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ABSTRACT. In this manuscript, we introduce and study the existence of so-

lutions for a coupled system of differential equations under abstract boundary

conditions of Rotenberg’s model type, this last arises in growing cell populations.

The entries of block operator matrix associated to this system are nonlinear and

act on the Banach space Xp := Lp([0, 1] × [a, b]; dµ dv), where 0 ≤ a < b < ∞;

1 < p < ∞.
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1. Introduction

Many problems arising in mathematical physics, biology, etc. may be de-

scribed, in a first formulation, using systems of partial or ordinary differential

equations. The theory of block operator matrices opens up a new line of at-

tack of theses problems. During the past years, several papers are devoted to
the investigation of linear operator matrices defined by 2 × 2 block operator

matrices (
A B

C D

)
, (1.1)
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the entries of which are not necessary bounded in Banach spaces. The paper
does not claim to be complete in any respect, e.g. it does not touch upon the vast

literature about block operator matrices in spectral theory (see e.g. the book

of C. Tretter [32] and the papers [2–4, 6, 10, 11, 14, 24, 25, 29]) nor on semigroup

theory (see e.g. [19]). In our paper, our assumptions are as follows: the operators

occurring in the representation (1.1) are nonlinear, A maps a closed convex non-

empty subset Ω of a Banach space X into X, B from another closed convex
non-empty subset Ω′ of a Banach space Y into X, C from Ω into Y and D from

Ω′ into Y .

Fixed point theorems are very important in mathematical analysis, they are

an interesting way to show that some thing exists without setting it out. Which

sometimes is very hard, or even impossible to do. Fixed point theorems give the

conditions under which maps have solutions. The first result in the field was the
Schauder’s fixed point theorem, proved in 1930 by Juliusz Schauder [31]. Quite

a number of further results followed. One way in which fixed point theorems of

this kind have had a larger influence on mathematics as a whole has been that

one approach is to try carry over methods of algebraic topology. Many problems

arising from the most diverse areas of natural science, when modeled under the

mathematical point of view, involve the study of solutions of nonlinear equations
of the form

Au+Bu = u, u ∈ M
where M is a closed and convex subset of a Banach space X, see for example
[5, 8, 9, 16–18]. Motivated by the observation that the inversion of a perturbed

differential operator could yield a sum of a contraction and a compact operator

Krasnosel’skii proved in [26] a fixed point theorem, called the Krasnosel’skii’s

fixed point theorem which appeared as a prototype for solving equations of the

previous type. We discuss the two major fixed point theorems, which are based

on a notion of compactness, and we have to generalize them for the matrix case.

In 1983, M. Rotenberg proposed the singular partial differential equation.

v
∂ψ

∂µ
(µ, v) + σ(µ, v)ψ(µ, v) + λ ψ(µ, v)

−
b∫

a

r(µ, v, v′, ψ(µ, v′))dv′ = 0,

(1.2)

which models the evolution of a cell population. Each cell is distinguished by

two parameters, the degree of maturity µ and the velocity v.

The boundary conditions are modeled by

ψ|Γ0
= K

(
ψ|Γ1

)
. (1.3)
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In [30] M. Rotenberg studied essentially the Fokker-Plank approximation of
Equation (1.2) for which he obtained numerical solutions. Using eigenfunction

expansion technique, C. Van der Mee and P. Zweifel [33] obtained analytical

solution for a variety of linear boundary conditions. A. Jeribi [21–23] obtained

several existence results for the boundary value problem (1.2)–(1.3) in Lp spaces

1 < p < ∞. The analysis started in [27] is based essentially on compactness

results established only for 1 < p <∞, and use the Schauder and Krasnosels’kii
fixed point theorems. Recently, A. Ben Amar, A. Jeribi and M. Mnif in [7]

estabish some results regarding the existence of solution on L1 spaces to the

boundary problem (1.2)–(1.3).

In the investigation of cell population dynamics it is important to consider

the structure of the population with respect to individual properties such as age,

degree of maturation, or other physical characteristics. In many cases, not all
cells are progressing to mitosis, but some are in a quiescent state for an extended

period of time. Motivated by the work of O. Arino, E. Sánchez and G.F. Webb

in [1] where they have analyzed a linear model of cell population dynamics

structured by age with two interacting compartments: proliferating cells and

quiescent cells. Proliferating cells grow, divide, and transit to the quiescent

compartment, whereas quiescent cells do not grow and can only transit back
and forth to proliferation, the central purpose of this paper is to give some

existence results for a structured problem on Lp-spaces (1 < p < ∞) under

abstract boundary conditions of Rotenberg’s model type [30]. This problem is

formulated by:(
−v ∂

∂µ
− σ1(µ, v, ·) R12

R21 −v ∂
∂µ − σ2(µ, v, ·)

)(
ψ1

ψ2

)
= λ

(
ψ1

ψ2

)
(1.4)

ψi|Γ0
= Ki

(
ψi|Γ1

)
, i = 1, 2 (1.5)

where Rijψj(µ, v) =
b∫
a

rij(µ, v, v
′, ψj(µ, v

′))dv′, (i, j) ∈ {(1, 2), (2, 1)}, µ ∈ [0, 1],

v, v′ ∈ [a, b] with 0 ≤ a < b < ∞, σi(·, ·, ·), i = 1, 2, rij(·, ·, ·, ·) are nonlinear

operators, λ is a complex number, Γ0 = {0} × [a, b] and Γ1 = {1} × [a, b]. We

denote by ψi|Γ0
(resp. ψi|Γ1

) the restriction of ψi to Γ0 (resp. Γ1) while Ki are

nonlinear operators from a suitable function space on Γ1 to a similar one on Γ0.

