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EXISTENCE AND STABILITY
OF ANTI-PERIODIC SOLUTIONS
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ON TIME SCALES

QIANHONG ZHANG* — LIHUI YANG** — JINGZHONG Liu***

(Commaunicated by Michal Feékan)

ABSTRACT. By applying the method of coincidence degree and constructing
suitable Lyapunov functional, some sufficient conditions are established for the
existence and global exponential stability of anti-periodic solutions for a kind of
impulsive fuzzy Cohen-Grossberg neural networks on time scales. Moreover an
example is given to illustrate our results.
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1. Introduction

In recent years, Cohen and Grossberg neural networks [I] have been exten-
sively studied and applied in many different fields such as associative memory,
signal processing and some optimization problems. In such applications, it is of
prime importance to ensure that the designed neural networks are stable [2]. In
practice, due to the finite speeds of the switching and transmission of signals,
time delays do exist in a working network and thus should be incorporated into
the model equation. In recent years, the dynamical behaviors on the existence
and global stability of equilibrium, periodic solutions of Cohen-Grossberg neural
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networks with constant delays or time-varying delays or distributed delays have
been studied (see for example Refs. [BHI5] and the references therein).

In this paper, we would like to integrate fuzzy operations into Cohen-Gross-
berg neural networks. Speaking of fuzzy operations, Yang and Yang [18] first
introduced fuzzy cellular neural networks (FCNNs) combining those operations
with cellular neural networks. So far researchers have found that FCNNs are
useful in image processing, and some results have been reported on stability and
periodicity of FCNNs [18-24].

Arising from problems in applied sciences, the existence of anti-periodic so-
lutions plays a key role in characterizing the behavior of nonlinear differential
equations (see [25H29]). It is worth continuing the investigation of the existence
and stability of anti-periodic solutions of impulsive fuzzy Cohen-Grossberg neu-
ral networks. To the best of our knowledge, there are few published papers
considering the anti-periodic solutions of impulsive fuzzy Cohen-Grossberg neu-
ral networks.

Motivated by the above discussions, we consider the following impulsive fuzzy
Cohen-Grossberg neural networks on time scales.
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Al(xl(tk))zjzk(xz(tk)) :xi(t:)—xi(t;), k’EN, 1= 1,2,...,7’L.

(1.1)
where T is an % -periodic time scale which has the subspace topology inherited
from the standard topology on R. n corresponds to the number of units in the
neural networks. For ¢ = 1,2,...,n, x;(t) corresponds to the state of the ith
neuron. f;(-), g;(-) are signal transmission functions. 7;;(t) corresponds to the
transmission delay along the axon of the jth unit to the ith unit and satisfies
0 < 7ji(t) < 7 (7 is a constant). a;(z;(t)) > 0 represents an amplification
function at time ¢. b;(z;(t)) is an appropriately behaved function at time ¢;
c;j(t) represents the elements of the feedback template. I;(¢) is external input
to the ith unit. «;;(t), 5;;(t) are elements of fuzzy feedback MIN template and
fuzzy feedback MAX template, respectively; A and \/ denote the fuzzy AND
and fuzzy OR operation, respectively; x;(t;), z;(t; ) represent the right and left
limit of z;(¢x) in the sense of time scales, ¢ is a sequence of real numbers such
that 0 < t; <t < ..., lim ¢, = 4+o00. There exists a positive integer p such

k—+o00
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that thyp = th + 5, Jithrp) (@i(tryp) = —Jin(—(z:(tr))), k € N. Without loss of
generality, we also assume that [ , 2) N{ty : k€ N} = {tq,t2,...,t4}. Let
R* = (0, +00), T+ = R* NT.

Let z(t) = (z1(t), x2(t), ..., 2 ()T € C(T,R"), ||lz|| = > H[laX] |z;(t)|. The
=1 »WIT
initial conditions associated with system (1.1) are of the form

ri(t) = ¢i(t), te[-7,0r, T= 1;93@321){7@]( )} (1.2)

where ¢;(t), i = 1,2,...,n, are continuous functions on [—7, 0].
For the sake of convenience, we introduce some notations

i ten[}),aﬁT‘ i(1)], Cij teﬂ['(l)&X lcig ()], Qij terfg)au}jT |avij (£)].

w 1/2 w
By = s 16 (1)l ||f|!2=< / f<t>|2m> , ||g||2=< / g<t>2At>

where f is an w-periodic function.

