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PERSISTENCE OF PERIODIC ORBITS
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ABSTRACT. This paper is devoted to the study of persistence of forced periodic
solutions for impact systems from single periodic solutions of unperturbed impact
equations. An example of planar discontinuous ordinary differential equations is
given to illustrate the theory.
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1. Introduction

Consider a motion of a single particle in one spatial dimension described by
the position z(¢) and the velocity @(¢). We suppose that it is moving under
a linear spring, it is weakly damped and forced. So its position satisfies the
ordinary differential equation

Z+e(i+x=cepcoswt if z(t) <o, (1.1)

where €( measures the viscous damping, ey is the magnitude of forcing, ¢ is a
small parameter, and we suppose that the motion is free to move in the region
x < o for o > 0, until some time t = tg at which x = o where there is an impact
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with a rigid obstacle. Then, at ¢ = ¢, we suppose that (x(t; ), Z(¢, )) is mapped
in zero time via an impact law to

() =alty)  and  a(t]) = —(1+er)ilty),

where z(t*) = lim x(s), #(t*) = lim 2(s) and 0 < 1 +er < 1 is the Newton
s—tE s—tE

coefficient of restriction [4]. Another well-known piecewise linear impact system

is a weakly damped and forced inverted pendulum given by equations [15]

¥ +4eCt —x =¢epcoswt it |z(t)| < o,

(M) =2(t7) and  @(tT)=-(1+er)i(t”) if [2(t7)] =0 (1-2)

We can study coupled (L) and (L2]) to get higher dimensional impact system.
So a system for weakly forced impact oscillator consists of an ordinary differential
equation

jé:fl(x,j:)+sgl(x,3'c,t,s,u) (13)

and an impact condition
a(t7) = fo(@(t7)) +ega(a(t™), &(t7),tie, ) i h(a(t7))=0. (14
The above equation rewritten as an evolution system has a form
T1 = o
To = fi(z1,22) +eg1(z1, 22, ¢, €, 1),
2a(t) = fo(w2(t7)) +ega(@i(t7), 22(t7), t,e,n)  if h(z1(t7)) = 0.

In this paper, we shall investigate a more general case (see (2.1 and (2.2))).

The simplest type of motion of impact oscillators is a periodic orbit. For
e =0, (LI) and (2] possess impact periodic orbits. A natural question arises
under which conditions on ¢ and p those periodic orbits persist for € # 0 small.
A mathematical theory of continuation/persistence of periodic orbits is well
developed for smooth nonlinear dynamical systems (NDS). We refer the reader to
books [68TT] for more references. On the other hand, recently many interesting
results appeared on developing of an analogical theory for perturbed piecewise-
smooth NDS [13,4115,18] and mechanical systems with impact conditions [4L[5]
710,15, 1719-23]. Again we refer the reader for more applications and details
to these works.
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On the other hand, recently we have completed in series of papers [12H14]
our study on persistence of periodic solutions for discontinuous NDS in any fi-
nite dimensional spaces for transverse cases when periodic orbits of unperturbed
systems transversally crossed discontinuity levels. In addition, asymptotic prop-
erties as stability, instability and hyperbolicity of persisted periodic orbits have
been also studied. In all these papers, we determined persistence conditions in
terms of Poincaré- Andronov-Melnikov functions.

In this paper, we investigate the impact case by deriving impact Poincaré-
Andronov-Melnikov function for establishing persistence of impact periodic so-
lutions. Motivated by examples (LI)) and (L2)), an illustrative planar discontin-
uous system is presented as well. We finish this paper by hinting further results
on persistence of impact periodic solutions which could be done by combining
this paper with our former ones [12HI4]. We emphasize that persistence of im-
pact periodic solutions in such general settings like in this paper have been not
yet done in previous works, since we have no restriction on dimensions of spatial
variables and parameters.

