ay,)
< an(b(u xl) + <1 - an) n(b(u xn)
= and(u, 1) + (1 — an)[p(u, zn) + (kn — D)o (u, 75)]
< and(u,z1) + (1 — ap)d(u, ) + (kp, — 1) sup o(p, xn)
= and(u, 1) + (1 — an)p(u, ) + &n for all m > 1,
(3.2)
Therefore we have
sup ¢(u, Yn,m) < and(u, 1) + (1 — apn)op(u, x,) + . (3.3)

m>1

This shows that u € Cy,41, and so # C C,41. The conclusion is proved.
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(III) Next we prove that {x,} is a Cauchy sequence in C.
In fact, since z,, = Ill¢, 1, from Lemma 2.1(b) we have
(tn, —y, Jr1 — Jxp) >0 for all ye C,.
Again since . C C), for all n > 1, we have
(xn —u, Jry —Jxy) >0 forall we Z.
It follows from Lemma 2.1(a) that for each u € .# and for each n > 1
d(xn, 1) = ¢(e, 1, 21) < p(u,x1) — P(u, ) < P(u, z1). (3.4)

Therefore {¢(z,,21)} is bounded. Since z,, = Il¢, 1 and zp41 = e, 21
€ Cp+1 C Cy, we have ¢(z,, 1) < ¢(Tp+1, 1), for all n > 1. This implies
that {¢(xy, 1)} is nondecreasing. Hence the limit lim ¢(z,, z1) exists. By the

n—oo

construction of {C,}, for any positive integer m > n, we have C,, C C,, and
rm = I¢, z1 € C),. This shows that
(T, Tn) = O(Tm, e, 21) < ¢, 1) — ¢(Xp, 21) — 0 as  n,m — oo.
It follows from Lemma 2.2 that lim ||z, —z,| = 0. Hence {z,} is a Cauchy
n,m—o0

sequence in C. Since C is complete, without loss of generality, we can assume
that x,, — p* (some point in C).
By the assumption, it is easy to see that

lim ¢, = nlg%o(k" — 1) sup ¢(p,x,) = 0. (3.5)

n—oo peg

(IV) Now we prove that p* € .Z#.
In fact, since 2,41 € Cp41, it follows from (3.1) and (3.5) that

Su>p (xn-i-la yn,m) < Oén¢(xn+17 x1)+(1_an)¢(xn+1; xn)+£n —0 (as ’I”L—)OO)
m>1

Since x,, — p*, by virtue of Lemma 2.2 for each m > 1

lim yp.m =p*. (3.6)

n—
Since {z,} is bounded and {T,,}>°_; is uniformly quasi-¢-asymptotically non-
expansive, {T}" x,,} is uniformly bounded. Since a,, — 0, from (3.1) we have
im || Jypm — JT | = im ay||Jzy — JT x| =0 for each m > 1.
n—oo n—o0
(3.7)

Since J~! is uniformly continuous on each bounded subset of E*, it follows
from (3.6) and (3.7) that

lim Tz, = p* for each m > 1. (3.8)

n—o0
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Again by the assumptions that for each m > 1, T, is uniformly L,,-Lipschitz
continuous, thus we have
||Tf£+1f0n — Tzl < ||Tf£+1f0n - Tﬁ“lﬁnﬂ” + ||T71;’LL+1xn+1 — Tyt |

+ |Tns1 — @all + |20 — T zn |

. (3.9)
< (L + Dll@ps1 — znll + ||Tm+1xn+1 — Tpt1]|
+ [|#n = Trywal|.
It follows from (3.8) and z, — p* that lim ||[T7*lz, — T"z,| = 0 and
n—oo

lim 77z, = p*, ie, lim T,,7"x, = p*. In view of the closeness of T),, it
n—o0o n—0o0

yields that T,,p* = p*, i.e., p* € F(T},). By the arbitrariness of m > 1, we have
p* e Z.

(V) Finally we prove that z,, — p* = llgzx;. Let w = llzx;. Since w € %
C Cy, and x,, = ¢, 1, we have ¢(x,,, 21) < ¢(w, x1) for all n > 1. This implies
that

In view of the definition of Iz, from (3.10) we have p* = w. Therefore,
x, — p* =Ilgx;. This completes the proof of Theorem 3.1. O

THEOREM 3.2. Let E, C be the same as in Theorem 3.1. Let {T;}2,: C — C
be a countable families of closed and quasi-¢-nonexpansive mappings such that

F = () F(T;) #0. Let {x,} be the sequence generated by
i=1

x1 € E chosen arbitrarily, Ci = C,
Yo = I VanJw + (1= an) T,

Cni1 = {z € Cy: sup ¢(2, Yn,m) < and(z,21) + (1 — an)cf)(z,mn)} (3.11)

m>1
Tpi1 =g, 21 forall n>1.

where {ay} are sequences in [0, 1]. If a, — 0, then {x,} converges strongly to
Hg%l.

Proof. Since {7;}$°, is a countable family of closed quasi-¢-nonexpansive map-
pings, by Remark 2, it is a countable family of closed and uniformly quasi-
¢-asymptotically nonexpansive mappings with sequence {k, = 1}. Hence §,, =

(kn, — 1) sup ¢(u,x,) = 0. Therefore the conditions appearing in Theorem 3.1:
uEF
“% is a bounded subset in C” and “for each ¢ > 1, T; is uniformly L;-Lipschitz”

are no use here. Therefore all conditions in Theorem 3.1 are satisfied. The
conclusion of Theorem 3.2 can be obtained from Theorem 3.1 immediately. O
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Remark 3. Theorems 3.1 and 3.2 improve and extend the corresponding results
of Qin et al. [5L[6], Wang, Su et al. [7], Martinez-Yanes and Xu [4], Kang et al.
[15] and others.

4. Application to a system of equilibrium problems

In this section we shall utilize Theorem 3.2 to study a modified Halpern-type
iterative algorithm for a system of equilibrium problems. We have the following
result.

THEOREM 4.1. Let C, E and {ay,} be the same as in Theorem 3.2. Let
{fi: CxC — Z} be a countable family of bifunctions satisfying conditions
(A1)-(A4) as given in Example 4. Let {T,;: E — C} be the family of mappings
defined by (2.4) for fi, i.e., T,;(x) ={z € C: fi(z,y)+ {y—2z,Jz—Jz) >0
for all y € C}, x € E. Let {x,} be the sequence generated by

x1 € E chosen arbitrarily, Ci; = C,
1

fm(Un,y) + (y —up, Ju, — Jxyn) >0, forall yeC, r>0, m>1;
T

Yn,m = Jﬁl[anjxl + (1 - an)Jun,mL

Cn+1 = {Z eCy: sup ¢(Zvyn,m) < an(z)(Zal'l) + (1 - an)d)(Zal'n)}
m>1

Tpi1 =g, 21 forall n>1, "
4.1

If Z:= (| F(T,,) # 0, then {x,} converges strongly to Ilgx;.
i=1

Proof. In Example 4 we have pointed out that w, ., = Trm(xn), F(Trm) =
EP(fy) for all m > 1 and T, ,, is a countable family of closed quasi-¢-non-
expansive mappings. Hence (4.1) can be rewritten as follows:

x1 € E chosen arbitrarily; C; = C,
Ynm = Jfl[anJ:rl + (1 —an)JT, s,

Cht1 = {z € Cy: sup ¢(2,Ynm) < and(z, 1) + (1 — an)¢(z,xn)} (4.2)

m>

Tpy1 =g, x1 forall n>1.

Therefore the conclusion of Theorem 4.1 can be obtained from Theorem 3.2.
O
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