1/2

Throughout this paper, we make the following assumptions:
(A1) ¢i(t) 2 0, aij(t) 20, Bij(1) 20, ci(t + 5) = ci5(t), aij(t + 5) = aij(t),
Bis(t+5) = Bi (1), 7;(E+ ) = sz( ), Lit+5) =—1i(t),4,5=1,2,...,n
(A2) a; € C(T x R,R"), a;(t + ¢, —u) = a;(t,u), and there exist positive con-
stants a,,a; such that 0 < a; < a;(-) <a;, 1 =1,2,...,n
(A3) b; € C(T x R,RT) are delta differentiable, b;(t,0) = 0, b;(t + 4, —u) =
—b;(t,u) and there exist positive constants g;,d; such that 0 < g; <
abia(z’u) <, forallueR,i=1,2,...,n
(A4) fj,9; € C(TxR,R), fi(t+ %, —u) = fi(t,u), gj(t+%,—u) = g;(t,u), and
there exist My, My, kj, vj (j =1,2,...,n) such that
|f](t7u)|§Mf7 |fj(t7u)_fj(t7v)‘SK]|U’_’U|7
|9;(t, u)| < My, lgj (¢, u) — g;(t,v)| < vjlu—vl.
(AB) Jir € C(R,R) and there exist positive constants p;, such that
| ik (u) — Jir (V)] < piru — v, forall w,veR, keN, i=1,2....n

The organization of this paper is as follows. In Section 2, we introduce some
definitions and lemmas. In Section 3, by using coincidence degree, we establish
sufficient conditions for the existence of the anti-periodic solutions of system
(1.1). In Section 4, by constructing Lyapunov functional, we shall derive suffi-
cient conditions for the global exponential stability of anti-periodic solutions of
system (1.1). An example is given to demonstrate the effectiveness of our results
in Section 5. Conclusions are drawn in Section 6.
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2. Preliminaries

In this section, we shall first recall some basic definitions, lemmas which are
used in what follows.

Let T be a nonempty closed subset (time scale) of R. The forward and
backward jump operators o, p: T — T and the graininess p: T — RT are defined,
respectively, by

o(t)=inf{s € T: s> t}, p(t) =sup{s e T: s <t}, pu(t) =o(t) —t.

A point ¢t € T is called left-dense if ¢ > inf T and p(t) = ¢, left-scattered if
p(t) < t, right-dense if t < sup T and o(t) = ¢, and right-scattered if o(t) > t. If
T has a left-scattered maximum m, then T* = T \ {m}; otherwise T = T. If T
has a right-scattered minimum m, then Ty = T \ {m}. otherwise Ty = T.

A function f: T — R is right-dense continuous provided it is continuous at
right-dense point in T and its left-side limits exist at left-dense points in T. If f
is continuous at each right-dense point and each left-dense point, then f is said
to be a continuous function on T.

For y: T — R and ¢ € T*, we define the delta derivative of y(t), y*(t), to be
the number (if it exists) with the property that for given € > 0, there exists a
neighborhood U of ¢ such that [[y(c(t)) —y(s)] —y>(t)[o(t) —y(s)]| < g|o(t) — s
for all s € U. If y is continuous, then y is right-dense continuous, and y is delta
differentiable at ¢, then y is continuous at t. Let y be right-dense continuous. If

¢

YA (t) = y(t), then we define the delta integral by [y(s)As =Y (t) —Y(a).

DEeFINITION 2.1. ([30]) If a € T, supT = R, and f is rd-continuous on [0, o),
then we define the improper integral by

/f DAL= lim bf()

provided this limit exists, and we say that the improper integral converges in
this case. If this limit does not exist, then we say that the improper integral
diverges.

DEFINITION 2.2. ([32]) For each t € T, let N be a neighborhood of ¢, then, for
V € Cpg[T x R*,R*). Define DYV (t, 2(t)) to mean that, given ¢ > 0, there
exists a right neighborhood N, C N of t such that
t t))) — t))) — wu(t t,x(t
Vie0:0100) =Vt @) =MD _ prya o v
pu(t, s
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for each s € N, s > t, where p(t,s) = o(t) —s. If ¢t is rd and V(¢,2(t)) is
continuous at ¢, this reduces to

DV3(esf) - V11000 ~ Vitalo()

DEFINITION 2.3. ([I5]) We say that a time scale T is periodic if there exists
p > 0 such that if t € T, then t £p € T. For T # R, the least positive p is called
the period of the time scale. Let T # R be a periodic time scale with periodic p.

