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ABSTRACT. Using some potential theory tools and the Schauder fixed point

theorem, we prove the existence of positive bounded continuous solutions with

a precise global behavior for the semilinear elliptic system ∆u = p(x)uαvr,

∆v = q(x)usvβ in domains D of Rn, n ≥ 3, with compact boundary (bounded

or unbounded) subject to some Dirichlet conditions, where α ≥ 1, β ≥ 1, r ≥ 0,

s ≥ 0 and the potentials p, q are nonnegative and belong to the Kato class K(D).
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1. Introduction

The study of nonlinear elliptic systems has a strong motivation and important

research efforts have been made recently for these systems aiming to apply the

results of existence and asymptotic behavior of positive solutions in applied
fields. Coupled nonlinear Shrödinger systems arise in the description of several

physical phenomena such as the propagation of pulses in birefringent optical

fibers and Kerr-like photorefractive media, see [1,23]. Stationary elliptic systems

arise also in other physical models like non-Newtonian fluids: pseudo-plastic

fluids and dilatant fluids [3, 9], non-Newtonian filtration [8] and the turbulent

flow of a gas in porous medium [4,7]. They also describe other various nonlinear

phenomena such as chemical reactions, pattern formation, population evolution
where for example, u and v represent the concentrations of two species in the

process. As a consequence, positive solutions of such systems are of interest.
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For some recent results on the qualitative analysis and the applications of
positive solutions of nonlinear elliptic systems in both bounded and unbounded

domains we refer to [10,11,13–20,26] and the references therein.

In these works various existence results of positive bounded solutions or pos-
itive blowing-up ones (called also large solutions) have been established and a

precise global behavior is given. We note also that several methods have been

used to treat these nonlinear systems such as sub and supersolutions method,

variational method and topological methods.

In this paper, we consider a C1,1-domain D in R
n (n ≥ 3) with compact

boundary. We fix some nonnegative constants a, b, c, d such that a + c > 0

and b + d > 0 and we assume c = d = 0 (consequently a > 0 and b > 0) if D

is bounded. Also we fix two nontrivial nonnegative continuous functions ϕ and

ψ on ∂D and we will deal with the existence of a positive continuous bounded
solution (in the sense of distributions) to the system⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

∆u = p(x)uαvr, in D

∆v = q(x)usvβ , in D

u/∂D = aϕ, v/∂D = bψ

lim
x→∞u(x) = c, lim

x→∞ v(x) = d

(whenever D is unbounded),

(1)

where α ≥ 1, β ≥ 1, r ≥ 0, s ≥ 0 and p, q are two nonnegative functions in the

Kato class K(D) introduced and studied in [5] and [22].

Our method is based on some potential theory tools that we apply to give an

existence result for equations by an approximation argument, then we use the

result for equations to prove, by means of the Schauder fixed point theorem, the
existence result for the system (1).

As far as we know, there are no results that contain existence of positive
solutions to the elliptic system (1) in the case where α > 0 and β > 0 and the

weights p(x) and q(x) are singular functions and when D is an exterior domain.

The study of (1) is motivated by this fact and by the existence results obtained

in [14] to the following system⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
∆u = λp(x)g(v), in D

∆v = µq(x)f(u), in D

u/∂∞D = aϕ1∂D + c1{∞},

v/∂∞D = bψ1∂D + d1{∞},

(2)
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where λ, µ are nonnegative constants, the functions f, g : [0,∞) → [0,∞) are
nondecreasing and continuous and ∂∞D = ∂D if D is bounded and ∂∞D =

∂D ∪ {∞} whenever D is unbounded.

More precisely, it was shown in [14] that if the functions p and q are nonneg-

ative and belong to the Kato class, then there exist λ0 > 0 and µ0 > 0 such
that for each λ ∈ [0, λ0) and µ ∈ [0, µ0) the system (2) has a positive continuous

solution (u, v) having the global asymptotic behavior of the unique solution of

the associated homogeneous system.

Throughout this paper, we denote by HDϕ the unique harmonic function u

in D with boundary value ϕ and satisfying further lim
|x|→∞

u(x) = 0 whenever D

is unbounded, where ϕ is a nonnegative continuous function on ∂D. We denote

also by h = 1−HD1 and we remark that h = 0 ifD is bounded and lim
x→∞h(x) = 1

if D is unbounded.