2. Preliminaries

Let  C R™ be an open set in R™ and h(x) be a C"-function on 2, with
r>3. Weset Q= {z € Q| h(z) =0}, Q1 = NQ. Let f1 € C;(Q),
fa € Ci(Q0,), g1 € CL(QAXxRXR X RP), go € CF(Q x R xR x RP) and
h € Cy(2,R), i.e., the derivatives of fi 2, g1,2 and h are uniformly continuous
and bounded up to the rth order, respectively. Furthermore, we suppose that
g1,2 are T-periodic in ¢ € R and 0 is a regular value of h. Let ¢,a € R and

1 € RP p > 1 be parameters. We shall use the notation (-,-) and || - || for inner
product in R™ and norm generated by it, respectively, and [v1,...,v;] for the
linear span of vectors vy, ..., vk.

We say that a function z(t) is a solution of an impact system
T = f1(z) +eq(z,t, e, pn), x €y, (2.1)
a(tt) = fo(z(t7)) +ega(z(t™) tie,p)  if h(z(t7)) =0,  (2:2)

if it is piecewise Cl-smooth satisfying equation (ZI)) on 4, equation ([Z.2)) on
o and, moreover, the following holds: if for some ¢y, we have x(ty) € o, then
there exists p > 0 such that for any ¢t € (to — p, o), s € (to,to + p) we have
h(z(t))h(z(s)) > 0.
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3. Poincaré-Andronov-Melnikov function

In this section we investigate the persistence of a single T-periodic orbit of
autonomous system with impact under nonautonomous perturbation and derive
a sufficient condition. A modelling problem is given by (ZI)-(22)) for which we
assume

H1) The unperturbed equation
= fi1(x) (3.1)

has a T-periodic orbit v(¢) which is discontinuous at t = t; € (0,7) where
it satisfies impact condition

2(tt) = fola(t™))  if R(z(t7)) =0 (3.2)

The orbit is given by its initial point xy € €21 and consists of two branches

71(t) if te0,t1),
Y(t) = {z1, 22} if t =tq, (3.3)
Y2(t) if te(t,T],

where 0 < t1 < T, y(t) € Q for t € [0,£1) U (t1,T], v(t1) C Qo and
zy = m(ty) € Qo,
T2 := 72 (t]) € Qo, (3.4)
2o :=72(T) = 1(0) € 1.
H2) Moreover, we also assume that
Dh(x1) f1(x1)Dh(x2) f1(x2) < 0.

The geometric meaning of assumption H2) is that the impact periodic solution
~(t) from H1) transversally hits and leaves the impact surface 0y at t; and ¢,
respectively.

Next, since impact system (BI)—(3.2) is autonomous, (¢t — «) is also its
solution for any a € R. So we are looking for a forced T-periodic solution z(t)
of the perturbed impact system (ZI)—(22]) which is orbitally close to 7, i.e.,
x(t) ~ v(t — a) for some « depending on ¢ # 0 small. For this reason, by
shifting the time, we study a shifted ([2I)—(22) of the form

= fi(zx) +eq(z,t+ a,e,p), x € Qy, (3.5)
a(tt) = fo(z(t7)) +ega(z(t™),t +a,e,pn) i R(z(t7)) =0 (3.6)

with additional parameter o € R.
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Let z(7,€)(t,¢, p, &) denote the solution of initial value problem
&= fi(z)+egi(z,t +a,e,pn)
(1) =&
First, we modify our result from [12] for impact system (B.3]), (B.6]).

(3.7)

LEMMA 3.1. Assume H1) and H2). Then there exist eg,r79 > 0 and a Poincaré
mapping (cf. Fig. )
P('vaﬂva): B(x(]er) — X

for all fized ¢ € (—e0,€0), 1 € RP, a € R, where B(x,r) is a ball in R™ with
center at x and radius v, and

Y= {Z/ e R" | (y — w0, fi(w0)) = 0}~
Moreover, P: B(xg,r9) X (—€g,e0) XRP xR — R"™ is C"-smooth in all arguments

and B(zg,r0) C 1.

Proof. The lemma follows from Implicit Function Theorem [9]. We obtain the
existence of positive constants 71, r1, d1, €1 and C"-function

such that h(x(7,&)(t,e,u,a)) = 0 for 7 € (—71,71), &€ € B(xg,r1) C Q, € €

(—e1,e1), n ERP,a e Rand t € (t1—01,t1+91) if and only if t = ¢1(7, &, &, p, ).