The main point in the equation (1.4) of the proposed model is the non-linear

dependence of the functions rij(µ, v, v
′, ψj(µ, v

′)) on ψj. More specifically, we

suppose that

rij(µ, v, v
′, ψ(µ, v′)) = kij(µ, v, v

′)f(µ, v′, ψ(µ, v′)); (i, j) ∈ {(1, 2), (2, 1)}
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where f is a measurable function defined by

f : [0, 1]× [a, b]× C → C, (µ, v, u) �→ f(µ, v, u)

with kij(·, ·, ·), (i, j)∈{(1, 2), (2, 1)} are measurable functions from [0, 1]×[a, b]×C
to C.

Using the previous work we will establish some existence results of the bi-
dimensional mixed boundary problem (1.4)–(1.5) based on new generalized
Schauder and Krasnoselskii fixed point theorems for a 2×2 block operator ma-
trix.

The content of this paper is organized in four sections. Section 2 deals with
some fixed point results for 2× 2 block operator matrices, which consist of non-
linear operators acting on non empty closed convex sets in Banach spaces. These
results are based on the Schauder and the Krasnoselskii fixed point theorems. In
Section 3, we present existence results for a particular boundary value problem.
In Section 4, we are interested with the general mixed model (1.4)–(1.5). In
fact we allow the transition rates and the total cross section to depend on the
densities of populations. The existence solutions is discussed in Theorem 4.1.

2. Fixed point results

���������� 2.1� A mapping between two metric spaces f : X → Y is called
compact, if f maps bounded sets into relatively compact sets. It is called com-
pletely continuous, if it is continuous and for every bounded M ⊂ X, f(M ) is
contained in a compact set in the range.

Let us notice that for mapping defined on bounded sets the two above notions
coincide.

���������� 2.2� Let (X, d) be a metric space. We say that f : X → X is a
separate contraction if there exist two functions Θ1,Θ2 : R+ → R+ satisfying:

(i) Θ2(0) = 0, Θ2 is strictly increasing,

(ii) d(f(x), f(y)) ≤ Θ1(d(x, y)),

(iii) Θ1(t) + Θ2(t) ≤ t for t > 0.

Remark 1� It is easy to see that every contraction is a separate contraction.

���������� 2.3� Let (X, d) be a metric space and M be a subset of X. The
mapping T : M → X is said to be weakly-expansive if there exist Φ: X×X → R+

with d(T (x), T (y)) ≥ Φ(x, y), x, y ∈M satisfying

(i) Φ(x, y) = 0 ⇐⇒ x = y,

(ii) Φ(x, y) = Φ(y, x),

(iii) Φ(xn, x) → 0 =⇒ xn → x.
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Remark 2� Obviously, every expansive mapping is weakly-expansive.

�	��
�� 2.1� ([31]) Let Ω be a non-empty closed convex subset of a Banach

space X. If T is a completely continuous mapping from Ω into Ω, then T has a

fixed point in Ω.

Let Ω and Ω′ be closed convex non-empty subsets of two Banach spaces X

and Y . We consider the 2× 2 block operator matrix

L =

(
A B

C D

)
, (2.1)

in the space X × Y , that is, the nonlinear operator A maps Ω into X, B from

Ω′ into X, C from Ω into Y and D from Ω′ into Y .

Our aim is to develop a general matrix fixed point theory which allows to

treat the biological application described in the introduction. In the following

we discuss the existence of fixed points for the block operator matrix (2.1) by

imposing some conditions on the entries, which are in general nonlinear opera-

tors. This discussion is based on the invertibility or not of the diagonal terms

of I − L.
Case 1: I −A and I −D are invertible.

Assume that:

(H1) The operator I −A is invertible and (I −A)−1B(Ω′) ⊂ Ω.

(H2) S := C(I −A)−1B is an operator with closed graph and the subset S(Ω′)
is relatively compact in Y .

(H3) The operator I−D is invertible and (I−D)−1 is continuous on (I−D)(Ω′).

(H4) (I −D)−1S(Ω′) ⊂ Ω′.

Our purpose here is to establish some fixed point results required in the sequel.

����
 2.1� Let X and Y be two metric spaces. Assume J : X → Y has a

closed graph and J(X) is a compact set of Y . Then J is continuous.

P r o o f. See [20: Theorem 4]. �

�	��
�� 2.2� Let K be a closed convex non-empty subset of a Banach space
X. Suppose that J map K into K and that

(i) J has a closed graph.

(ii) J(K) is compact.

Then J has a fixed point in K.

P r o o f. The proof follows from Lemma 2.1 and the Schauder fixed point theo-

rem. �
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�	��
�� 2.3� Under assumptions (H1)–(H4) the block matrix operator (2.1)
has a fixed point in Ω× Ω′.

