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OSCILLATION OF CERTAIN
THIRD-ORDER QUASILINEAR NEUTRAL
DIFFERENTIAL EQUATIONS
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(Communicated by Jozef DzZurina)

ABSTRACT. In this paper, new oscillation criteria for the third-order quasilin-
ear neutral differential equation
(a@E"(W)) +a®)a(r(t) =0,  t>to,

are established, where z(t) = z(t) + p(¢t)x(4(¢)), and ~ is a ratio of odd positive
integers. Those results extend the oscillation criteria due to Sun [SUN, Y. G.:
New Kamenev-type oscillation criteria for second-order nonlinear differential
equations with damping, J. Math. Anal. Appl. 291 (2004) 341-351] to the
equation, and complement the existing results in literature. Two examples are
provided to illustrate the relevance of our main theorems.
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1. Introduction

Consider the third-order quasilinear neutral differential equation
(a@®) (" (1)) +qt)27(r(t)) =0,  t=>to, (1.1)

where z(t) = z(t) +p(t)x(5(¢)), v is a ratio of odd positive integers. Throughout
this paper, we assume that

(H1) a € C([to, 00), (0,00)) with a'(f) > 0, and [ a=2/7(s)ds = oo;

to
(H2) 0, 7 € C([to, 00),R) with 6(¢t) <, 7(t) < t, and Jim i(t) = Jim 7(t) = oc;
—00 —00

(H3) p,q € C([to, ), R) with —p < p(t) <p <1 for p € (0,1), and ¢(t) > 0.
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We recall that a function x € C([T,,),R), T, > tg, is said to be a solu-
tion of Eq. (1)) if x(¢) has the property a(z”)Y € C'([T,,00),R) and satisfies
Eq. (LI) for all ¢ > T,. In the sequel, we consider only those solutions z(t)
of Eq. (II) which satisfy sup{|z(¢)| : ¢ > T} > 0 for all ¢ > T,,. We assume
that Eq. (1) always possesses such a solution. As is customary, a solution of
Eq. (L) is said to be oscillatory if it has arbitrarily large zeros, and otherwise,
it is said to be nonoscillatory.

Neutral differential equations have been found numerous applications in elec-
tric networks. For example, they are frequently used for the study of distributed
networks containing lossless transmission lines which rise in high speed com-
puters where the lossless transmission lines are used to interconnect switching
circuits; see [14].

The problem of the oscillation of solutions of delay differential equations has
been widely studied by many authors and by many techniques. In the past 30
years, the oscillation theory for second order neutral differential equations and
third-order retarded differential equations have been well developed; see, for
example, the monographs [5l[11] and papers [IH3L6L8-10,12,[I5L16120], and the
references cites therein. Compared to second order neutral differential equations,
it seems that no much work has been done concerning with the oscillation and
asymptotic behavior of third order neutral differential equations [4,[13]. Very
recently, Baculikova and Dzurina [4] studied the oscillation behavior of Eq. (L))
and extended Nehari’s theorems [17] to Eq. (LI)).

Motivated by the recent works [4,[19], in this paper, we establish some new
Kamenev-type oscillation criteria which extend the main results [19] to Eq. (LI),
and give sufficient conditions which insure that any solution of Eq. (L)) oscil-
lates or converges to zero. The results obtained here complement the existing
results in [4]. Two examples are also provided to show the relevance of our main
results.

2. Oscillation criteria for 0 < p(t) <p <1

In this section, we will establish new oscillation criteria for Eq. (1)) for
0 < p(t) < p < 1. For this, we need the following lemmas.