Moreover, t1(0, zg, 0, p, @) = t;.

Analogically, we derive function ¢, satisfying
(x(tr (7, & e,y ), fola(r, &) (b1 (T, & 6, py ) €, 1, @)
+eg2(a(r, ) (L (7. &, 8 1y ) €, 1, ) 14 (T, 6,6, py ) + v, €, 1))
(t2(7, &6, 11, @), €, 1, @) — w0, f1(20)) = 0.

Moreover, we have t2(0, 2o, 0, u, «) = T. Poincaré mapping is then defined as

P(& e, p,0) = (t1(0,&, &, 11, @), fo(2(0,€)(81(0, &, €, 1, ), &, 1, v))
+eg2(2(0,6)(t1(0,&, 6, p, @), €, 1, @), £1(0, €, €, 1, @) + v, €, 1))
(t2(0,&, e, @), €, i, ). (3.8)

The proof is finished. O

Since we are looking for persisting periodic orbit with fixed period T', we have
to solve a couple of equations

P(f,g,u, Oé) = 67
tQ(ngagnua Oé) =T
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O

Fi1GURE 1. Impact Poincaré mapping

Therefore, we define so-called stroboscopic Poincaré mapping (cf. [4.12])
P(¢ e, )
=2 (t1(0,€, ¢, 1, 0), fo(2(0,)(11(0, &, 2,1, 0), 2, 1, @) (3.9)
+eg2(x(0,8)(t1(0,&, &, py ), €,y ), £1(0, €, &, py ) + vy €, u))(T, STNY
and solve a single equation
F(& e, pa) =6 — P& e, p,a)=0 for £€X. (3.10)

Now, we calculate the linearization of P at (€,e) = (0, 0) analogically to [12].
We obtain the next result.

LEMMA 3.2. Let ﬁ({,s,,u, a) be defined by BA). Then for all p € RP, o € R

Pe (0,0, 11, ) = A(0), (3.11)
P .’Eo,o o, & /A 8+Oé 0 M)dS+X2( )92(x17t1 +Oé,0,/1,),
0
(3.12)

where ]55, ]—7’,5 are partial derivatives ofﬁ with respect to &, €, respectively. Here
A(t) is given by

) = {XQ(T)S)El (t1) X7 () z:f te0t), (313)
Xo(T) X5 () if t € [t1,T)
with impact saltation matrix
S=Dfyley) + (f1(z2) = D fa(21) f1(z1))Dh(21) (3.14)

Dh(z1) f1(w1)
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and fundamental matriz solutions X1 (t), Xa(t) satisfying, respectively,

X1(t) = Df1(v(1) X1 (2) Xo(t) = Dfi((1) Xa(t)

(3.15)
X1(0) =1, X(ty) =1L

In addition, ﬁg(xO,O,u, a) has an eigenvalue 1 with corresponding eigenvector
f1<I0), i.e., _
Pf(xoﬂ 07 Hy Oé)fl(x(]) = fl(xO)-

Proof. The statement on the derivatives of P follows from its definition with
the aid of the following identities

D¢ (0, z0)(t, 0, p, o) = X1(t),

DE‘T(vaO t O M, & /X1 ( (S),S+OZ,O,M) ds
for t € [0,t1],
Dfx(tlaIZ)(tvonua a) = X2<t)a

Drx(ty, z2)(t, 0, p, o) = —Xa(t) f1(22),
t

Des(tr, 22)(t,0,1,0) = [ XaX; (9a((5)ys + .0, p) ds

for t € [t1,7] and /
Dgt1 (O, x0,0, 11, a) _ _Dh(<x1)))fil<(t1))’
h(zq fX1 t1) X7 (8)g1(v(s), s+, 0, ) ds

D.t1(0, 20,0, p, o) = — Dh(z1) f1(x1)

To proceed with the proof, we note € = 0 results x(7,£)(t,0, u, @) = z(7, &) (),
the solution of & = f1(x), x(7) = &, and it is independent of (i, ). Analogically
0 (7,60, p, ) = 01(7,€), t2(7,&,0, ) = t2(7,€), P(§,0,p,0) = P(§) and
P(&,0,p, ) = P().
Now, since for all £ > 0 small, it holds that
(0,71 (8))(¢1(0,71(8))) = (0, 20) (¢ + ¢1(0,71(¢))) = 11 (¢ + £1(0,71(1)))

is an element of Qy and as well of {y(t) | t € R} we have
t+t1(0,71(t)) = t1.
Consequently