P r o o f. Since S has a closed graph and S(Ω′) is relatively compact in Y , it

follows from Lemma 2.1 that S is continuous on Ω′. Now, let M be a bounded

subset of Ω′. Obviously, from (H2) the set S(M ) is relatively compact. Then by

hypothesis (H3), (I −D)−1S(M ) is relatively compact. By the Schauder fixed

point theorem there exists y0 ∈ Ω′ such that

(I −D)−1Sy0 = y0.

Let x0 := (I − A)−1By0, hence

L
(
x0
y0

)
=

(
x0
y0

)
. �

��
���

� 2.3.1� If assumptions (H1), (H2), and (H4) holds and D is a
separate contraction mapping satisfying C(Ω) ⊂ (I − D)(Ω′), then the block

matrix operator (2.1) has a fixed point in Ω× Ω′.

P r o o f. In [28: Lemma 1.2], it was shown that I − D is an homeomorphism

from Ω′ onto (I − D)(Ω′), then (H3) is satisfied and the result follows from

Theorem 2.2. �

��
���

� 2.3.2� If assumptions (H1), (H2), and (H4) holds and if I − D
is a weakly-expansive mapping satisfying C(Ω) ⊂ (I − D)(Ω′), then the block

matrix operator (2.1) has a fixed point in Ω× Ω′.

P r o o f. It is clear from Definition 2.2(i) that I−D is one-to-one. We now show

that (I−D)−1 : (I−D)(Ω′) → Ω′ is continuous. Let (yn)n∈N and y in (I−D)(Ω′)
such that yn → y. Then there exist αn, α ∈ Ω′ such that yn = (I −D)(αn) and

y = (I −D)(α). Now,

‖yn − y‖ = ‖(I −D)(αn)− (I −D)(α)‖
≥ Φ(αn, α).

It follows that Φ(αn, α) → 0 and so by Definition 2.2(iii) αn → α. Hence (H3)

is satisfied and the result follows from Theorem 2.2. �

Case 2: I −A or I −D is invertible.

We shall treat only the case of invertibility of I − A, the other case is similar

just simply exchanging the roles of A and D and B and C.

Assume that:

(H1) The operator I −A is invertible and (I −A)−1B(Ω′) ⊂ Ω.

(H2) S := C(I −A)−1B is a contraction map.
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(H3) The operator D is completely continuous.

(H4) Sy +Dy′ ∈ Ω′ for every y, y′ in Ω′.

�	��
�� 2.4� ([26]) Let Ω be a non-empty bounded closed convex subset of a

Banach space (X, ‖ · ‖). Suppose that M,N : Ω → X are two operators fulfilling

the following hypotheses:

(i) There exists L ∈ [0, 1) such that ‖Mx−My‖ ≤ L‖x−y‖ for every x, y ∈ Ω;

(ii) N is continuous and N(Ω) is relatively compact in X;

(iii) Mx+Ny ∈ Ω for every x, y ∈ Ω.

Then there exists x ∈ Ω such that x =Mx+Nx.

An immediate application of the Krasnoselskii’s theorem for the operator

S +D, we obtain the following result:

�	��
�� 2.5� Under assumptions (H1)–(H4) the block matrix operator (2.1)

has a fixed point in Ω× Ω′.

Case 3: neither I −A or I −D is invertible.

Here, we discuss the existence of fixed points for the following perturbed

block operator matrix by imposing some conditions on the entries, using the

Krasnoselskii Theorem.

L̃ =

(
A1 B

C D1

)
+

(
P1 0

0 P2

)
. (2.2)

Assume that the nonlinear operators A1 and P1 maps Ω into X, B from Ω′

into X, C from Ω into Y and D and P2 from Ω′ into Y Suppose that (2.2) fulfills

the following assumptions:

(a) The operator I − A1 resp. I −D1 is invertible from Ω into X, resp. from

Ω′ into Y .

(b) (I −A1)
−1B and (I −D1)

−1C are completely continuous maps.

(c) (I −A1)
−1P1 and (I −D1)

−1P2 are contractions maps

(d) For every x1, x2 ∈ Ω and y1, y2 ∈ Ω′, (I−A1)
−1P1x1+(I−A1)

−1By2 ∈ Ω

and (I −D1)
−1Cx2 + (I −D1)

−1P2y1 ∈ Ω′.

�	��
�� 2.6� Under assumptions (a)–(d) the block matrix operator (2.2) has
a fixed point in Ω× Ω′.

P r o o f. Using assumption (a) the following equation(
A1 + P1 B

C D1 + P2

)(
x

y

)
=

(
x

y

)
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may be transformed into

Z1

(
x

y

)
+ Z2

(
x

y

)
=

(
x

y

)
.

where

Z1 =

(
(I −A1)

−1P1 0

0 (I −D1)
−1P2

)
and

Z2 =

(
0 (I − A1)

−1B

(I −D1)
−1C 0

)
.