We say that the function f: T — R is 3 anti-periodic if there exists a natural

number n such that & =np, f(t+ %) = —f(t) for all t € T and ¢ is the least
number such that f(t + %) = —f(t). If T = R, we say that f is ¢ anti-periodic
if § is is the least positive number such that f(t+ %) = —f(t) for all ¢ € T.

A function r: T — R is called regressive if 1 + pu(t)r(t) # 0, for all ¢ € Tk,

If r is regressive function, then the generalized exponential function e, is
defined by

t
€r<ta S) = exp{ /fu(r)<T(T))AT}v s,t €T,
with the cylinder transformation
log(1+hz) h 75 0
= b
She) {4 h=0

Let p,q: T — R be two regressive functions, we define

_
L+ pp

LEMMA 2.1. ([I7]) Let p, q be regressive functions on T. Then
(i) eo(t,s) =1 and ep(t,t) =1;
ep(a(t),s) = (14 pt)p(t))ep(t, s);
)

pDq:=p+q+ upg; PO q:=p®d(Sq); op:

LEMMA 2.2. ([I6]) Assume that f,g: T — R are delta differentiable at t € T,
then

(f9)2(8) = f2()g(t) + Fa()g™ (1) = f(H)g™ (1) + 2 (Dg(o(D)).
LeEMMA 2.3. ([I7]) Let t1,t2 € [0,w]r, if x: T — R is w-periodic, then

x(t) < z(t;) + / \xA(s)|As, x(t) > z(t2) — / |:UA(S)\A8.
0 0
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LEMMA 2.4. ([14]) Let a,b € T, for rd-continuous functions f,g: [a,blr — R,

we have
b b 12 , b
[1swligoia < ( / f(t)I2At> ( / |g<t>|2At)

LEMMA 2.5. ([31]) Let f be continuous on [a.bly and delta differentiable on
[a,b), then there exist £, € [a,b)r such that f2(&)(b—a) < f(b) — f(a) <
FAQ)(b—a).

LEMMA 2.6. ([18]) Suppose x and y are two states of system (1.1), then we have

t)g;(x /\ ij(t)g;(y)| < Z |lvij (D)9 (z) — g5 (y)l,

1/2

and .
t)g;(x \/ Bii(0)g; ()| <18 (1)l]g;(x) — g; (w)]-
j=1
DEFINITION 2.4. The anti-periodic solution z*(t) = (z%(t), x3(t),..., x5 (1))

>
of system (1.1) with initial value ©*(t) = (7 (t), p3(t),..., @5 (t))" is said to be
globally exponentially stable if there exists a positive constant M = M (n) > 1
and € > 0 such that, for every n € T,

ls(8) = 27|l < Meec(t,n)]le — 7.

where [l —2*|| = sup  max |¢;(n) —z}(n)|-
ne(—r,0lt 1<i<n

)T

3. Existence of anti-periodic solution

In this section, based on Mawhin’s continuation theorem, we shall study the
existence of at least one anti-periodic solution of (1.1). To do so, the following
fixed point theorem of coincidence degree is crucial in the arguments of our main
results.

LeEmMA 3.1. ([33]) Let X,Y be two Banach space, @ C X be open bounded and
symmetric with 0 € Q. Suppose that L: DomL C X — Y is a linear Fredholm
operator of index zero with Dom L N Q # ¢ and N: Q — Y is L-compact.
Furthermore suppose that

Lz — Nx # AN(—Lx — N(—x)), for each A€ (0,1], x € 90QNDom L.
Then the equation Lr = Nx has at least one solution in Dom L N, where € is

the closure to 2, 0S) is the boundary of €.
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THEOREM 3.1. Under condition (A1)—(A5), and suppose further E = (€;j)nxn
> 0, where
eij = a;0,w(1 —a;0,w) — (1 + a;0w) Zpik
n
(1+ a,0;w Z cij My + o My + ﬁing)aiw.
Jj=1
Then system (1.1) has at least one & anti-periodic solution * = (x}, 25, ..., x})".