2(0,7(8))(t1(0, (1)) = 1.
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Then we obtain

P(y(t)) = 2(t1(0,71(£)), f2(x(0, 71 () (£1(0,71(2)))))(T)
= z(t1(0,71(t)), fa(21))(T)
=x(ty — t,22)(T) = z(t1, 22)(T + t) = 11 ().
Hence
Pe(0, 0, 1, @) (o) = De[P(1(t))] ;s = Di[1(®)] g = f1(o).
The proof is finished. O

We solve equation (3I0) for (§,a) € ¥ x R with parameters e, u using
Lyapunov-Schmidt reduction method [6]. Obviously F(xg,0,p,«) = 0 for all
(1, ) € RP x R. Let us denote

Z:NDﬁF(menua Oé), Y:RDEF(mea,ua a) (316)
the null space and the range of the corresponding operator and
Q:R"—Y, P:R*-Yt (3.17)

orthogonal projections onto Y and Y+, respectively, where Y is the orthogonal
complement to Y in R™. Here we take the third assumption
H3) ND¢F(x0,0, 1, a) = [fi(zo)].
Equation (BI0) is split into couple of equations

QF(fa g, M,y Oé) = Oa
(3.18)
PF(& e, p,a) =0

where the first one can be solved using Implicit Function Theorem, since
QF(x07 Oa H, Oé) =0

and QD¢ F (0,0, i1, @) is an isomorphism from [f1(zo)]* onto Y for all (u, ) €
R? x R. Thus we get the existence of a C"-function £ = &(e, u, «) for € close to
0 and (u, ) € RP x R such that QF(&(e, u, @), e, u, ) = 0 for all such (e, u, @)
and &(0, p, ) = xo. The second equation is so-called persistence equation for
aelR

PF(&(e, p, ), &, 1, ) = 0. (3.19)
Let ¢ € Y+ be arbitrary and fixed. Then we can write
(u, ¥)¥
Pu =
Il
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and persistence equation ([3.19) has the form

F(f(&‘, 122 Oé), €, [, Oé), 7/1>7/J
1912

Clearly G(0, u, ) = 0 for all (u, ) € RP x R. Moreover, we want the periodic

Ge, p,a) := < =0. (3.20)

orbit to persist, so we need to solve G(g, u, ) = 0 for € # 0 small. But since
G(e, p, ) = D:G(0, p, a)e + o(e), the equality D.G(0, po, ap) = 0 is a necessary
condition for a point (0, g, o) to be a starting persistence value, this means if
there is a sequence { (&, ftn, @n) }nen such that €, # 0, (€n, fin, @n) — (0, o, @)
and G(epn, fin, @) = 0, then D G(0, po, ag) = 0. So we derive

((DeF (20,0, p, @)Dl (0, @) + D F (o, 0, 1, @), 1))
s
<D5F($0,O,/L, Oé)al/JWJ <D€ﬁ<$0507“705)5w>w.

12112 B 1112

D.G(0, u, ) =

We denote

M (a) = / (91 (7(5), 5 + @, 0, 1), A*(s)0) ds + (Xo(T)ga(ar, b1 + a0, 1), )

(3.21)
the impact Poincaré-Andronov-Melnikov function, where
X7 O)XF(4)S* X3(T)  if t €[0,t),
A*(t) _ 1 ) ( ) 1( 1) 2( ) 1 [ 1) (322)
X5 () X5(T) if t e [t1,T].

NOte that DEG(Oa /“L? Oé) - - ]\4||H7/}(|(|12)¢ :

Linearization of unperturbed impact system (B1)—(.2) along T-periodic so-
lution ~y(t) gives the variational equation

@(t) = Df1(v(t))z(t) (3.23)
with impulsive condition
x(t]) = Sx(t]) (3.24)
and periodic condition
B(z(0) —z(T)) =0 (3.25)
where B = ﬁpﬁ; is the orthogonal projection onto Y. From definition of
X1(t), Xa(t),
X(t) = {Xl(t) if te[0,t),
Xo(t)SXq(t1) if t € [t1,T)
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solves variational equation ([3.23) and conditions ([3.24)), (3:25). Now, we recall
a classical result (cf. [I6]) and our result (see [13]).