Obviously, from (b) the operator matrix Z2 is completely continuous and from

(c) the map Z1 is a contraction. It follows with (d) and the the Krasnoselskii’s

theorem that the operator matrix (2.2) has at least a fixed point in Ω×Ω′. �

3. Existence solutions for a boundary coupled system

In this section, we consider a particular version of (1.4)–(1.5) where each σi
does not depends on the density of the population i.(

−v ∂
∂µ − σ1(µ, v)I R12

R21 −v ∂
∂µ − σ2(µ, v)I

)(
ψ1

ψ2

)
= λ

(
ψ1

ψ2

)
(3.1)

ψi|Γ0
= Ki

(
ψi|Γ1

)
, i = 1, 2 (3.2)

where σi(·, ·) ∈ L∞([0, 1]× [a, b]), λ is a complex number, Γ0 = {0} × [a, b] and

Γ1 = {1} × [a, b]. ψi|Γ0
(resp. ψi|Γ1

) denotes the restriction of ψi to Γ0 (resp.

Γ1) while Ki are nonlinear operators from a suitable function space on Γ1 to a

similar one on Γ0.

Our interest concentrates on the existence results for the last boundary value

problem (3.1)–(3.2). For this purpose, we use the preparatory results presented

above. Let

Xp := Lp([0, 1]× [a, b]; dµdv)

where 0 ≤ a < b < ∞; 1 < p < ∞. We denote by X0
p and X1

p the following

boundary spaces
X0

p := Lp({0} × [a, b]; vdv),

X1
p := Lp({1} × [a, b]; vdv)

endowed with their natural norms. Let Wp be the space defined by

Wp =
{
ψ ∈ Xp | v ∂ψ

∂µ
∈ Xp

}
.
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It is well known (see [12,13] or [15]) that any ψ in Wp has traces on the spatial
boundary {0} and {1} which belong respectively to the spaces X0

p and X1
p .

We define the free streaming operator SKi
, i = 1, 2 by

SKi : D(SKi
)⊆Xp→Xp

,

ψ �→ SKi
ψ(µ, v) = −v ∂ψ

∂µ
(µ, v)− σi(µ, v)ψ(µ, v)

D(SKi
) =

{
ψ ∈ Wp | ψ0 = Ki(ψ

1)
}

where ψ0 = ψ|Γ0
, ψ1 = ψ|Γ1

and Ki, i = 1, 2, are the following nonlinear

boundary operators

Ki : X
1
p → X0

p ,

u �→ Kiu

satisfying the following conditions

(A1) there exists αi > 0 such that

‖Kiϕ1 −Kiϕ2‖ ≤ αi‖ϕ1 − ϕ2‖ (ϕ1, ϕ2 ∈ X1
p , i = 1, 2).

An immediate consequences of (A1) we have the continuity of the operator

Ki from X1
p into X0

p and ‖Kiϕ‖ ≤ αi‖ϕ‖ + ‖Ki(0)‖ for all ϕ ∈ X1
p . Let us

consider the equation

(λ− SKi
)ψi = g.

Our objective is to determine a solution ψi ∈ D(SKi
) where g is given in Xp and

λ ∈ C. Let σ the real defined by

σ := ess-inf
{
σi(µ, v) | (µ, v) ∈ [0, 1]× [a, b], i = 1, 2

}
.

For Re λ > −σ, the solution of is formally given by:

ψi(µ, v) = ψi(0, v) e
− 1

v

µ∫

0

(λ+σi(µ
′,v))dµ′

+
1

v

µ∫
0

e
− 1

v

µ∫

µ′
(λ+σi(τ,v))dτ

g(µ′, v) dµ′.

Accordingly, for µ = 1, we get

ψi(1, v) = ψi(0, v) e
− 1

v

1∫

0

(λ+σi(µ
′,v))dµ′

+
1

v

1∫
0

e
− 1

v

1∫

µ′
(λ+σi(τ,v))dτ

g(µ′, v)dµ′.
(3.3)
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Let the following operators

Pi,λ : X
0
p → X1

p , u �→ (Pi,λu)(1, v) := u(0, v) e
− 1

v

1∫

0

(λ+σi(µ
′,v))dµ′

;

Qi,λ : X
0
p → Xp u �→ (Qi,λu)(µ, v) := u(0, v) e

− 1
v

µ∫

0

(λ+σi(µ
′,v))dµ′

;

Πi,λ : Xp → X1
p u �→ (Πi,λu)(1, v) :=

1

v

1∫
0

e
− 1

v

1∫

µ′
(λ+σi(τ,v))dτ

u(µ′, v) dµ′;

and finally

Ri,λ : Xp → Xp, u �→ (Ri,λu)(µ, v) :=
1

v

µ∫
0

e
− 1

v

µ∫

µ′
(λ+σi(τ,v))dτ

u(µ′, v) dµ′.

Clearly, for λ satisfying Re λ > −σ, the operators Pi,λ, Qi,λ, Πi,λ and Ri,λ are

bounded. It’s not difficult to check that

‖Pi,λ‖ ≤ e−
1
b (Reλ+σ) (3.4)

and

‖Qi,λ‖ ≤ (p(Reλ+ σ))−
1
p . (3.5)

Moreover, simple calculations using the Hölder inequality show that

‖Πi,λ‖ ≤ (Reλ+ σ)−
1
q , (3.6)

and

‖Ri,λ‖ ≤ (Re λ+ σ)−1. (3.7)

Thus, Equation (3.3) may be written abstractly as

ψ1
i = Pi,λψ

0
i +Πi,λg.

On the other hand, ψi must satisfy the boundary condition (3.2), thus we obtain

ψ1
i = Pi,λKiψ

1
i +Πi,λg. (3.8)

Observe that the operator Pi,λKi in Equation (3.8) is defined from X1
p into X1

p .