Proof. Let
C™([0,wst1, .. tgstgrts-- -, taglT, R")
= {z: [0,w]r = R" | 2™ (t) is piecewise continuous map with
first-class discontinuous points in [0,w]r N {ty : k € N}

and at each discontinuous point it is continuous on the left},
m =0,1.

Take
X = {x € C™([0,wits, .. tgrtgits - taglt, R™) :

2(t+2) = —a(t), t €0, ;}T},

and Y = X x R"*9. with the norm defined by ||z|x = )_ ||, where |z;| =
i=1

%aﬁ lz:(8)|, llylly = llzllx + [|2]|, where z € X, z € R"*4, || - || is any norm of
te|0,w|r
R™*4 then X, Y are Banach space.

Set

L: DomLNX =Y, z~ (22, Az(th),..., Ax(t,)), and N: XY,
where
Dom L = {w € CHO,w;t1, ... taglr : m(t+ ‘;) =—x(t), te [O “}T}

A1<I) Al’l(tl) AJZl(tQ)

A (x) Azn(t) A (ts)
Az (tq)

Am; (tq)
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cij(t) f5(t, 5 (t — 75(t))) 2 (1)

I

<
Il
-

Az(t) = —ai(t, xz(t)) |:bl (t, .’El(t)) -

ij(t)g;(t, z(t — 7i;(t)))w; (1)

|
=

1

<.
Il

|

Bus (£)5 (125 (¢ — 735 (£)))25(8) — fi<t>] ,

<
Il
—

fori=1,2,...,n. It is easy to see that Ker L = {0},
ImL:{z:(f,cl,...,cq) eY: ff(s)As:O} =Y.
0

Thus dim Ker L = codimIm L = 0. So, Im L is closed in Y, L is a Fredholm
mapping of index zero. Define the project operators P and @ as

Px = /x(t)At =0, zeX,
0

Qz=Q(f.C1,...,Cy) = <i/f(s)As,0,...,0,0>, zeY
0

Obviously, P and @) are continuous projectors and satisfy
ImP =KerL, ImL =Ker@ =Im(I — Q).

Denoting by Llj 1= L|pom Lnker p and generalized inverse K, = L;l

¢
/f JAs+ > Cr — /f )As — ch
0 t>tg
in which Cyy; = —C;, 1 < ¢ < ¢. Similar to [19], it is not difficult to show
that QN (Q), Kp(I — Q)N () are relatively compact for any open bounded set
Q C X. Therefore, N is L-compact on €2 for any open bounded set 2 C X.
Now, we only need to search for an appropriate open bounded subset €2 for the

application of Lemma 3.1. Corresponding to the operator equation Lx — Nx =
M—Lz — N(—x)), A € (0, 1], we have

1 A
A +
A(t) = St ) — J(t—z), teTt, t#£t,, k
x(t) 1+/\G(1:) 1+/\G( x) € %ty eN
1 .
Az(xi(tk)) = 14 )\Jik(xi(tk)) — 14 )\Jik(—xi(tk)); 1= 1,2, oo, n.

(3.1)
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where

\E

Gi(t,z) = —a;(t, zi(t)) {bi(taxi(t)) = D) fi(t w(t —7i5(t)))z; ()

<.
Il
-

|
=

ij(t)g;(t, z(t — 7i;(t))); (1)

<.
Il
—

|
<=

Bij(t)g;(t, 2t — 7i5(t)))z;(t) — Li(?t)

1

<.
Il

me—x)z—ﬂxa—wxw){ (t, —aq(t §jcw )fi(t, = (t — 7i5(t))) (—2;5(t))
—Am]% it — 735 (1)) (—2;5(t))
—VBU )g; (t, —;(t — 735())) (—25(t)) — Li(t)