LEMMA 2.1. (see [4: Lemma 1]) Let x(t) be a positive solution of Eq. (LT).
Then there are only the following two cases for z(t):

(i) z(t) >0, 2/(t)>0, 2'(t) >0;
(i) z(t) >0, 2/(t) <0, 2"(t) >0,
fort > t1, where t1 s sufficiently large.
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LEMMA 2.2. (see [& Lemma 2]) Let 2:(t) be a positive solution of Eq. (L)) and
z(t) satisfy Lemma 21(ii). If

[ elNe o]

// [a(lu) u/ooq(s)ds} 1Mdudv:oo, (2.1)

to’U

then lim z(t) = lim z(t) = 0.

t—o0 t—o00

LEMMA 2.3. (see [4: Lemma 3]) Let u € C?%([tg,00),R). Assume that u(t) > 0,
u'(t) > 0, and v’ (t) < 0 on [tg,00). Then for each ki € (0,1) there exist a
T, >ty such that

ur(®) o . T() t> T
u(ty — ot =t

LEMMA 2.4. Letu € C3([tg,00),R). Assume that u(t) > 0, u/(t) > 0, u”(t) > 0,
u”(t) <0 on [tg,00), then for each ko € (0,1) there exists a Ty > to such that

> kot,  t>Tb.

1
2
The proof of this lemma proceeds along the lines of that of [4: Lemma 4] and

hence is omitted.

Following the ideas of Philos [I8] and Sun [19], we now establish new Kamenev-
type oscillation [19] for Eq. (II). Firstly, we introduce a function class . The
function H € C(E,R), where E = {(t,s,l) Dt <Il<s<t< oo}, is said to
belong to the function class R, defined by H € R, and if H satisfies the following
two conditions:

(i) H(t,t,1) =0, H(t,1,1) =0, H(t,s,1) 0 forl < s < t;
(ii) H(t,s,l) has the partial derivative 0H/Js on E such that 0H/Js is locally
integrable with respect to s in E, and, for some h € C(E,R),
0H(t,s,l)
0s

In the sequel, we will use the following notation. For each ki,ke € (0,1),
define, for ¢t > g,

= h(t, s, H(t, s,1). (2.2)

Q1(t) = q®)[1 = p(r(1))] <T t(t)> 7
Qi(t) = k:12k2> @1(15)7 Qu1(t) = q(t)[1 — p(r(1))] T ;t)’
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and
/ d / d
s s
At) = Ao(t) = .
0= [ gy 0= [ 0
to to
For a, 8 > ~, define Hy by

B, T(a+i—y)T(B—i+1)

I _ZCM H—l )~ i+l y—it1 i 7+
0 fy+1 @ 5 F(O{ + B _ ’)/ + 1) I /7 6 I
where
+o00 1
_ s—1_ —=x =
I'(s) = / vredr, s>0, and ko = (y+ 1)O+D°
0

THEOREM 2.1. Let (2.1)) hold. Assume that there exist functions H € R and
p € CY([to, ), RT) with p'(t) > 0 such that, for any ki, ks € (0,1),

limsup/H (t,5,0)p [Ql( ) — koa(s) (h(t,s,l)—i— ”/(S)yﬂ] ds > 0. (2.3)

t—00 P(S)
Then every solution x(t) of Eq. (1)) is oscillatory or satisfies tlim z(t) = 0.
— 00

Proof. Let z(t) be a nonoscillatory solution of Eq. (1)) on [tg,00). With-
out loss of generality, we assume that x(t) > 0, x(6(¢)) > 0, z(7(¢)) > 0 for
t > t; > ty. Clearly, z(t) > 0, t > t;. By Lemma 2] we can see that z(t)
satisfies Lemma 2.1)(i) or (ii).

Firstly, we assume that z(t) satisfies Lemma [21](ii). Note that (2.]) holds, it
follows from Lemma [Z2] that tlgglo z(t) = 0.

Secondly, we assume that z(t) satisfies Lemma [2.1[i). Note that
2(t) = 2(t) — p(t)z(0(2)) = 2(t) — p(t)z(5(t)) = 2(H)[1 — p(2)];
which follows from Eq. (L)) that
(a(t)(z"(t))") = —q(t)a” (7(1) < —q(t)2" (7())[1 = p(7(t))]”, (2.4)

and

(a(t)(z" (1)) < 0.
The last inequality together with a’(¢) > 0 and z”(t) > 0 gives 2"’(t) < 0. So
there exists a to > t1 such that z(¢) satisfies

2(7(t) >0, 2'(t)>0, 2'(t)>0, 2"(t)<0, t>ts.
Let
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Then w(t) > 0. By (2.4),

' z(T v WD /Y
0 < 28wt - a1 piro)] (T =y 2T

= o) (1) M (p®at) "
Using Lemma 23] with u(t) = 2/(t), we get
1 T(t) 1
o) 2 ey TR

By Lemma [2.4]

z(7(1)) (1) 2(7(t) _ kaka 73(2)

o) M ey S 2 1 0 2B
Combining (23] and ([2.06) gives

o B '(t>w B o.)('y"'l)/'y(t)

B = =pO)Q) +°ywl®) v(p(t)a(t))l/w

B i AWy

p(H)Q1(t) < —w'(t) + o(t) (t) ,y(p(t)a(t))l/v.