Let ϕ1, ϕ2 ∈ X1
p , from (A1) and Equation (3.4) we have

‖Pi,λKiϕ1 − Pi,λKiϕ2‖ ≤ αi e
−Reλ+σ

b ‖ϕ1 − ϕ2‖ (3.9)

for all ϕ1, ϕ2 ∈ X1
p .
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Consider now the equation

u = Pi,λKiu+ ϕ, ϕ ∈ X1
p (3.10)

where u is the unknown function and define the operator A(i,λ,ϕ) on X
1
p by

A(i,λ,ϕ) : X
1
p → X1

p , u �→ (A(i,λ,ϕ)u)(1, v) := Pi,λKiu+ ϕ.

It follows from Equation (3.9) that

‖A(i,λ,ϕ)ϕ1 −A(i,λ,ϕ)ϕ2‖ = ‖Pi,λKiϕ1 − Pi,λKiϕ2‖
≤ αie

−Re λ+σ
b ‖ϕ1 − ϕ2‖.

Consequently, for Reλ > −σ + b log(αi) the operator A(i,λ,ϕ) is a contraction

mapping and therefore the problem (3.10) has a unique solution

u(i,λ,ϕ) = ui.

Let Wi,λ the nonlinear operator defined by

Wi,λϕ = ui (3.11)

where ui is the solution of (3.10). Arguing as the proof of Lemma 2.1 and [27:

Proposition 2.1], we have the following result:

����
 3.1� Assume that (A1) holds. Then,

(i) for every λ satisfying Reλ > −σ + b log(αi), i = 1, 2, the operator Wi,λ

is continuous and maps bounded sets into bounded ones and satisfying the
following estimate

‖Wi,λϕ1 −Wλϕ2‖ ≤
(
1− αie

−(Reλ+σ
b )

)−1

‖ϕ1 − ϕ2‖;

where ϕ1, ϕ2 ∈ X1
p , i = 1, 2.

(ii) if Re λ > max(−σ,−σ + b log(αi)), then the operators (λ − SKi
) are in-

vertible and (λ− SKi
)−1 is given by

(λ− SKi
)−1 = Qi,λKiWi,λΠi,λ + Ri,λ.

Moreover, (λ− SKi
)−1 are continuous on Xp and maps bounded sets into

bounded ones.

In what follows and for our subsequent analysis, we need the following hy-

pothesis:
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(A2) rij(µ, v, v
′, ψ(µ, v′)) = kij(µ, v, v

′)f(µ, v′, ψ(µ, v′)); (i, j) ∈ {(1, 2), (2, 1)}
where f is a measurable function defined by

f : [0, 1]× [a, b]× C → C, (µ, v, u) �→ f(µ, v, u)

with kij(·, ·, ·), (i, j) ∈ {(1, 2), (2, 1)} are measurable functions from [0, 1]×
[a, b]×C to C which defines a bounded linear operator Bij by

Bij : Xp → Xp, ψ �→
b∫

a

kij(µ, v, v
′)ψ(µ, v′)dv′. (3.12)

Notice that the operators Bij , (i, j) = (1, 2), (2, 1) act only on the velocity v, so

µ may be seen simply as a parameter in [0, 1]. Then, we will consider Bij as a

function

Bij(·) : µ ∈ [0, 1] → Bij(µ) ∈ L(Lp([a, b]; dv)).

In the following, we will make the assumptions:

(A3) – the function Bij(·) is measurable, i.e., if O is an open subset of

L(Lp([a, b]; dv)), then
{
µ ∈ [0, 1] : Bij(µ) ∈ O} is measurable,

– there exists a compact subset C⊆L(Lp([a, b]; dv)) such that Bij(µ)∈C
a.e. on [0, 1],

– Bij(µ) ∈ K(Lp([a, b]; dv)) a.e. on [0, 1].

where K(Lp([a, b], dv)) stands for the class of compact operators on Lp([a, b], dv).

����
 3.2� ([27: Lemma 3.1]) Let p ∈ (1,∞) and assume that (A1) holds. If

Bij , (i, j) ∈ {(1, 2), (2, 1)} satisfies (A3), then for any λ ∈ C such that Re λ >
max(−σ,−σ+b log(αi)), the operators (λ−SK)−1Bij are completely continuous

on Xp.

Now we recall some facts concerning superposition operators required below.
Recall f : [0, 1] × [a, b] × C → C is a Carathéodory function if the following

conditions are satisfied

(µ, v) �→ f(µ, v, u) is measurable on [0, 1]× [a, b] for all u ∈ C

u �→ f(µ, v, u) is continuous on C a.e. (µ, v) ∈ [0, 1]× [a, b].

Observe that if f is a Carathéodory function, then we can define the operator

Nf on the set of function ψ : [0, 1]× [a, b] → C by (Nfψ)(µ, v) = f(µ, v, ψ(µ, v))

for every (µ, v) ∈ [0, 1]× [a, b].

We assume that

(A4) f is a Carathéodory map satisfying

|f(µ, v, u1)− f(µ, v, u2)| ≤ |h(µ, v)||u1 − u2|
where h ∈ L∞([0, 1]× [a, b], dµdv).
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We are now ready to state our first result in this section.