Suppose that z = (21, 29,...,7,)T is a solution of system (3.1) for a certain

A€ (0,1), set tg =t5 =0, tag11 = w, together with (A2)—(A4), Lemma 2.4, we
get

w

2q+1
/xf )| At = /|x |At+Z|Jm zi(tr))
k= 1t+

0

o1 A
< . —_ . —_
< /‘1+>\Gl(t,x) 1+>\Gz(t, x)
0
2q

2
k=1

n n
<a; [5i\/w||$i||2 + ) i Mpvwlzjlla + \ o Mgv/wla;]l2

=1 =1

Ly Jaa) = T

n 2q 2q
+\/ By MgV +WI1'] + ) piklzilo + Y |Tik(0)] (3.2)
=1 k=1 k=1
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Integrating (3.1) from 0 to w, and applying (A2)—(A4), we obtain

/w [1iAai(t,xi(t))bi(t,xi(t)) _ 1iAai(t, ()it —xl—(t))] At‘
=jwmmmwmm4
:
SN L) S e
) &
- liA/wai(ta —wz(t))]ilczj(t)fj(t, zi(t —7ij(1))(—x; (1)) At
+ 1Jlr \ /“’ az‘(taﬂl/'z(lt))j/j\1 i (t)g;(t, @ (t —7i5(t)))x, (t) At
- 1iA/wai(t, x;(t)) /n\ozij(t)gj(t, xj(t —7i5(t)))(—z;(t)) At
J A
+Jﬁmemi%mw@@nmmmm
—liA]m@,m@»gy%w%m (1= 7 (1)) (=, () A
+ li)\ /wai(t,xz(t))lz(t)At— 1i>\/wai(t xi (1) (¢) At
1+>\iJ,kxztk ,\Z‘Im —;(tr))

942%%%%&+A%%%W&+V%%wmm+m

j=1 j=1 j=1
2q 2q

+ 3 pinlril + ) [k (0)
k=1 k=1
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Applying Lemma 2.4 and (A3), we have

‘/altx, ()AL
0

n

a;
< 0i |:ZCUMf\/w”‘TJ”2 + /\ i Mgvw||zjlla + wl; + \/ Bi; My \/W||$J||2]

Jj=1 j=1 j=1
1 1 &
+ 0 palul D (0] (3.3)
Qi Qi
For any ti,t5 € [0,w]r, i = 1,2,...,n, applying Lemma 2.3, we have

Q; (t, ZT; (t)).’El (t)At

St~ " T—¢

< [ ailt, 2 () (£ At + ] ai(t,xi(t))< ] xf(s)ms)m (3.4)
and 0 0
/w ai(t, z:(£))zs (£ At
0
> /wai(t,:ri(t))xi(tg)At—/wai(t,xi(t))</wxiA(s)|As>At (3.5)

Dividing by [ a;(z;(t))At on both sides of (3.4) and (3.5), respectively, we obtain
0

Ofal(xi(t))At 0
(3.6)
and
1 w w
xi(ty) < ai(z;(t)zi()At+ | |z2(s)|As,  for i=1,2,...,n
Ofaz@i(t))At O/ 0/
(3.7)
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Let ¢;,t; € [0,w]r such that x;(t;) = max z;(t), z;(¢;) = min z;(¢), from
tE[O,w}T tE[O,w}T
(3.6) and (3.7), we have

() > i t)At Als)|A
w(t) = = 1| fawommar - [l e
0 0

n
> [Z%mwmm+A%Mwmm
QW L5 j=1
n 1 2q 1 2q
|2+ 1; w} ik|Ti| + Jir (0
\:/ V| ill2 i igiw;m | aiin;| i(0)
n n
—a; [5i\/w||$i||2 + ) eiiMpvwlzjlla + N o Mgv/wla;ll2
j=1 j=1

+V%MWMMH4+ZM%HZMk

j=1

and

1 w w
xi(t;) aw’/az At‘ /:riA(s)|As
0 0

[Zhwmmmm+Ammemm

a; 0w
W L5 j=1

IN

IN

n 2q
1
M . I E s
+j\_/1 Bz] g\/W”x]”Z + zw} + 0,00 &~ piklwi| + a

2q
1
2 l0)
Qi3

n n
+ a; [5i\/w||$i||2 + ) eiiMpvwlzjlla + N o Mgvwla;llz

Jj=1 Jj=1

n 2q 2q
VBl + To| + 3 pales] + 3 10
j=1 k=1 k=1

%

Therefore, we can obtain that

‘/az (z:(t)) i (t At‘ /:r s)|As
a;w

a&[kamvw%m+Amﬂ4wm%m+vﬁ¢w¢w%m+hw

IN

|4

IN
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2q
szk|xz‘ + 01w Z ‘Jlk(o)
k=1

