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FIXED POINT THEOREMS
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UNDER BOUNDARY CONDITIONS
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ABSTRACT. In this manuscript, we introduce and study the existence of so-
lutions for a coupled system of differential equations under abstract boundary
conditions of Rotenberg’s model type, this last arises in growing cell populations.
The entries of block operator matrix associated to this system are nonlinear and
act on the Banach space X, := Ly ([0,1] X [a, b];dudv), where 0 < a < b < o0
1<p<oo.
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1. Introduction

Many problems arising in mathematical physics, biology, etc. may be de-
scribed, in a first formulation, using systems of partial or ordinary differential
equations. The theory of block operator matrices opens up a new line of at-
tack of theses problems. During the past years, several papers are devoted to
the investigation of linear operator matrices defined by 2 x 2 block operator

matrices
A B
(C D) , (1.1)
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the entries of which are not necessary bounded in Banach spaces. The paper
does not claim to be complete in any respect, e.g. it does not touch upon the vast
literature about block operator matrices in spectral theory (see e.g. the book
of C. Tretter [32] and the papers [2H4[6,[10,1T],14.24,25,29]) nor on semigroup
theory (see e.g. [19]). In our paper, our assumptions are as follows: the operators
occurring in the representation (I.1) are nonlinear, A maps a closed convex non-
empty subset €2 of a Banach space X into X, B from another closed convex
non-empty subset ' of a Banach space Y into X, C from 2 into Y and D from
Q into Y.

Fixed point theorems are very important in mathematical analysis, they are
an interesting way to show that some thing exists without setting it out. Which
sometimes is very hard, or even impossible to do. Fixed point theorems give the
conditions under which maps have solutions. The first result in the field was the
Schauder’s fixed point theorem, proved in 1930 by Juliusz Schauder [31]. Quite
a number of further results followed. One way in which fixed point theorems of
this kind have had a larger influence on mathematics as a whole has been that
one approach is to try carry over methods of algebraic topology. Many problems
arising from the most diverse areas of natural science, when modeled under the
mathematical point of view, involve the study of solutions of nonlinear equations
of the form

Au + Bu = u, u e M
where M is a closed and convex subset of a Banach space X, see for example
[5L[8L9,[T6HIR]. Motivated by the observation that the inversion of a perturbed
differential operator could yield a sum of a contraction and a compact operator
Krasnosel’skii proved in [26] a fixed point theorem, called the Krasnosel’skii’s
fixed point theorem which appeared as a prototype for solving equations of the
previous type. We discuss the two major fixed point theorems, which are based
on a notion of compactness, and we have to generalize them for the matrix case.
In 1983, M. Rotenberg proposed the singular partial differential equation.

02 (1, 0) + 01, 0)b 1, 0) + A (1, 0)

O
b (1.2)
_/T(H’vvvvlaw(:u’v,))dv, = 07

a

which models the evolution of a cell population. Each cell is distinguished by
two parameters, the degree of maturity p and the velocity v.
The boundary conditions are modeled by

U, =K (wm) : (1.3)
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In [30] M. Rotenberg studied essentially the Fokker-Plank approximation of
Equation ([2)) for which he obtained numerical solutions. Using eigenfunction
expansion technique, C. Van der Mee and P. Zweifel [33] obtained analytical
solution for a variety of linear boundary conditions. A. Jeribi [21H23] obtained
several existence results for the boundary value problem (L2)—(L3)) in L, spaces
1 < p < co. The analysis started in [27] is based essentially on compactness
results established only for 1 < p < oo, and use the Schauder and Krasnosels’kii
fixed point theorems. Recently, A. Ben Amar, A. Jeribi and M. Mnif in [7]
estabish some results regarding the existence of solution on L; spaces to the

boundary problem (L2)—(L3).