�	��
�� 3.1� Assume that (A1) and (A2) hold. If Bij , (i, j) ∈ {(1, 2), (2, 1)}
satisfy (A3) on Xp, then for each r > 0, there is λr > 0 such that for each

λ satisfying Re(λ) > λr the problem (3.1)–(3.2) has at least one solution in

Br × Br.

P r o o f. Let λ be a complex number such that Reλ > max(−σ,−σ + b log(α))

with α = max(α1, α2). Then according to Lemma 3.1 (ii), λ− SKi
is invertible

and therefore the problem (3.1)–(3.2) may be transformed into(
ψ1

ψ2

)
= L(λ)

(
ψ1

ψ2

)
, ψ0

i = Kiψ
1
i , i = 1, 2

where

L(λ) =
(
SK1

− (λ− 1)I B12Nf

B21Nf SK2
− (λ− 1)I

)
.

Let r > 0. We first check that, for suitable λ, Υ(λ) := (λ − SK1
)−1B12Nf

leaves Br invariant. Let ‖ψ2‖ ≤ r, therefore we have from Lemma 3.1 and the

equations (3.4)–(3.7)

‖Υ(λ)(ψ2)‖ ≤ ‖Q1,λK1W1,λΠ1,λB12Nf (ψ2) +R1,λB12Nf(ψ2)‖

≤
[

1

Reλ+ σ
+

1

p
1
p

α1

1− α1e−
Re λ+σ

b

]
‖B12‖M (r) + Σ(Re λ)

whereM (r) is the upper-bound ofNf onBr and Σ(Re λ)=

[
α1‖W1,λ(0)‖+‖K1(0)‖

(Reλ+σ)
1
p p

1
p

]
.

Let ε > max(−σ,−σ + b log(α)). For Re λ > ε we have

(1− α1e
−Reλ+σ

b )−1 ≤ (1− α1e
− ε+σ

b )−1.

Therefore

‖Υ(λ)(ψ2)‖ ≤
[

1

Re λ+ σ
+

1

p
1
p

α1

1− α1e
− ε+σ

b

]
‖B12‖M (r) + Σ(Re λ).

Using Equation (3.11) we have

P1,λK1W1,λ(0) =W1,λ(0).

Let 0 < δ < 1
α1

, from Equation (3.5) there exists λr such that for any λ satisfying

Re λ > max(−σ,−σ + b log(α), λr), we have ‖P1,λ‖ ≤ δ, then using (A1) we

obtain
‖W1,λ(0)‖ ≤ ‖P1,λ‖‖K1W1,λ(0)‖

≤ δ(α1‖W1,λ(0)‖+ ‖K1(0)‖).
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It follows that

‖W1,λ(0)‖ ≤ δ‖K1(0)‖
1− δα1

.

Therefore

‖Υ(λ)(ψ2)‖ ≤
[

1

Re λ+ σ
+

1

p
1
p

α1

1− α1e−
ε+σ
b

]
‖B12‖M (r) + Σ̃(Reλ).

≤ Q(Reλ)

where

Q(t) =

[
1

t+ σ
+

1

p
1
p

α1

1− α1e−
ε+σ
b

]
‖B12‖M (r) +

⎡⎣
(

α1δ
1−δα1

+ 1
)
‖K1(0)‖

(t+ σ)
1
p p

1
p

⎤⎦
and

Σ̃(Reλ) =

⎡⎣
(

α1δ
1−δα1

+ 1
)
‖K1(0)‖

(Re λ+ σ)
1
p p

1
p

⎤⎦ .
Clearly, Q(·) is continuous strictly decreasing in t > 0 and satisfies lim

t→+∞Q(t)=0.

Hence there exists λ′r, such that Q(λ′r) ≤ r. Obviously, if Reλ ≥ λ′r, then

(λ − SK1
)−1B12Nf maps Br into itself and (H1) is satisfied. Obviously, from

Lemma 3.2 the operator S(λ) = B21Nf (λ − SK1
)−1B12Nf is continuous and

so has a closed graph. Now we claim that S(λ)(Br) is relatively compact. In-
deed, Nf (Br) is a bounded subset of Xp, it follows from Lemma 3.2 that Or :=

(λ − SK1
)−1B12Nf (Br) is relatively compact. Since B21Nf is continuous,

B12Nf (Or) is compact and so S(λ)(Br) is relatively compact. For Re λ ≥
max(λr, λ

′
r) and ‖ψ2‖ ≤ r, we have

‖S(λ)(ψ2)‖ ≤ r.

By Lemma 3.1 there exists λ′′r ≥ max(λr, λ
′
r) such that for any Re λ ≥ λ′′r , we

have ∆(λ)ψ2 := (λ − SK2
)−1S(λ)ψ2 ∈ (Br). The result follows from Theo-

rem 2.1. �

�	��
�� 3.2� Assume that (A1), (A2) and (A4) hold. If Bij , (i, j) ∈ {(1, 2),
(2, 1)} satisfy (A3) on Xp, then for each r > 0, there is λr > 0 such that for

each λ satisfying Re(λ) > λr the problem (3.1)–(3.2) has a unique solution in

Br × Br.