Taking into account these notations we use some potential theory tools and an

approximating sequence in order to prove the following first result concerning
the existence of a unique positive continuous solution to the boundary value

problem ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
∆u = p(x)uγ , in D

u/∂D = aϕ

lim
x→∞

u(x) = c

(whenever D is unbounded),

(3)

where γ ≥ 1, ϕ is a nontrivial nonnegative continuous function on ∂D and a, c

are two nonnegative constants with a + c > 0. More precisely we establish the
following.

������� 1.1� Let p be a nonnegative function in the Kato class K(D). Then

problem (3) has a unique positive continuous solution satisfying for each x ∈ D

c0ω(x) ≤ u(x) ≤ ω(x), (4)

where ω(x) = aHDϕ(x) + ch(x) and the constant c0 ∈ (0, 1].

Next we exploit this result to prove the existence of a positive continuous
solution (u, v) to the system (1). More precisely, we denote by ω = aHDϕ+ ch,

θ = bHDψ + dh and we prove the following main result.

������� 1.2� If p, q are two nonnegative functions in the Kato class K(D),

then problem (1) has a positive continuous solution (u, v) satisfying for each x
in D

c1ω(x) ≤ u(x) ≤ ω(x), c1 ∈ (0, 1],

c2θ(x) ≤ v(x) ≤ θ(x), c2 ∈ (0, 1].
(5)
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In order to state these results, we give in the sequel some notations and we
recall some properties of the Kato class defined by means of the Green function

G(x, y) of the Dirichlet Laplacian in D.

Let us denote by B(D) the set of Borel measurable functions in D and by

B+(D) the set of nonnegative ones. We denote also by C0(D) the set of continu-

ous functions in D having limit zero at ∂∞D and by Cb(D) the set of continuous

bounded ones. For any u ∈ Cb(D), we denote by ‖u‖∞ = sup
x∈D

|u(x)|.
For any nonnegative function f in B(D), we denote by V f the Green potential

of f defined on D by

V f(x) :=

∫
D

G(x, y)f(y) dy

and we recall that if f ∈ L1
loc(D) and V f ∈ L1

loc(D), then we have in the

distributional sense (see [6: p. 52])

∆(V f) = −f in D. (6)

Let (Xt, t > 0) be the Brownian motion in R
n and P x be the probability measure

on the Brownian continuous paths starting at x. For any nonnegative function

q ∈ B(D), we define the kernel Vq by

Vqf(x) = Ex

( τD∫
0

e
−

t∫
0

q(Xs) ds
f(Xt) dt

)
, (7)

where Ex is the expectation on P x and τD = inf{t > 0 : Xt /∈ D}.
If q is a nonnegative function in D such that V q <∞, the kernel Vq satisfies

the following resolvent equation (see [6,21])

V = Vq + Vq(qV ) = Vq + V (qVq). (8)

So for each u ∈ B(D) such that V (q|u|) <∞, we have

(I − Vq(q · ))(I + V (q · ))u = (I + V (q · ))(I − Vq(q · ))u = u (9)

and for each u ∈ B+(D) we have

0 ≤ Vq(u) ≤ V (u). (10)

Now we recall the definition of the Kato class which contains in particular a

wider class of singular functions near the boundary of the domain D.

���	
	�	�
 1.3� (see [5] and [22]) A Borel measurable function s in D belongs

to the Kato class K(D) if

lim
α→0

sup
x∈D

∫
D∩B(x,α)

ρ(y)

ρ(x)
G(x, y)|s(y)| dy = 0
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and satisfies further

lim
M→∞

sup
x∈D

∫
D∩{|y|≥M}

ρ(y)

ρ(x)
G(x, y)|s(y)| dy = 0 (whenever D is unbounded),

where ρ(x) = min(1, δ(x)) and δ(x) denotes the Euclidian distance from x to
the boundary ∂D of D.

We remark that in the case where D is bounded and if d denotes its diameter,

then
1

1 + d
δ(x) ≤ ρ(x) ≤ δ(x).

So in this case, we can replace ρ(x) by δ(x) in the Definition 1.3.

This Kato class is rich enough as it can be seen in the following example.

Example 1.1. (see [5]) Let q(x) = 1
(1+|x|)µ−λ(δ(x))λ

for x ∈ D. Then

q ∈ K(D) ⇐⇒ λ < 2 < µ.

Next, we recall some properties of K(D).

���
��	�	�
 1.4� (See [5] and [22]) Let q be a nonnegative function in K(D).

Then we have

(i) αq := sup
x,y∈D

∫
D

G(x,z)G(z,y)
G(x,y) q(z) dz <∞.

(ii) The function x 
→ δ(x)
(1+|x|)n−1 q(x) is in L1(D). In particular q ∈ L1

loc(D).