In the investigation of cell population dynamics it is important to consider
the structure of the population with respect to individual properties such as age,
degree of maturation, or other physical characteristics. In many cases, not all
cells are progressing to mitosis, but some are in a quiescent state for an extended
period of time. Motivated by the work of O. Arino, E. Sdnchez and G.F. Webb
in [I] where they have analyzed a linear model of cell population dynamics
structured by age with two interacting compartments: proliferating cells and
quiescent cells. Proliferating cells grow, divide, and transit to the quiescent
compartment, whereas quiescent cells do not grow and can only transit back
and forth to proliferation, the central purpose of this paper is to give some
existence results for a structured problem on L,-spaces (1 < p < oo) under
abstract boundary conditions of Rotenberg’s model type [30]. This problem is
formulated by:

o
—v 5 = o1(i,v, ) Ris i\ Y1
( " ' _”aau_UQ(“’U")> <¢2> —>\<w2> (1.4)

iy, = K (wilrl) L =12 (1.5)

b
where Rijd}j(ﬂav) = frij(lj’vvalij(uvvl))dvla (27]) € {(17 2)a (27 1)}7 e [07 1]7
a
v,v" € [a,b] with 0 < a < b < o0, 0i(-,+,-), i = 1,2, 7;(-,+,-,-) are nonlinear
operators, A is a complex number, I'y = {0} X [a,b] and I'; = {1} X [a,b]. We
denote by wi\ro (resp. wilrl) the restriction of ; to I’y (resp. I'1) while K; are
nonlinear operators from a suitable function space on I'y to a similar one on I'y.
The main point in the equation (I4]) of the proposed model is the non-linear
dependence of the functions r;;(p, v,v’,v;(p,v'")) on ;. More specifically, we
suppose that

Tij(“vvvvlvw(uvvl)) = kij(:uavav,)f(uavlvw(uvvl)); (Za]) € {(1’ 2)7 (2’ 1)}
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where f is a measurable function defined by
f:00,1] x [a,b] x C— C, (u,v,u) — f(p,v,u)

with &;;(-,-,-), (4,7) €{(1,2),(2,1)} are measurable functions from [0, 1]x[a, b]xC
to C.

Using the previous work we will establish some existence results of the bi-
dimensional mixed boundary problem (L4)-(L5) based on new generalized
Schauder and Krasnoselskii fixed point theorems for a 2x2 block operator ma-
trix.

The content of this paper is organized in four sections. Section 2 deals with
some fixed point results for 2 x 2 block operator matrices, which consist of non-
linear operators acting on non empty closed convex sets in Banach spaces. These
results are based on the Schauder and the Krasnoselskii fixed point theorems. In
Section 3, we present existence results for a particular boundary value problem.
In Section 4, we are interested with the general mixed model (L4)—-(LH). In
fact we allow the transition rates and the total cross section to depend on the
densities of populations. The existence solutions is discussed in Theorem £l

2. Fixed point results

DEFINITION 2.1. A mapping between two metric spaces f: X — Y is called
compact, if f maps bounded sets into relatively compact sets. It is called com-
pletely continuous, if it is continuous and for every bounded M C X, f(M) is
contained in a compact set in the range.

Let us notice that for mapping defined on bounded sets the two above notions
coincide.

DEFINITION 2.2. Let (X,d) be a metric space. We say that f: X — X is a
separate contraction if there exist two functions ©1,02: Ry — R satisfying:
(i) ©2(0) =0, B4 is strictly increasing,

Remark 1. It is easy to see that every contraction is a separate contraction.

DEFINITION 2.3. Let (X,d) be a metric space and M be a subset of X. The
mapping T': M — X is said to be weakly-expansive if there exist ®: X x X — R
with d(T'(z),T(y)) > ®(z,y), x,y € M satisfying

(i) ®(z,y) =0 <= =z =y,
(i) ®(z,y) = (y, 2),
(iii) ®(zp,z) >0 = x, — .
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Remark 2. Obviously, every expansive mapping is weakly-expansive.

THEOREM 2.1. ([31]) Let Q be a non-empty closed convex subset of a Banach
space X. If T is a completely continuous mapping from Q into ), then T has a
fixed point in Q.

Let © and Q' be closed convex non-empty subsets of two Banach spaces X
and Y. We consider the 2 x 2 block operator matrix

e (48, o

in the space X x Y, that is, the nonlinear operator A maps €2 into X, B from
Q' into X, C from Q into Y and D from ' into Y.