P r o o f. Let λ be a complex number such that Reλ > max(−σ,−σ + b log(α))

with α = max(α1, α2) and let ψ1, ψ2 ∈ Xp. Using the same notations as the

proof above we have

‖S(λ)ψ1 − S(λ)ψ2‖ ≤ ‖B21‖‖B12‖‖h‖2∞F1(Reλ)‖ψ1 − ψ2‖

168



FIXED POINT THEOREMS FOR BLOCK OPERATOR MATRIX AND AN APPLICATION

where F1(Reλ) =
[

1
Reλ+σ + 1

p
1
p

1

1−α1e
−Re λ+σ

b

]
is continuous positive and strictly

decreasing function on ]0,+∞[ satisfying lim
t→+∞

F1(t) = 0. By the same way we

have

‖∆(λ)ψ1 −∆(λ)ψ2‖ ≤
[

1

Reλ+ σ
+

1

p
1
p

1

1− α2e−
Re λ+σ

b

]
‖S(λ)ψ1 − S(λ)ψ2‖

≤ F2(Re λ)‖S(λ)ψ1 − S(λ)ψ2‖
where F1(·) is continuous positive and strictly decreasing function on ]0,+∞[

satisfying lim
t→+∞F1(t) = 0. Then

‖∆(λ)ψ1 −∆(λ)ψ2‖
≤ ‖B21‖‖B12‖‖h‖2∞F1(Re λ)F2(Reλ)‖ψ1 − ψ2‖.

(3.13)

The function F1F2(·) satisfy the same properties as Fi, i = 1, 2. One concludes

that there exist λ1 be a complex number such that λ1 > max(−σ,−σ+ b log(α))
and

‖B21‖‖B12‖‖h‖2∞F1(Reλ)F2(Re λ) < 1 for any Re λ ≥ λ1. (3.14)

Evidently from inequalities (3.13)–(3.14), for Re λ ≥ λ1 the operator ∆(λ) is

a contraction mapping on Br and maps Br into itself. Hence the use of the

Banach fixed point theorem concludes that there exists a unique ψ2 in Br such

that ∆(λ)ψ2 = ψ2. Take ψ1 := Υ(λ)ψ2. By the same argument as the prece-

dent proof ψ1 lie in Br and so

(
ψ1

ψ2

)
is a unique fixed point for the problem

(3.1)–(3.2) in Br ×Br. �

4. General existence solutions

Now we discuss the existence of solutions for the more general nonlinear

boundary problem (1.4)–(1.5). When dealing with this problem some technical

difficulties arise. So, we need the following assumption:

(A5) Ki ∈ L(X1
p , X

0
p) and for some r > 0,

|σi(µ, v, ψ1)− σi(µ, v, ψ2)| ≤ |ωi(µ, v)||ψ1 − ψ2|
i = 1, 2 (ψ1, ψ2 ∈ Xp)

where L(X1
p , X

0
p) denotes the set of all bounded linear operators from X1

p

into X0
p , ωi(·, ·) ∈ L∞([0, 1]× [a, b], dµdv) and Nσi

acts from Br into Br.
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Define the free streaming operator ŜKi
by

ŜKi
: D(ŜKi

) ⊆ Xp → Xp,

ψ �→ ŜKi
ψ(µ, v) = −v ∂ψ

∂µ
(µ, v)

D(ŜKi
) =

{
ψ ∈ Wp | ψ0 = Ki(ψ

1)
}
.

�	��
�� 4.1� Assume that (A2), (A4) and (A5) hold. If Bij , (i, j) ∈ {(1, 2),
(2, 1)} satisfy (A3) on Xp, then for each r > 0, there is λr > 0 such that for

each λ satisfying Re(λ) > λr the problem (1.4)–(1.5) has at least one solution
in Br × Br.

P r o o f. SinceKi, i = 1, 2, are linear (by (A5)), the operators ŜKi
are linear, too.

Using Lemma 3.1,
{
λ ∈ C : Reλ > max

(
0, b log ‖K1‖, b log ‖K2‖

)} ⊂ ρ(ŜKi
)

where ρ(ŜKi
) denotes the resolvent set of ŜKi

. Let λ be a complex number such

that Reλ > max(0, b log ‖K1‖, b log ‖K2‖). Then, by linearity of the operator

(λ− ŜKi
)−1, the problem (1.4)–(1.5) written in the form(

ψ1

ψ2

)
= L̂(λ)

(
ψ1

ψ2

)
, ψi ∈ D(ŜKi

), i = 1, 2

where

L̂(λ) =
(
ŜK1

− (λ− 1)I +Nσ1
B12Nf

B21Nf ŜK2
− (λ− 1)I +Nσ2

)
,

may be transformed into the form(
ψ1

ψ2

)
= G1(λ)

(
ψ1

ψ2

)
+ G2(λ)

(
ψ1

ψ2

)
, ψi ∈ D(ŜKi

), i = 1, 2 (4.1)

where

G1(λ) =

(
(λ− ŜK1

)−1Nσ1
0

0 (λ− ŜK2
)−1Nσ2

)
and

G2(λ) =

(
0 (λ− ŜK1

)−1B12Nf

(λ− ŜK2
)−1B21Nf 0

)
.