(2.6)

(2.7)

Multiplying (2.7) by H(t, s, ), integrating from [ (I > t3) to ¢, and by (2.2), we

have, for all t > [,

/ H(t, 5, 1)p(3)Qu (s)d

w(7+1)/7(

IN

t

p/<5) WD/ ()
/Htsll (t,s,1) p )w(s)—'y 1r ds.
!

Set

N 8 7(s) . L+ /Y
F(v) = <h(t’ o p(S)) " (p(s)al))

A simple calculation implies when

v = kop(s)als) <h(t, s,0) + ”/(S)y,

t t (s) )
H(t, s, l)w'(s)ds+ | H(t,s,1) lp w(s) — ] s (2.8)
/ / o) (ptsga(s)
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F(v) has the maximum

’ y+1
foptstats) (s + 700 )
that is,
’ y+1
NWSEWF%W@Mﬁ@@&D+p@> . (2.9

In view of (Z8) and (23,
t s s)1Q1(s) — koal(s s '(s) " S .
/Hm,mxﬁQ<>komeﬂw+p ) Jas<o

Taking the super limit in the above inequality, we get

t
’ v+1
mmw/ﬂmammﬂ@@yww@Om@0+p@> }@go
t—00 p(s)
1
which contradicts (2.3]). Hence, we complete the proof. |

Efficient oscillation theorems can be derived from Theorem 2] with the ap-
propriate choice the kernel functions H(¢,s,1). Next, we will give two forms of
H and establish the following results.

Let

H(t,s,l) = (t—9)7(s=1)", o,v>7, (tsl)€E.
Then
t— l
h(t,s,l)zy (a—{—u)s—{—a.
(t—s5)(s 1)

By Theorem 2.1] we obtain

THEOREM 2.2. Let (2.1)) hold. Assume that, for each | > to, there exist p €
C!([tg,00),RT) with p'(t) > 0 and two constants o, v > ~ such that, for any
ki, ko € (O, 1),

t

lim sup/(t —5)7(s—=1)"p(s)

t—o0

1 (2.10)

p(s) vt—(oc+v)s+al\"T!
<@ -ma (e +" L5000 )

Then every solution x(t) of Eq. (L)) is oscillatory or satisfies tlim x(t) = 0.
— 00

ds > 0.
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Put
H(t,s,1) = [A(t) — A(s)]“[A(s) — AD)]", @8>~ (ts,1)€E.

Then
BA(t) — (a+ B)A(s) + aA(l)

M5 D= 1 (s) [AG) — A(s)] [Als) — AD)]

By Theorem 2.T] we get:

THEOREM 2.3. Let (21 hold. Assume that for each | > tq, there exist p €
C1([to,00), RT) with p'(t) > 0 and two constants o, 3 > ~ such that, for any
k1, ke € (0,1),

t

iimsup [ [A(1) - A]*[4() - AD) (s {Qms) ~ koa(s)

t—o0

(2.11)

(P10 A~ (ot DA +adl) >”+1 ds >0
] |

p(s) — all7(s)[A(t) — A(s)] [A(s) — A(

Then every solution x(t) of Eq. (L)) is oscillatory or satisfies tlim x(t) = 0.
—o0
Next, let v be an odd positive integer and p(t) = 1 in Theorem 23] we can

get the following interesting results for Eq. (L.

COROLLARY 2.1. Let (Z1)) hold, and let v be an odd positive integer. Assume
that for each | > tg, there exist two constants a,B > ~ such that, for any
k1, ke € (0,1),

o sup [A(t) — A@W)]*7 / [A® — A

(2.12)
x [A(s) — A()]” Q1 (s)ds > koHp.