an ;0

+ a; [5i\/w||xi||2 + ZcijMf\/w||xj”2 + /\ Oéing\/wajHQ

Jj=1 Jj=1

n 2q 2q
+\/ By Myvellzlls + Iiw} £ el + 3 1 (0) (3.8)
j=1 k=1 k=1

In addition, we have

w 1/2
lzill2 = (/xi(5)2AS> < Vw max |2:(t)] = Vwlzilo (3.9)

t ,w|T
0

It follows from (3.8) and (3.9) that

n

n n
a;0iw|xi|o < a; [ZcijMmejo + /\ a;jMgwlxjlo + \/ BiiMywlxjlo + Liw
j=1 j=1 j=1

2q 2q
+ > pilzil + Y Tk (0)
k=1 k=1

n n
+ a;0iw |:ai5iwxi|0 +a; Z cijMywlx;o + /\ a;o i Myw|zilo
j=1 j=1

2q 2q
+ \/ a;By; Mgw|jlo + ailiw + Y pirlas| + Y | Jik(0 ]

j=1 k=1 k=1
n n n
< a; [Z ciyMpwla;lo + ) aigMgwlzlo + Y By Mowlz;lo + Iiw]
j=1 j=1 j=1

2q 2q
+ > pinlril + ) ik (0)
k=1 k=1

n n
+ a;0iw |:ai5iwxi|0 +a; Z cijMywlx;o + Zaiaingwmj\o

j=1 j=1
n 2q 2q
+ Z aiﬂingw‘xﬂo + ail;w + Z Pz’kz‘xi‘ + Z Jik(o)]
j=1 k=1 k=1
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That is
2q
a;0.w(l — a;0;w) — (1 + a;0;w) Z pik} |zilo — (1 + a;0w)
k=1
XZ cijMy + aijjMy + B;; Mg)awlxjlo < Y (3.10)
j=1
where

Ti=(1+a;0w <ij )|+ a; lw) i=1,2,....n.

Denote |z| = (|1, |z2],. .., |za|)T and T = (T1,Yo,...,Ty)T, then (3.10) can
be written in the matrix form
Elz| <7,

From the conditions of Theorem 3.1, E = (€;;)nxn > 0, so

2| < E7'Y := (Dy, Do, ..., D,)". (3.11)

n
Let D = Y~ D;+1, D is independent of A\. Then take Q = {z € X: |z[|x < D}.
i=1
Obviously 2 satisfies all the requirement in Lemma 3.1 and the condition (a) is
satisfied. Then system (1.1) has at least 4 -anti-periodic solution. This completes

the proof. O

4. Global exponential stability of anti-periodic solutions

Suppose that 2*(¢) = (2} (t), 23(¢), ...,z (¢))" is an ¢-anti-periodic solution
of system (1.1) with the initial conditions z;(s) = ¢} (s),s € (—o0,0]r, i =
1,2,...,n. We will construct some suitable Lyapunov functions to prove the

global exponential stability of this anti-periodic solution.

THEOREM 4.1. Assume that all conditions of Theorem 3.1 are satisfied, suppose
further that

(A6) The impulsive operators Jip(x;(tr)) = —vir(zi(tr)), xi(ty ) = zi(tr), 0 <
Yok < 2,1=1,2,...,n, k€ N.

(AT) There exist positive constants l; such that

la;(t,u) —a;(t,v)| <ljlu— vl wveER, i,7=1,2,...,n
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(A8) There exist & >0 (i =1,2,...,n) such that
0; = (il — a;01)6 + a; Y (e My + iy My + B;; My)&;
j=1
+ a; Z(CijDOHj + o Dovy + ﬁijDol/j)fj <0
j=1

where Dy = max D;.
1<i<n

Then the ¢ -anti-periodic solution of (1.1) is globally exponentially stable.

Proof. According to Theorem 3.1, we know that system (1.1) has an §-anti-

periodic solution z*(t) = (2} (t), 25(t), ..., 2% (t))T with the initial value p*(t) =
(@i (1), @5(t), - - @n ()" and |z;fo < Do.