Check that, for suitable λ, the operator G1(λ) is a contraction mapping. Indeed,

let

(
ψ1

ψ2

)
,

(
ϕ1

ϕ2

)
∈ Xp

‖(λ− ŜKi
)−1(Nσi

ϕi −Nσi
ψi)‖ ≤ ‖(λ− ŜKi

)−1‖‖Nσi
ϕi −Nσi

ψi‖, i = 1, 2.
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A simple calculation using the estimates (3.4)–(3.7) leads to

‖(λ− ŜKi
)−1‖ ≤ 1

Reλ

[
1 +

γ

1− γe−
Re λ

b

]
, i = 1, 2 (4.2)

where γ = max(‖K1‖, ‖K2‖). Moreover, taking into account the assumption on

σi(·, ·, ·) we get

‖Nσi
ϕi −Nσi

ψi‖ ≤ ‖ω‖∞‖ϕi − ψi‖
where ‖ω‖∞ = max(‖ω1‖∞, ‖ω2‖∞). Using the relations (4.1) and (4.2), we

have for V =

(
ϕ1

ϕ2

)
and W =

(
ψ1

ψ2

)

‖G1(λ)V − G1(λ)W‖ =

∥∥∥∥∥
(

(λ− ŜK1
)−1Nσ1

ϕ1

(λ− ŜK2
)−1Nσ1

ϕ2

)
−
(
(λ− ŜK1

)−1Nσ1
ψ1

(λ− ŜK2
)−1Nσ1

ψ2

)∥∥∥∥∥
≤ 1

Re λ

[
1 +

γ

1− γe−
Re λ

b

]
‖ω‖∞

∥∥∥∥(ϕ1

ϕ2

)
−
(
ψ1

ψ2

)∥∥∥∥
≤ Ξ(Reλ)

∥∥∥∥(ϕ1

ϕ2

)
−
(
ψ1

ψ2

)∥∥∥∥ .
Noticing that Ξ is a continuous strictly decreasing function defined on ]0,∞[
and

lim
x→∞Ξ(x) = 0.

So, there exists λ1 ∈ ] max(0, b log ‖K1‖, b log ‖K2‖,∞[ such that Ξ(λ1) < 1.

Hence, for Reλ ≥ λ1, G1(λ) is a contraction mapping. Using Lemma 3.1 and

arguing as in the proof of Theorem 3.1 we show that the operator G2(λ) is
completely continuous on Xp. The Theorem 2.5 concludes the proof. �

Let Bij be defined by Equation (3.12) and let k+ij(·, ·, ·) (resp. k−ij(·, ·, ·))
denotes the positive part (resp. the negative part) of kij(·, ·, ·):
kij(µ, v, v

′) = k+ij(µ, v, v
′)− k−ij(µ, v, v

′) (µ, v, v′) ∈ [0, 1]× [a, b]× [a, b].

We define the following non-negative operators:

B±
ij : ψ → B±

ijψ(µ, v) :=

b∫
a

k±ij(µ, v, v
′)ψ(µ, v′) dv′.

Clearly,

Bij = B+
ij −B−

ij .

Now, let | Bij | denotes the following non-negative operator:

| Bij |:= B+
ij +B−

ij
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i.e.

|Bij|ψ(µ, v) =
b∫

a

|kij |(µ, v, v′)ψ(µ, v′) dv′, ψ ∈ Xp.

Let us discuss the existence of positive solutions to the boundary value prob-

lem. To this purpose we make the hypothesis

(A6) Ki[(X
1
p)

+)] ⊂ (X0
p)

+

where (X1
p)

+ (resp. (X0
p)

+) denotes the positive cone of the space X1
p

(resp. X0
p). Let r > 0. We define the set B+

r by B+
r := Br ∩X+

p .

�	��
�� 4.2� Assume that (A1), (A2), (A3), (A4) and (A6) hold. If Bij is a
positive operator and Nf (X

+
p ) ⊂ X+

p , then for each r > 0 there is λr > 0 such

that for all λ > λr the problem (1.4)–(1.5) has at least one solution in B+
r .

P r o o f. Obviously, the operators Pi,λ, Πi,λ, Qi,λ and Ri,λ are bounded and

positive. Accordingly, a similar reasoning to that in the proof of Theorem 5.3 in

[7], gives the desired result. �
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[13] CESSENAT, M.: Théorèmes de trace pour des espaces de fonctions de la neutronique,

C. R. Acad. Sci. Paris Sér. I 300 (1985), 89–92.

[14] DAMAK, M.—JERIBI, A.: On the essential spectra of some matrix operators and appli-

cations, Electron. J. Differential Equations 11 (2007), 1–16.

[15] DAUTRAY, R.—LIONS, J. L.: Analyse mathématiques et calcul numérique. Tome 9,
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Université de Gafsa
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Institut préparatoire aux études

d’ingénieurs de Sfax

Route Menzel Chaker Km 0.5

B.P. 805, 3000, Sfax

TUNISIE

E-mail : krichen bilel@yahoo.fr

174


	Abstract
	1. Introduction
	2. Fixed point results
	3. Existence solutions for a boundary coupled system
	4. General existence solutions
	REFERENCES


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts false
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings true
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldMT
    /ArialMT
    /Times
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /ENU <>
    /DEU <>
    /CZE ()
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [498.898 708.661]
>> setpagedevice