Then every solution z(t) of Eq. (L)) is oscillatory or satisfies tlim z(t) = 0.
—00

Proof. In the view of Theorem 23] with p(t) = 1, it is sufficient to show that
(212) implies (ZI1)) holds. Recall that

0/ o )Pty = F((z)i(g))_
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Put y = 7, we get
v 1
/(v _ u)aﬂ?v*luﬁ*idu — /’UO‘JFB’Y(I _ y)ocﬂ'*vflyﬁ*idy
0 0 (2.13)
wepTlati—0(B—i+1)
Fa+B—-v+1)

Let u = A(s) — A(l), v = A(t) — A(l). Then, by (Z3),

/ . BA() — (a+ B)A(s) +aA() |
/ a(s)(A(t) — A())*(A(s) — A1) (al S ) e ) ds

l

v

= /(v — u)af'yfluﬁfpyfl(ﬂ(v —u) — oeu)”“du
0
A1

_ Zc;y+;+1( 1 y—i+1 a’” z+16 / B— z _u)aJrif’yfldu: [A(t) —A(l)]a+ﬁ_’yH0.
(2.14)
Hence, by (2.12) and ([2.14), we get (Z11]) holds. This completes the proof. [

COROLLARY 2.2. Let (Z1)) hold, and let v be an odd positive integer. Assume
that for each | > tg, there exist two constants «, 8 > v such that

t

im su A(t) — A(s)]“A(s) — A B~15 s
s ] / [A() = A" [A() -~ AD)]"Q(s)d

(2.15)
> 27koHy.
Then every solution z(t) of Eq. (1)) is oscillatory or satisfies tlim z(t) = 0.
— 00

Proof. We shall show (2I0) implies (2.12). Note that

E\" =
at=(3) @ (2.16)
where k = k1ks. On the other hand, (ZI%) implies, for the k € (0,1),
t
. 5 ~
lim sup N / [A(s) — A()]" Q1 (s)ds
a B—
tooe [A(t) — iy (2.17)
1
27koHy.
> jy = oo

Combining (216) and (2.1I7), we get that (2.12]) holds. Hence, by CorollaryIZIL

we complete the proof.
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Let v = 1. Then Eq. (L)) reduces to the following equation

(a()z"(1) +q(®)z(r() =0,  t=to, (2.18)

where z(t) = z(t)+p(t)x(6(t)), and functions a(t), §(t), 7(t), p(t) and q(t) satisty
(H1)—(H3). Then (21 becomes

// /q ) ds dudo = o (2.19)

Then, by Corollary 2221 we have
COROLLARY 2.3. Let [ZI9) hold. Assume that there exists a constant o > 1,
such that for each | > ty. If one of the following holds,

t

L limsup .1y f [Ao(t) — Ao(s)]* [Aa(s) — Ao(1)]“Qui(s) ds > (2, s

t—00
« 2 «
2. hltqi)soljp Aa+1(t) f [Ao AO(S)] [AO(S) —Ao(l)] Q11(s)ds > (a,f)(aﬂ),

then every solution x(t) of Eq. (218) is oscillatory or satisfies tlim z(t) = 0.
—00

Example 2.1. Consider the third-order differential equation

{t?’ﬂ[(x(t)—l-ti1m<;>>ﬁ]3],+t;2x3<;>:O, t>1, (220

where
t t K
a)) =2 p)= | T =80 = aW) = 2, =3 K>0
It is easy to get
// {a(u)/q(S)ds} dudv:// [u3/2/55/2 ds] dudov
1 v u 1 v u

Hence, (2] holds. Note that
Qi) = TP +2°, AW =22 1),
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Let @« =4, 8 = 5. It follows that 27kgHy = and, for t > [ > 1, the left side

64’
of(mmkes
t
lim su t1/2—81/2 4281/2—l1/2 5581/284—23(18
e [2 751/2 11/2)] 6/ I Wgs e r2)
! K
157

Hence, by Corollary [Z2] we know every nonoscillatory solution of Eq. (2.:20)
converges to zero provided that x > 1125.