LEMMA 3.3. Let X (t) be a fundamental matriz solution of equation X =UX.
Then X ~1*(t) is a fundamental matriz solution of adjoint equation Y = -U*Y.

LEMMA 3.4. Let A(t) € C([0,T), L(R™)), B1,B2,B3 € L(R™), 0 <ty <to < T
and h € C := C([0,t1],R™) N C([t1, t2], R") N C([t2, T],R™). Then the nonhomo-
geneous problem

A() +h(?),
Biz(ti—), i=1,2,

T

(ti
Bs((T) — x(0)
has a solution x € Cl:= CH[0,t1], R™) N CL([t1, 2], R™) N CL([t2, T],R™) if and

+)
)

only if f )y dt = 0 for any solution v € C! of the adjoint system given
by
i = —A*( Jo,
v(ti—) = Biv(tit+),  i=12,
o(T) = ( ) € NBj.

On letting By = S, By = I, B3 = B in the last lemma one can see that
the adjoint variational system of (3.I]) and impact condition (3:2)) (i.e., adjoint
system of ([B23)-(325)) is given by the following linear impulsive boundary
value problem

#(t) = =Dfi(v(t)x(t),  t€]0,T],
a(ty) = S*a(t)), (3.26)
z(T) = z(0) € Y.
From (3.22) we know that A*(t)y solves adjoint variational equation with im-

pulsive condition. To see that it satisfies the boundary condition as well, we
consider

0= (DeF (20,0, p, )&, v) = (I = A0))§,¢) = (&, (I - A*(0))¥)
for all € € [f1(wo)]* and if £ € [f1(x0)], from Lemma B2 follows
0= (£~ &) = (([— A0)& ) = (& (I— A™(0))).

As a consequence, we can take in ([3.2]) any solution of the adjoint variational
system (B.:26). Summarizing, we get the main result.
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THEOREM 3.5. Let o) € Y+ be arbitrary and fived, Y be given by [B.106) and
A*(t), M"(«) be defined by [3:22), (B21), respectively. If ag is a simple oot of
function MHo (), i.e.,

T

/(91(7(3)7 5+ 0,0, pg), A" (s)) ds + (Xo(T) g2 (21, t1 + 0,0, p10),10) =0

0
T

[ D11(3(5).5 4 20,0, o), 4° (5)8) ds + (Xa(T)Drgai 1 + 0,0, 1), ) 0
0

then there exists a unique C™~-function a(e, ) for e ~ 0 small and p ~ g such
that (0, o) = ag and there is a unique T-periodic solution x. ,(t) of equation
@) with parameters e # 0 sufficiently small, v close to py and a = ale, ),
which satisfies condition [(Z2) and |zc ,(t) —v(t — ale, 1)) = O(e).

Proof. We set

D.G(0, u, o) for € =0,
H =
(&1 0) {G(e,u,a)/e for e # 0.

Then H is C"!-smooth. Assumptions of our theorem imply H (0, y1g,g) = 0
and D, H (0, o, og) # 0. By Implicit Function Theorem there exists a unique
C"!-function (e, pu) for € ~ 0 small and p ~ g such that (0, o) = ap, and
H(e, p,a(e, 1)) = 0. But this means that x(0,&(e, p, ale, ) (t, &, u, (e, ) is
a solution of [B.0)—-([B.6) with a = a(e, 1) and it satisfies

|20, (e, py e, ) (t, €, s (e, 1)) = ()] = O(e).
Then
e u(t) = 2(0,€(e, p, ale, ) (E = ale, p), &, 1, e, 1))
is the desired solution of (Z1))—([22]). The proof is completed. d