Our aim is to develop a general matrix fixed point theory which allows to
treat the biological application described in the introduction. In the following
we discuss the existence of fixed points for the block operator matrix (2.I]) by
imposing some conditions on the entries, which are in general nonlinear opera-
tors. This discussion is based on the invertibility or not of the diagonal terms
of I — L.

Case 1: I — A and I — D are invertible.
Assume that:

(H1) The operator I — A is invertible and (I — A)~1B(®') C Q.

(H2) S :=C(I — A)~'B is an operator with closed graph and the subset S(Q’)
is relatively compact in Y.

(H3) The operator I — D is invertible and (I—D)~! is continuous on (I —D)(£').
(H4) (I - D)~15(Q) c .
Our purpose here is to establish some fixed point results required in the sequel.

LeEMMA 2.1. Let X and Y be two metric spaces. Assume J: X — Y has a
closed graph and J(X) is a compact set of Y. Then J is continuous.

Proof. See [20: Theorem 4]. d

THEOREM 2.2. Let K be a closed convex non-empty subset of a Banach space
X. Suppose that J map K into K and that

(i) J has a closed graph.

(i) J(K) is compact.
Then J has a fixed point in IC.

Proof. The proof follows from Lemma [Z.1] and the Schauder fixed point theo-
rem. 0
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THEOREM 2.3. Under assumptions (H1)—(H4) the block matriz operator (2.1))
has a fized point in Q x €Y.

Proof. Since S has a closed graph and S(€) is relatively compact in Y, it
follows from Lemma [2.]] that S is continuous on . Now, let M be a bounded
subset of €. Obviously, from (H2) the set S(M) is relatively compact. Then by
hypothesis (#3), (I — D)~1S(M) is relatively compact. By the Schauder fixed
point theorem there exists yo € €’ such that

(I = D)~"Syo = yo.
Let x¢ := (I — A)~! By, hence

()= () :
Yo Yo )’
COROLLARY 2.3.1. If assumptions (H1), (H2), and (H4) holds and D is a

separate contraction mapping satisfying C(2) C (I — D)(), then the block
matriz operator (1) has a fixed point in Q x Q.

Proof. In [28 Lemma 1.2], it was shown that I — D is an homeomorphism
from Q' onto (I — D)(£Y'), then (#3) is satisfied and the result follows from
Theorem O

COROLLARY 2.3.2. If assumptions (H1), (H2), and (H4) holds and if I — D
is a weakly-expansive mapping satisfying C(Q) < (I — D)(Y'), then the block
matriz operator (1) has a fized point in Q x Q'.

Proof. It is clear from Definition [Z2(i) that I — D is one-to-one. We now show
that (I—-D)~!: (I-D)(Q) — Q' is continuous. Let (y,)nen and y in (I—D)()
such that y,, — y. Then there exist a,,,« € ' such that y,, = (I — D)(«,,) and
y= (I — D)(a). Now,

[yn =yl = (I = D)(an) — (I = D)(a)]|

> P(ay, a).
It follows that ®(a,,a) — 0 and so by Definition Z2(iii) ., — «. Hence (H3)
is satisfied and the result follows from Theorem O

Case 2: I — A or I — D is invertible.
We shall treat only the case of invertibility of I — A, the other case is similar
just simply exchanging the roles of A and D and B and C.
Assume that:
(H1) The operator I — A is invertible and (I — A)~1B(€') C Q.
(H2) S:=C(I — A)"'B is a contraction map.
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(H3) The operator D is completely continuous.
(H4) Sy + Dy’ € Q' for every y,y’ in Q.
THEOREM 2.4. ([26]) Let 2 be a non-empty bounded closed convex subset of a

Banach space (X, || - ||)- Suppose that M, N: Q — X are two operators fulfilling
the following hypotheses:

(i) There exists L € [0,1) such that ||Mx—My| < L||z—y|| for every z,y € Q;
(ii) N is continuous and N(Q) is relatively compact in X;

(iii) Mz + Ny € Q for every z,y € €.

Then there exists x € §) such that t = Mx + Nzx.

An immediate application of the Krasnoselskii’s theorem for the operator
S + D, we obtain the following result:

THEOREM 2.5. Under assumptions (H1)—(H4) the block matriz operator (2]
has a fized point in Q x €.