Let 2(t) = (x1(t), 22(t), ..., 2,(t))T be an arbitrary solution of system (1.1)
with initial value ¢(t) = (¢1(t), a(t), ..., n(t))T. Set y(t) = x(t) — x*(¢), then
from (1.1), we have

yi(t) = — las(t, zi(t))bs

+ [ai(t, x;(t))

toai(t)) — ai(t, 7 (8))bi(t, 27 (1))]

M= =

cij () f(t, 2 (t — 735(t)))

1

%mﬁm@@—mmﬂ

<.
Il

NE

— a;(t, 27 (1))

<.

T>=s L

[y

+wam» i3 (1) g5 (6,25t — 75()))

i (t)g; (L, x5 (t — n]—(t)))} (4.1)

=.

<
Il
-

—ai(t, =7 (1))

<=

+Pﬁww» By ()95t 25 (¢ — 735(8)))

1

%w%w@a—mmﬂ

=

Il
-

—ai(t, =7 (1))
+ lai(t, zi(t) — ai(t, 27 ()] 2i(t), T F#

Ayi(te) = — viryi(te), 1=1,2,...,n

Also Jyi(tk +0)[ = [1 = varllyi(te)| < lya(tr)l, i =1,2,...,n, k €N,
The initial conditions of (4.1) is ¢i(s) = wi(s) — zi(s),s € [-7,0]t, i =
1,2,...,n.
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If (A8) holds, it can always find a small enough constant ¢ > 0, satisfying for
allt € T, 1 — u(t)e > 0, such that

n

(e + lidi — a;00)6 + ai Y _(ciyMy + iy My + B, M),

)
n J

+a; Y _(cijDok; + iy Dovs + By Dovyec(t,t — i (1))6; <0 (4.2)
j=1
Consider a Lyapunov function
V(1) = (Vi(t), Va(t), ..., Va(1)"

where V;(t) = eE(tan)|yl(t)|7 ne [_7-7 O]Ta i = 17 27 <o
Fort € T, t # ty, k € N, calculating the upper right derivative of V;(t) along
the solution of system (4.1), we have

DV (1)

= elyi(Ble-(t,m) + e<(o (t), m) sign{ ~lai (t, () bi(t, 7:(1))

= as(t, @ (O)bilt, 27 ()] + @t mi(8) Y iy (05 (1 (¢ = 735(1)

Jj=1

cij(8) f(t, x5 (t = 7i; (1))

M=

—ai(t, 77 (1))

[—)

.

> 1

+ [ait 2a®) N\ ais (0g; (s (t = 75(0)))

1

= ai(t, @i (0) N\ aii(Dgi(t, 25t = 7i5(0)]

==

<.

<:l

+ atai() \/ B ()5 (825t = 735(0))

1

= as(t, @1 (8) \/ By (D5t 2} (¢ = 7))

s

Il
=

J

+ [as(t 2:(1)) - ailt, 2} (1) xi<t>}

<1+ M(t)€){(€ + il — a;0)Vi(t) + a; Z cijMy + oMy + B;;Mg)Vi(t)
+ai 3 (ei Dok + iz Dov; + By Dovy)ec(tt = 1y (1) V3 (1) | (4.3)
j=1

134



ANTI-PERIODIC SOLUTIONS FOR IMPULSIVE FUZZY C-G NEURAL NETWORKS

Define the curve F = {w(h) cow; = &h, h >0, i = 1,2,...,n} and set
Q(w):{u: 0<u<uw, wEF},Si(w)z{UEQ(w): u; = wj, Ogugw}.
Clearly, if h = h, then Q(w(h)) C Q(w(h)).

We shall prove that the zero solution of (4.1) is globally exponentially stable.

— . — ; . — _ . < ;

Let & = max {&}, ¢ = min {&}, ho = (1= n)l@ilo/¢, where n < 0is a

constant, |¢;lo = o [6i(n)]. Then {|[V] : [V] = ec(t,n)l¢i(n)], —7 <
—T,UiT

t <n <0} C Qwlho)), that is [Vi(n)| = e=(t,n)|¢i(n)] < &ho, —7 <0 <0,

i=1,2,...,n.