4. Pendulum hitting moving obstacle

Here we provide an application of derived theory to problem of mathematical
pendulum which impacts an oscillating wall (see Fig. 2]). The horizontal distance
between the wall and the center of the pendulum is 6 + ez(t, e, u) where z is
periodic in t and § is a positive constant. We denote = the angle and [ the
length of the massless cord. Then x satisfies the dimensionless equation

&= —wlx

111



M. FECKAN — M. POSPISIL

FIGURE 2. Impacting pendulum

with a given frequency w > 0 and impact condition

() = (i) 4 st e, VI T O H et e )7

whenever
1)
z(t7) — arcsin + =0,

which follows from actual position of the wall and its speed projected onto
tangent line to the trajectory of bob. Writing as a system we get

T = wy
Y = —wx
and
r(tT)=2(")
y(t") = —y(t™) + e2(t", e, ) V- tflz(ti’ & #)°
if
x(t7) — arcsin e2(t™ e ) =0.

To obtain a problem in form of (Z.3]), (8.6) we introduce parameter « and trans-
form the variables

. Otez(t+a,e, ) )
U = x — arcsin +arcsml, v =1.

l
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So we get
ity =we(t) —e T @EN
VI2— (6 +ez(t+a,e,pm))? (4.1)
o(t) = —wu € VP 52 3
with impact condition
u(th) = u(t"),
2 _ - 2
o) = —o(t) 4 o3t oy VO e

if h(u(t™),v(t"))=0
where

h(u,v) = u — arcsin ;-

We add the lower index e to denote the dependence on ¢ in (A1), (£2), i.e.,

&1, [@E2)p shall denote the unperturbed system and the unperturbed impact
5
e
In this case we have Qp = {(u,v) e R? [u =}, ¥ = {(u,0) € R? | u < —a}

and the following lemma describing the unperturbed problem.

condition, respectively. Moreover, we denote @ = arcsin

LEMMA 4.1. System [EI))o, @E2)o possesses a family of periodic orbits y“(t)
parametrized by u < —4 such that

(u coswt, —u sin wt) if t€[0,t1),
’Yu(t) = {(’U,l,?)1), (’U,g,’l)g)} Zf t =1y,
(ucosw(T —t),usinw(T —t)) if t € (t1,T]
where
t1 =  arccos u, (u1,v1) = (ucoswty, —usinwty) = (ﬂ, \/u2 - fﬂ) ,
w U
T:2t1, (’U,g,’Uz):(’U,l,—’Ul): (ﬂ,—\/u2—ﬁ2>.

The fundamental matrices defined by BID) and impact saltation matriz of

BI4) have the form
coswt sinwt —1 0
X1<t)= s XQ(t>:X1<t_t1)v S = _ 2ug —1)

—sinwt coswt
v1

respectively.
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Proof. Due to linearity of (41, taken (u,0) € ¥ as an initial point of v*(¢)
one can easily compute ~vj*(¢) (see B3)). Time of impact ¢; is the first inter-
section point of {7} (t) | ¢ > 0} with Q¢ and is obtained from h(+}(¢;)) = 0.
Consequently, we get (u1,v1) = 7} (¢1) and (ug, v2) = fo(ug,v1) where fo(u,v) =
(u, —v) is the right-hand side of ([£2)y. Analogically to ~j*(t) we get

Y5 (t) = (ug cosw(t — t1) + vasinw(t — t1), —ug sinw(t — t1) + v cosw(t — t1)).
From periodicity of v*(t) we get T as a solution of equation
12(T) = (u,0)
or equivalently of a couple of equations
ugcosw(T —t1) +vesinw(T —t1) =u
—ugsinw(T —t1) + ve cosw(T —t1) = 0.
We have )
T=1t + arccotu2 = 2t;.
w V2
Therefore using trigonometric sum identities
Y5 (t) = (ucosw(T — t), usinw(T — t)).

Matrices X (t), X2(t) and S are obtained directly from their definitions since
T is linear. O

Now we verify the basic assumptions.
LEMMA 4.2. System [@I)o, (E2)o satisfies conditions H1), H2) and H3).