Case 3: neither I — A or I — D is invertible.
Here, we discuss the existence of fixed points for the following perturbed
block operator matrix by imposing some conditions on the entries, using the

Krasnoselskii Theorem.
~ (A B P 0
(B B)L(n 0. ”

Assume that the nonlinear operators A; and P; maps € into X, B from €’
into X, C from Q into Y and D and P; from €’ into Y Suppose that (2.2)) fulfills
the following assumptions:

(a) The operator I — A; resp. I — Dj is invertible from €2 into X, resp. from
2 into Y .
(b) (I — A;)"'Band (I — D;1)~'C are completely continuous maps.
(c) (I —A;)7tPy and (I — D;)~' P, are contractions maps
(d) For every x1,79 € Q and y1,y2 € ', (I — A1) ' Piw1+ (I — A1) !By, € Q
and (I — D) 'Caxq+ (I — D) 1 Poy; € Q.
THEOREM 2.6. Under assumptions (a)—(d) the block matriz operator (22) has
a fized point in  x Q.

Proof. Using assumption (a) the following equation

(e 0n) ()= 00)
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may be transformed into

4()+=(;)- ()

where
z (I — A1)71P1 0
e 0 (I — D))" 'Py
and
z 0 (I-A)"'B
2 (I-Dy)"'C 0

Obviously, from (b) the operator matrix Z5 is completely continuous and from
(c) the map Z; is a contraction. It follows with (d) and the the Krasnoselskii’s
theorem that the operator matrix (2.2) has at least a fixed point in Q@ x Q. O

3. Existence solutions for a boundary coupled system

In this section, we consider a particular version of (L4)—(LH]) where each o;
does not depends on the density of the population 4.

o
—vg5. —o1(p,v)l Ris i\ P1
(hope Lt V(@) a(n) e

Vi, = Ki (wqu) , i=1,2 (3.2)

where o;(-,-) € L*([0,1] X [a,b]), A is a complex number, Iy = {0} X [a, b] and
Iy = {1} x [a,b]. ¥, (resp. v ) denotes the restriction of ; to T'g (resp.
I'1) while K; are nonlinear operators from a suitable function space on I'; to a
similar one on I'y.

Our interest concentrates on the existence results for the last boundary value
problem (BI)-(B2). For this purpose, we use the preparatory results presented
above. Let

X, = Ly([0,1] x [a, b]; dudv)
where 0 < a < b < o0; 1 < p < co. We denote by X and X the following
boundary spaces
X)) := Ly({0} x [a,b]; vdv),
X, = Ly({1} x [a, b]; vdv)
endowed with their natural norms. Let 1V, be the space defined by

sz{weXp \ vgzﬁ eXp}.
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It is well known (see [12,[13] or [15]) that any 1 in W, has traces on the spatial
boundary {0} and {1} which belong respectively to the spaces X and X.
We define the free streaming operator Sk,, ¢+ = 1,2 by

SK;: D(Sk,)CXp—Xps
oY
w = SK#/J(M U) =0 8“ (H’v U) - Ui(“v UW(/% ’l))

D(Sk.) ={v €W, | ¥ = Ki(¥")}
where ¢ = Y|y s Pt = Yr, and K;, ¢« = 1,2, are the following nonlinear

boundary operators
Ki: X, = X},
u+— K;u
satisfying the following conditions

(A1) there exists a; > 0 such that

[Kipr — Kipa|| < aillor —@oll - (g1, p2€ X, i=1,2).

An immediate consequences of (Al) we have the continuity of the operator
K; from X} into X)) and [[Kip|| < aglle]l + || K;(0)] for all ¢ € X]. Let us
consider the equation

A=Sk)i=g.

Our objective is to determine a solution v; € D(Sk,) where g is given in X, and
A € C. Let o the real defined by

o = ess-inf{o; (11, v) | (,v) €[0,1] x [a,b], i=1,2}.
For Re A > —o, the solution of is formally given by:

1
- / (Ao (u' v))dp’

wi(uvv) = 7/%(07“) €
1 L —11} “fj()\—}—a'i(ﬂ','u))dﬂ' , ,
+U/e " g(p'sv) dp'.