We claim that |V;(t)] < &hg, for t € TT, 4 = 1,2,...,n. If it is not true,
then there exist some i € {1,2,...,n} and t* € TT such that |[V;(t*)| = &ho,
DYVi(t*)® > 0 and |V;(t)| < &ho for t € [—7,t*]1, i = 1,2,...,n. However,
from (4.2) and (4.3), we have

DHV;(t)|*
<1+ H(t)€){(€ 1l — a;00)8 + ai y_(cij My + i My + B, My)&;
j=1
+ a; Z(CijDOK/]‘ + OéijDUI/j + Bi]—D()Vj)eg(t,t — Tij(t))fj}ho <0,
j=1

teTt, t#ty, keEN

This is a contradiction, so |V;(t)| < &ho, fort € TT, t #tp, k€N, i =1,2,... n.
Also

Vi(te +0) = ec(ti + 0,m)|yi(tx + 0)] < ec(tr, n)lyi(tr)| = Vi(te), keN.
Then
yi(t)] < epe(t,m)Eho = eoe(t,mE(L —n)l¢ulo/E,  teTH, i=12....n
Which means that
lz =2 ()] = lyll < Meoe(t,n)llp — 2™,  teT™.

where M = M(n) = 5(1g") > 1. From Definition 2.4, the % -anti-periodic

solution z*(t) of system (1.1) is globally exponentially stable. This completes
the proof. 0

135



Q. ZHANG — L. YANG — J. LIU

5. An example

Example 1. Consider the following impulsive Cohen-Grossberg fuzzy neural net-
works with time-varying delays

x$<t>=—ai<t,xi<t>>[ (1t Zcm )15t 5t — i (1)) (1)
/\ )g;(w;(t,t —7i;(t)))z;(t)
- Vo

)05t 2t — 735(8)) )5 (8) — Ii<t>], teTt

Axi(tk)) = — 0.00Bxi(tk), t= tk, 1= 1, 2, k= 1, 2
(5.1)
where a;(t,u) = 3.0+0.2sin|ul, as(t,u) = 2.9+0.1sin |ul, by (t,u) = ba(t,u) = u,

fi(t,u) = 5| sinul, g;j(t,u) = 5| cosu| (j =1,2).
')

0.07| sin(87t
(Cij)axa = ( | sin(8m

~—

| 0.09| cos(8t

~—

0.08| cos(87t)| 0.06] sin(8xt)]
(i3 )ans = 0.12] cos(8xt)| 0.11|sin(87t)]
@ij)2x2 =\ ,09| sin(8t)| 0.08] cos(87t)]

_(0.04]sin(87t)| 0.05| cos(8xt)] _ ([ 0.5sin(87t)
(Bij)axz = <0.07|cos(87rt)| 0.06] sin(87t))| ) (i)2x1 = <0.7cos(87rt)>
then, we have a1 = 3.2, a; =28, ap =3, a, =28, My = My =k, =v; = |,
(]—1 2) C11 —007 022—006 012—009 021—008 0511—012 0522—008
a1z = 0.11, agy = 0.09, 517 = 0.04, By5 = 0.06, 5,5 = 0.05, 54; = 0.07, I1 = 0.5,
I>=0.7, pir = 0.003(i,k =1,2), 0, =0; =1 (i = 1,2).
Computing by MATLAB, we have

E— 0.1142 0.1128 T 0.6902 D;\ ([ 1.2365
1 0.1495 0.1520 /)~ 1 0.9027 ) Dy ) 7\ 0.1952

So Dy = 1.2365, take I; = 0.2, I, = 0.1, & = 1 (i = 1,2). Then ©; = —0.7239
< 0,0, =—0.8774 < 0.

Now, we can see that conditions (A1)—(A8) hold. By Theorem 3.1 and The-
orem 4.1, system (1.1) has a é—anti—periodie solution which is globally exponen-
tially stable.
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6. Conclusion

In this paper, we have studied the existence, globally exponential stability
of the anti-periodic solution for impulsive fuzzy Cohen-Grossberg neural net-
works with time delays. Some sufficient conditions set up here are easily verified
and these conditions are correlated with parameters of the system (1.1). The
obtained criteria can be applied to design globally exponential stable of anti-
periodic fuzzy Cohen-Grossberg neural networks.

Acknowledgement. The authors would like to thank the editor and anony-
mous reviewers for their helpful comments and valuable suggestions, which have
greatly improved the quality of this paper.
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