Proof. From construction of v*(¢), H1) is immediately verified. So is H2) since
Dh(uy,v1) fi(u1,v1) = woy >0, Dh(ug, v2) f1(ug,v2) = wve < 0.
From Lemma 1] we get
DeF(u,0,0, 1,0) =T — Xo(T)SXy (1) = (ﬁl 8) -

Hence, it is easy to see, that fi(u,0) = (0, —wu) € Z for Z of ([B.I0). Suppose
that dimZ > 1. Then there exists w € Z such that (w, f1(u,0)) = 0, i.e.,
w = (¢,0). Next

0
D£F(U70;07M7a)w = <2§u1> .

v1

Thus ¢ = 0 and the verification of the last condition is completed. O

114



PERSISTENCE OF PERIODIC ORBITS IN PERIODICALLY FORCED IMPACT SYSTEMS

According to (BI3), by multiplying the corresponding matrices from
Lemma A1l we derive

coswt —sinwt .
( ) if te [O,tl),

2u : 2u 3
A _ Ull coswt + sinwt Ull sin wt + coswit

B (cos (wt — 2 arccos Z) —sin (wt — 2 arccos Z)

sin (wt — 2 arccos Z) cos (wt — 2 arccos Z)

) iftE[tl,T].

Fredholm alternative yields

O 2u1
R(1 = A(0)* = N(I - 4°(0)) =N (O B ) = [(1,0)
thus we take ¢ = (1,0)*.
Let us consider z(t,e,u) = sinput. It is sufficient to assume p > 0 (the case

i < 0 is covered by parameter « € R). Then Poincaré-Andronov-Melnikov
function defined by (3.21]) has the form

MF(a) =

= 2\/[21— 52 O/(W — p) cos(wt — p(t+ a)) — (w+ p) cos(wt + p(t + ) dt

+ ! /(w— ) cos <wt—2arccosﬂ - (t—}—a))
2V/12 — §2 : w

1

V2 — 62 py

— (w+ p) cos <wt — 2arccos Z + p(t+ a)> dt — " cos u(t; + ).

wl
After some algebra we get

cos u(t; + )
VIZ — 52

v(u) = u(li}—l 52)\/1 - <Z>2 — 2sin ity .

Function M*(«) can be easily differentiated with respect to o and one can apply
Theorem

M) = )

where
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PROPOSITION 4.3. Let 0 < w, 0 < p and k € N be such that kw < p < 2kw.
Then for eachr € {0,1,...,2k—1}, there exists a unique 2km / pu-periodic solution

Tpre(t) of system @I)., @2). with € # 0 sufficiently small and

2r+1
o= o, (e) = i ;u ) +0(e)
such that
Tk (t) — 7" (t — )| = O(e)

for anyt € R and u = w(k) = %, . So there are at least 2 Y. k different

Ccos w ke( P M)QN

2wlw

impact periodic solutions.

Proof. Since the forcing sin ut has periods 2km/u, k € Z, we need the period
matching condition T' = 2k7/u for some k € N. This gives

1
2kn/pu=T =2t; = 2w arccos Z

Since arccosg € (w/2,m) we get the assumption kw < p < 2kw. Then

u

u=u(k)= rom < U
cos
m

Hence 2 g

v(u(k)) = ME ) g B o,

wl W

So clearly, M*(ap) = 0 if and only if

~ m(2s+1) m(2(s—k)+1)

—t =
21 ! 2

for s € Z. In the period interval [0,7] = [0, 2k /], we have 2k different
ag € {(2’“;“”” |7 € {0,1,...,2k—1}}.

Obviously, each «y is a simple root of M*(a). The rest follows from Theorem 3.5l
]

g =

5. Concluding remarks

Direct combination of methods of this paper with our previous ones [T2HI4]
can yield to further results on persistence of impact solutions of ([21I) and ([22))
such as their stability, instability or hyperbolicity. Bifurcation from degenerate
impact periodic orbit, i.e., when H3) fails, can be also studied like in [14]. More-
over, persistence from a family of impact periodic solutions, i.e., when there
is a family of periodic impact orbits in assumption H1), can be investigated
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analogically as in [I3]. Since all these extensions and generalizations can be
done straightforwardly, we do not go into details in this paper. Of course, the
appropriated derivations are not elementary.

Acknowledgement. The authors thank referee for useful comments and sug-
gestions.
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