0

Accordingly, for p =1, we get

- f(/\+0l (w'0))dp’

¥i(1,v) = ¥;(0,v)e *

L L f()\+01(7' v))dT (33)
+ /e g(u',v)dy.
0
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Let the following operators

1
=L [Ooi(u v))dp!
Poai X0 X3, s (Paw)(L,v) = u(0,0pe 00

— L O (! ) du
Ql})\: Xz()) - XP u = (QL)\’U,)(/.L, ’U) = ’U,(O, ’U) e ° )

;n: X, — X; w i (I zu)(1,0) =

1 L —if()\—}—a'i(‘r,v))d‘r
[e u(y v) Ay’

v
0

and finally

/

e ~ u(p',v) dy'.

1 i -1 f()dro‘i(r,v))dr
Rix: Xp = X, u— (Rizu)(p,v) == y / '
0

Clearly, for A satisfying Re A > —o, the operators P; x, Qi x, II; » and R;  are
bounded. It’s not difficult to check that

1P; x| < e s (Rerto) (3.4)
and
1
[Qiall < (p(ReA + 7)) ». (3.5)

Moreover, simple calculations using the Holder inequality show that

I Al < (ReA +0) s, (3.6)
and
|RiAll < (ReA+0)~L. (3.7)

Thus, Equation (3.3) may be written abstractly as
P = Piag) + 10 xg.
On the other hand, v; must satisfy the boundary condition ([3.2), thus we obtain
V) = PiaKib) +11; 5. (3.8)

Observe that the operator P; yK; in Equation (3.8)) is defined from X; into X;.
Let 1,2 € X, from (A1) and Equation (3.4 we have

_ ReX+o
[PiaKipr — PiaKipa| <aie” b [[pr — o (3.9)
for all @1, € X;.
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Consider now the equation
u= P Ku+ p, peX, (3.10)
where u is the unknown function and define the operator A; » ) on X; by
Aling): X; — X;, u = (A uw)(1,0) = P Kiu + .
It follows from Equation (3.9) that

[Aaxe)P1 — Ay P2l = |PiaKipr — PiaKipa|
__ ReX+o

<ae” v o — w2

Consequently, for ReXA > —o + blog(a;) the operator Ay, is a contraction
mapping and therefore the problem (B.I0) has a unique solution

u(i7>\7¢) = Uj.
Let W; x the nonlinear operator defined by
Wi’A(pz (7 (3.11)

where w; is the solution of ([BI0). Arguing as the proof of Lemma 2.1 and [27t
Proposition 2.1], we have the following result:

LEMMA 3.1. Assume that (A1) holds. Then,

(i) for every X\ satisfying ReA > —o + blog(w), i = 1,2, the operator W x
is continuous and maps bounded sets into bounded ones and satisfying the
following estimate

Re A +o

—1
[Wixpr — Wape| < (1 — e (7 )> o1 — w2l

where 1, P2 € X;, i=1,2.

(ii) of ReX > max(—o,—o + blog(e)), then the operators (A — Sk,) are in-
vertible and (A — Sk,) ™! is given by

(A= Sk,) "' = QiKW \IL; x + R .

Moreover, (A — Sk,)™" are continuous on X,, and maps bounded sets into
bounded ones.

In what follows and for our subsequent analysis, we need the following hy-
pothesis:
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(A2) Tij (/1'7 v, U/v ¢(M7 U/)) = kij (/1'7 v, U/)f(lua vla 1/’(% ’Ul)); (Zv ]) S {(17 2)7 (27 1)}

where f is a measurable function defined by
fo00,1] x[a, o] x C = C,  (p,v,u) = f(p,v,u)

with k;;(-,-,-), (4,7) € {(1,2),(2,1)} are measurable functions from [0, 1]x
[a,b] xC to C which defines a bounded linear operator B;; by

By X, Xy v [ v ), 0)a (3.12)

Notice that the operators B;j, (i,7) = (1,2),(2,1) act only on the velocity v, so
p may be seen simply as a parameter in [0,1]. Then, we will consider B;; as a
function

Bij(-): p € [0,1] = Bij(p) € L(Lp([a, b]; dv)).
In the following, we will make the assumptions:

(A3)  — the function Bj;;(-) is measurable, ie., if O is an open subset of
L(Ly([a,b]; dv)), then {p € [0,1] : Bj;(n) € (9} is measurable,
— there exists a compact subset C C L(Ly([a, b]; dv)) such that B;;(n) €C
a.e. on [0, 1],
— Bij(n) € K(Lp([a,b]; dv)) a.e. on [0, 1].
where IC(L,([a, b], dv)) stands for the class of compact operators on L, ([a, b], dv).
LEMMA 3.2. ([27t Lemma 3.1]) Let p € (1,00) and assume that (A1) holds. If
Bij, (1,7) € {(1,2),(2,1)} satisfies (A3), then for any A € C such that Re A >

max(—c, —o +blog(w;)), the operators (\— Sk )~'B;; are completely continuous
on Xp.

Now we recall some facts concerning superposition operators required below.
Recall f:[0,1] x [a,b] x C — C is a Carathéodory function if the following
conditions are satisfied

(p,v) — f(,v,u) is measurable on [0, 1] X [a, ] for all u € C

u+— f(p,v,u) is continuous on C a.e. (u,v) € [0,1] X [a, b].

Observe that if f is a Carathéodory function, then we can define the operator
Ny on the set of function ¢: [0,1] x [a,b] — C by (Ns¢) (i, v) = f(p, v, ¢ (p,v))
for every (u,v) € [0,1] x [a, b].

We assume that

(A4) f is a Carathéodory map satisfying

(v, un) = f (s 0,u2)] < A, 0)][ur — up
where h € L*°([0,1] x [a, b], dudv).
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We are now ready to state our first result in this section.

THEOREM 3.1. Assume that (A1) and (A2) hold. If B;;, (i,j) € {(1,2),(2,1)}
satisfy (A3) on X,, then for each r > 0, there is A\, > 0 such that for each
A satisfying Re(X) > A, the problem BI)-B2) has at least one solution in
B, x B,.

Proof. Let A be a complex number such that Re A > max(—o, —o + blog(«))
with @ = max(a, ). Then according to Lemma 3.1 (i7), A — Sk, is invertible
and therefore the problem ([BI)-(B.2) may be transformed into

101 _ 1/}1 0 _ oyl S
<w2>_£()‘)<¢2>7 %—Kﬂﬁw 2_172

where
Sk, —(A=1I BioN§ )
LX) = ! .
() ( BNy Sk, — (A= 1)I
Let r > 0. We first check that, for suitable A\, T()\) := (A — Sk,) ' B12N}
leaves B, invariant. Let |12 < r, therefore we have from Lemma [3.] and the
equations (3.4)—(B.7)
T @)l < NQUAKWIATTLAB12N (¢2) + RiaBioNy ()]

1 1 aq

_ Re A\ +o

+
ReA+0  po1—ae

[[Bi2||[ M (r) + % (Re )

where M (r) is the upper-bound of Ny on B, and X(Re \) = [alllwl’k(o)lﬁll{f(o)” :
(ReAt+o)Ppp
Let € > max(—o, —o + blog(a)). For Re A > ¢ we have

Re A+o e+4o

(]. — e b )_1 < (]. — e b )_1.
Therefore

1 1 a1

_5+0‘

T(A < +
L

[Bu2|| M (r) + E(Re A).

Using Equation (.11 we have
Py 2K 1 W12 (0) = Wi 2(0).

Let0 <6 < 0411 , from Equation (B3] there exists A, such that for any A satisfying
Re A > max(—o, —o + blog(«), A.), we have ||P; || <, then using (Al) we

obtain
W) < [Pl KW A (0)]|

< 0(an[[WiA(0)[| + [[ K1 (0)]))-
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It follows that

Sl K1 (0) |
Wia(0)]] < .
iAo <
Therefore
TS |yt x| IBlME) + S(ReN)
r eN).
YI=1Rer+0o pr1—aje "+’ 2
< Q(Re))
where
0416
I 1 o« (1o, +1) I 0))
Q(t) = " + ! eto ”BlQHM(T)+ 11
+o pr 1—ale_ b (t+0’)”pp
and
. (L8, +1) 1K )]
E(ReA) = -
(ReA+o)rpr
Clearly, Q(-) is continuous strictly decreasing in ¢t > 0 and satisﬁest ligl Q(t)=0.
— 400