3. Oscillation criteria for —p < p(t) <0

In this section, we shall establish some oscillation criteria for Eq. (I]) under
the case when —u < p(t) < 0 for u € (0,1). Here, the following lemmas are
need.

LEMMA 3.1. (see [4: Lemma 7)) Let x(t) be a positive solution of Eq. (I.TI).
Then there are only the following four cases for z(t):

%)) ()>O Z'(t) >0, 2"(t) > 0;

(1j) =(t) >0, 2'(t) <0, 2"(t) >0;
(d3i) =(t) <0, 2'(t) <0, 2"(t) > 0;
(Gv) 2(t) <0, 2/(t) <0, 2"(t) <0,

fort > t1, where t1 is sufficiently large.

LEMMA 3.2. (see [4: Lemma 8]) Let x(t) be a positive solution of Eq. (1) and
z(t) satisfy Lemma B.11(jj). If 2I) holds, then tlim x(t) = tlim z(t) = 0.
—00 —00

For simplicity, for each k1, ko € (0,1), define, for ¢ > tg,

ao-ao (") o= (") @0 euo -0,

THEOREM 3.1. Assume that (2.1) hold. Assume that there exist function H € R
and p € CY([tg,00), R") with p'(t) > 0 such that, for any ki, ks € (0,1),

liltrr;s;gp/Ht s.0)p {Qg( ) — koa(s) <h(t,s,l)+ ’;/(f)))wl]ds S0, (3.1)

Then every solution x(t) of Eq. (1)) is oscillatory or satisfies tlim z(t) =0.
—00
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Proof. Assume that z(¢) is a nonoscillatory positive solution of Eq. (LI]). We
claim z(t) is bounded. To prove this, we may assume, on the contrary, that

z(t) is unbounded. Hence there exists a sequence t,, such that lim ¢,, = oo;
m—00

moreover lim x(t,,) = oo, and
m—o0

Xy, = max{x(s) g <s< tm}, m > 2.
Since 0(t) — oo as t — oo, we can choose m sufficiently large such that
o0(m) > ta. As 6(t) < t, we have
z(0(tm)) <max{x(s): to <5< 6(tm)} <max{a(s): to < s <t} =a(tm).
Therefore, for all large m,
2(tm) = 2(tm) + p(tm)z(0(tm)) = (1 = p)z(tm).

Thus, z(t,) — co as m — oo. So z(t) is positive and unbounded. It follows
from Lemma [B1] that case (j) has to hold.

Since 0 < z(t) < z(t), Eq. (IT)) can be written as follows:
(a@®)("(1))7) +q®)27(r(t)) <0, and  (a(t)(z"(t))7) <0.

Note that a’(t) > 0 and 2”(t) > 0, we have 2"”'(t) < 0. So there exists a to > t;
such that z(t) satisfies

2(7(t)) > Z'(t) >0, 2"(t) > 0, 2"(t) <0, t > ts.

Defined w(¥) as in proof of Theorem [Z1] and similar to the proof of Theorem 2]

we get
w(7+1)/“f(t)

w(t) — p(H)Qa(t) i)
g " (p(0ya()

Multiplying (3.2) by H(t, s, 1), integrating from [ to ¢, and by (2:2), we have

(3.2)

limsup/H (t,5,0)p {Q2< ) — koa(s) <h(t,s,l) n p/(s)>7“]ds <0.

t—o00

which contradicts (3I)). So we can conclude that both x(t) and z(t) are bounded.
Lemma [31] now implies that for z(t) either Lemma BI|(jj) or Lemma [BILjjj)
holds.