Hence there exists A/, such that Q(\.) < r. Obviously, if ReA > X/, then
(A = Sk,) "' B12/N} maps B, into itself and (H1) is satisfied. Obviously, from
Lemma the operator S(\) = BaNp(A — SKl)_lBlng is continuous and
so has a closed graph. Now we claim that S()\)(B,) is relatively compact. In-
deed, Ny(B,) is a bounded subset of X, it follows from Lemma [3.2] that O, :=
(A — Sk,) " 'B1aN{(B,) is relatively compact. Since BgiNj is continuous,
B1oN¢(O,) is compact and so S(X)(B,) is relatively compact. For ReA >
max(\-, AL) and ||12|| < r, we have

1SN (W2)l] <7
By Lemma B.1] there exists A > max(A,, \..) such that for any Re A > X/, we
have A(A)y = (A — Sk,) " 'S(A\)pa € (B,). The result follows from Theo-
rem 211 O

THEOREM 3.2. Assume that (Al), (A2) and (A4) hold. If B;j, (4,75) € {(1,2),
(2,1)} satisfy (A3) on X, then for each r > 0, there is A, > 0 such that for
each X\ satisfying Re(\) > A, the problem [BI)-[B2) has a unique solution in
B, x B,.

Proof. Let A be a complex number such that Re A > max(—o, —o + blog(a))
with o = max(a1,az) and let 11,92 € X,. Using the same notations as the
proof above we have

1S(N)r = SN tall < [[Bar [ Brzl[|AlI5Fa (Re A)llor — wn
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where F1(Re ) = [Re }\ ot L L e xio } is continuous positive and strictly
pP l—aie b

decreasing function on |0, 00| satisfying , lir+n Fi(t) = 0. By the same way we
—4o00

have

AN Y1 = ANl <

1 1 1
1 , S(A —S(A
Re/\+0' +pp 1_a2e_mz\+a‘| ” ( )wl ( )7/}2||

< Fo(Re M) [|S(N)r — S(A\) g

where Fi(+) is continuous positive and strictly decreasing function on ]0, +o00]
satisfying lim Fj(t) = 0. Then
t—+o00

A1 — ANzl

2 (3.13)
< [|Bar[[l| Bizll[[P]|5F1(Re A) Fa(Re A) |11 — ¢hz|l.

The function F7F2(-) satisfy the same properties as F;, i = 1,2. One concludes
that there exist A; be a complex number such that A; > max(—o, —o +blog(a))
and

| Ba1 ||| Bizll||hl|2. Fi(Re \) Fa(ReA) < 1 for any ReA >\ (3.14)

Evidently from inequalities (BI3)-(@.I4), for Re A > A\; the operator A(\) is
a contraction mapping on B, and maps B, into itself. Hence the use of the
Banach fixed point theorem concludes that there exists a unique 5 in B, such
that A(X)Yg = 9. Take 91 := YT(A)1h2. By the same argument as the prece-

dent proof i, lie in B, and so <$1> is a unique fixed point for the problem
2

GI) B2 in B, x B,. O

4. General existence solutions

Now we discuss the existence of solutions for the more general nonlinear
boundary problem (L4)-(LEH). When dealing with this problem some technical
difficulties arise. So, we need the following assumption:

(A5) K; € L(X}, X)) and for some r > 0,

|oi (ks v, 901) — 03 (py v, Y2) | < Jwi(p, 0) |91 — 2
7= 1,2 (wl,wg c Xp)

where E(X;, Xg) denotes the set of all bounded linear operators from X;
into X7, wi(-,-) € L>=([0,1] x [a,b],dudv) and Ny, acts from B, into B,..
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Define the free streaming operator S K, by
Sk,: D(Sk,) C X, = X,,
0 Sic (i) =~ (u,0)
D(Sk,) = {¢ € W, | ¥° = Ki(¥")} .