If Lemma [B.](jj) holds, then Lemma [B.2] ensures that tlim x(t) = 0.
—00
If Lemma B.IJ(jjj) holds, then there exists a finite tlim z(t) = —c¢ < 0. We
—00
know x(t) > 0 is bounded, so

lim sup z(t) = zo, 0 <zp < o0.
t—o0
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We claim that ¢ = 0. If not, then there exists a sequence t; such that
lim t; = oo, and lim z(tx) = zo. It is easy to see that for ¢ = 2o(1=1) 5 0 we
k—o0 k—o0 2p

have z(0(tx)) < zo + €. Moreover

0> —c= lim z(ty) = lim [z(ty) — p(zo +¢)] = xo(l —p) >0,
k—o0 k—o00 2

this is a contradiction. Thus z¢ = 0 and tlim x(t) = 0. (jjj). Hence, we complete
—00

the proof. 0

Choosing the function H as same as that of Theorems and 2.3 and in the
view of Theorem Bl we get:

THEOREM 3.2. Let (ZI)) hold. Assume that, for each I > tg, there exist
p € CY([tg, <), RT) with p'(t) > 0 and two constants o, v > ~ such that, for
any ki, ks € (0,1),

t

imsup [ (- 5)°(s = 70(6) [ Qa(6) = knats)

t—o0

1 (3.3)

(G + ) Jaee

Then every solution z(t) of Eq. (L1 is oscillatory or satisfies tlim z(t) = 0.
—00

THEOREM 3.3. Let (21)) hold. Assume that for each | > ty, there exist
p € C([tg, ), RT) with p'(t) > 0 and two constants o, 3 > v such that, for
any k1, ks € (0,1),

t

ligsogp/[fl(t) — A(s)]" [Als) = AD)] 7 p(s) |:Q2(S) — koal(s)
(3.4)
L(Ps) | BAW®) — (a+ BA(s) +adl) N
(p(s) T a1 () [A(D) ~ A(s)] [A(s) —A(l)]) ]d -0

Then every solution x(t) of Eq. (L)) is oscillatory or satisfies tlim x(t) = 0.
—o0
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COROLLARY 3.1. Let (2Z0)) hold, and let v be an odd positive integer. Assume
that for each l > ty, there exist two constants o, > ~ such that, for any
ki, ko € (O, 1),

t

. a B
h?iigp ) - a+6 , / 17 [A(s) = A()] " Q2(s) ds > koHy.
(3.5)

Then every solution x(t) of Eq. (L)) is oscillatory or satisfies tlim z(t) = 0.

— 00
COROLLARY 3.2. Let (Z1)) hold, and let v be an odd positive integer. Assume
that for each | > tg, there exist two constants «, 8 > v such that

. 1 oo A AP Be1s o 97
s [A(t)—Au)}”“l/ (A6~ AG)]" [AG) - AD] Qas)ds > 2 kogo():)

Then every solution x(t) of Eq. (L)) is oscillatory or satisfies tlim x(t) = 0.
—00

Let v = 1. Similar to Corollary 2.3, we have:

COROLLARY 3.3. Let [ZI9) hold. Assume that there exists a constant o > 1,
such that for each | > tq, if one of the following holds,

L limsup o2 f [Ao(t) — Ao(s)]*[Ao(s) — Ao(1)] " Qaa(s)ds > (i)

t—o0

«a 2 «
2. hltqi)soljp Aa+1(t) f [Ao(t) — Ao(s)] " [Ao(s) — Ao(1)] Q22(s)ds > (a,f)(aﬂ);

then every solution x(t) of Eq. (218) is oscillatory or satisfies tlim x(t) = 0.
—00

Example 3.1. Consider the third-order differential equation

[t2[<x(t)—;x<i>>"r],+gx3<i):O, t> 1, (3.7)
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It is easy to get

//[(u/ﬁﬂd%whmm:

tov

[ee]

s 1 K 1/7
/Lﬂ/s5 ds} dudv

v

o 1/37
2
1

»—I\g

dv = oo,

(SO

I
N

i.e, (ZI) holds. Note that

~ K
t) = A(t) = 3(tY% —1).
Qo) = oy AW =3 1)
Let a =4, 8 = 5. It follows that 27koHy = 12, and, the left side of (B6) takes
¢
i 1/3_ 1/3Y1413(s1/3 _ 11/3)]° K d
I?i)sogp [3(t1/3—ll/3 6/ s )} [ (S )} 409652 S
1
2Tk
40960
Hence, by Corollary [3.2] we know that every nonoscillatory solution of Eq. (B.7)

converges to zero prov1ded that x > 16000

In particular, let xk = one such solution is z(t) =t~ /2.

1024’
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