THEOREM 4.1. Assume that (A2), (A4) and (A5) hold. If B;j, (4,75) € {(1,2),
(2,1)} satisfy (A3) on X, then for each r > 0, there is A, > 0 such that for
each \ satisfying Re(\) > A, the problem ([LA)-(LE) has at least one solution
mn B, x B,.

Proof. Since K;,i = 1,2, are linear (by (Ab)), the operators §Ki are linear, too.
Using Lemma B, {A € C: ReX > max(0,blog || K1|,blog || K2[|)} C p(Sk,)
where p(§ k) denotes the resolvent set of S K, Let A be a complex number such
that Re A > max(0,blog || Ki||,blog | K2|[). Then, by linearity of the operator
(A — Sk,)!, the problem (L)L) written in the form

(7/’1):20\)(1/11)’ v; € D(Sk,), i=1,2

)2 o
where
E()\) _ §K1 — (/\ — 1)I+N0'1 R Blg./\/f
Boy Ny Sk, = AN=DI+N,, |’

may be transformed into the form

<¢1> =G <¢1> +G2() <¢1> , i eD(Sg,), i=1,2 (41)

)2 (5 Yo
where
_ </\ - §K1)_1N01 0
B = ( 0 (- §K2>-wm>
and
o 0 ()\—S'\Kl)*lBu.N’f
P <<A - 8x) Bay 0 ) |

Check that, for suitable A, the operator G; () is a contraction mapping. Indeed,

() P1
e (1) (%) ex,
1A = Sk) ™ (Nospi = No, )| < 0= Sk,) T INotpi = Noytill, i =1,2.
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A simple calculation using the estimates ([3.4)-([B.7) leads to

~ 1 ¥
A—Sg)7H < 1 , j=1,2 4.2
=507 gy [+, T (42)
where v = max(|| K1 ||, || K2||). Moreover, taking into account the assumption on
oi(-, -, ) we get
ING: i = Noythill < llwlloollii — il
where [|w|loec = max(||wi]|co, ||w2|loc). Using the relations (41 and (Z£Z), we

have for V = <<’01> and W = <¢1>
»2 Yo

GV — G (W] = H ( RS ) - (8 - gﬁiﬁi) H

1 v I
<o [ 4o [ (22) - ()N
= ¥1 . ¢1
<zeen|(2)- ()]

Noticing that Z is a continuous strictly decreasing function defined on ]0, 00|
and

zlggo =(z) =0.
So, there exists A\; € |max(0,blog || K], blog | Ksl|,00[ such that Z(A;) < 1.
Hence, for Re A > A\, G1(A) is a contraction mapping. Using Lemma [B1] and
arguing as in the proof of Theorem B we show that the operator Go(\) is

completely continuous on X,,. The Theorem concludes the proof. O
Let B;; be defined by Equation (B.12) and let k;;(~,-,~) (vesp. k()
denotes the positive part (resp. the negative part) of k;;(-,-,-):
kij(p,v,0") = k;(u,v,v') — k;j(u,v,v’) (n,v,0") € [0,1] X [a,b] x [a,b].
We define the following non-negative operators:
b

+. + __ + / / ’
BE b - Bl o) = [ 5 (n 0.0l v
Clearly,
_ pt -
Bi; = B;; — B,;.
Now, let | B;; | denotes the following non-negative operator:
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1.e.

b
1B b (1 v) = / g |0, Y (g, ) A, ) € X,

Let us discuss the existence of positive solutions to the boundary value prob-
lem. To this purpose we make the hypothesis

(A6) Ki[(X,) ")) € (Xp)*

p

where (X)* (resp. (XJ)*) denotes the positive cone of the space X))
(resp. X)). Let 7 > 0. We define the set B by B} := B, N X,

THEOREM 4.2. Assume that (Al), (A2), (A3), (A4) and (A6) hold. If B;; is a
positive operator and Ny(X,\) C X, then for each r > 0 there is A, > 0 such
that for all X\ > X\, the problem (L4)-(L3) has at least one solution in B, .

Proof. Obviously, the operators P; x, 1I; x, Q; » and R; » are bounded and
positive. Accordingly, a similar reasoning to that in the proof of Theorem 5.3 in
[7], gives the desired result. O
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