(iii) V q ∈ C0(D).

(iv) For any nonnegative superharmonic function v in D and all x ∈ D, we

have ∫
D

G(x, y)v(y)q(y) dy ≤ αqv(x).

The following result will play an important role in the proofs of Theorems 1.1

and 1.2.

���
��	�	�
 1.5� Let v be a nonnegative superharmonic function in D and q be
a nonnegative function in K(D). Then for each x ∈ D such that 0 < v(x) <∞,

we have

exp(−αq)v(x) ≤ v(x)− Vq(qv)(x) ≤ v(x).

P r o o f. Let v be a nonnegative superharmonic function in D. Then by [24:

Theorem 2.1] there exists a sequence (fk)k of nonnegative measurable functions
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in D such that the sequence (vk)k given in D by

vk(x) :=

∫
D

GD(x, y)fk(y) dy

increases to v. Let x ∈ D such that 0 < v(x) < ∞. Then there exists k0 ∈ N

such that 0 < V fk(x) <∞, for k ≥ k0.

Now, for a fixed k ≥ k0, we consider the function χ(r) = Vrqfk(x). Since by

(7) the function χ is completely monotone on [0,∞), we deduce from the Hölder

inequality and [25: Theorem 12a] that logχ is convex on [0,∞). Therefore,

χ(0) ≤ χ(1) exp

(
−χ

′(0)
χ(0)

)
,

which implies that

V fk(x) ≤ Vqfk(x) exp

(
V (qV fk)(x)

V fk(x)

)
.

Hence, it follows from Proposition 1.4(iv) that

exp(−αq)V fk(x) ≤ Vqfk(x).

Consequently, from (8) we obtain

exp(−αq)V fk(x) ≤ V fk(x)− Vq(qV fk)(x) ≤ V fk(x).

By letting k → ∞, we deduce the result. �

The following compactness result will be used and it is proved in [22] for

bounded domains and in [5] for unbounded ones.

���
��	�	�
 1.6� Let q be a nonnegative function in K(D). Then the family

of functions

Fq =
{ ∫

D

G( · , y)p(y) dy : |p| ≤ q
}

is equicontinuous in D∪∂∞D and consequently it is relatively compact in C0(D).

2. Proof of Theorem 1.1

First we give two Lemmas that will be used for uniqueness.

����� 2.1� (see [5]) Let h be a nonnegative function in B(D) and ϑ be a

nonnegative superharmonic function in D. Then for all z ∈ B(D) such that

V (h|z|) <∞ and z + V (hz) = ϑ, we have 0 ≤ z ≤ ϑ.
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����� 2.2� Let u be a nonnegative continuous function in D ∪ ∂∞D. Then

u is a solution of (3) if and only if u = ω − V (puγ) in D.

P r o o f. Let u be a solution of (3). Since u is bounded in D ∪ ∞ and

p ∈ K(D), then puγ ∈ K(D). Hence it follows from Proposition 1.4 that

V (puγ) ∈ C0(D). This implies that ∆(u − ω + V (puγ)) = 0 in the sense of
distribution. Consequently, using [12: Corollary 7, p. 294], we deduce that the

function u − ω + V (puγ) is a classical harmonic function in D with value 0 at

∂∞D. Hence from the maximum principle, we deduce that u− ω + V (puγ) = 0

in D. So u = ω − V (puγ) in D and this proves necessity.

Now, we prove sufficiency. Let u be a continuous function in D ∪ ∂∞D, then

u is bounded and consequently puγ ∈ K(D). This implies, by using Proposi-

tion 1.4, that V (puγ) ∈ C0(D). Hence ∆u = ∆ω − ∆(V (puγ)) = puγ (in the

sense of distributions) and u is a solution of (3). �

Now we prove Theorem 1.1.

P r o o f o f T h e o r e m 1.1. First we show that problem (3) has at most one

continuous solution. Let u, v be two continuous solutions of (3). Then, by
Lemma 2.2 we have u = ω − V (puγ) and v = ω − V (pvγ) in D. Put z = v − u

and h(x) = vγ(x)−uγ(x)
v(x)−u(x) if u(x) �= v(x) and h(x) = 0 whenever u(x) = v(x).

Then we have {
∆(z + V (phz)) = 0 in D

z/∂∞D = 0.

Now, since z and h are bounded and p ∈ K(D) we deduce that the function

z + V (phz) is a classical harmonic function in D with value 0 at ∂∞D. Hence

from the maximum principle, we deduce that z + V (phz) = 0 in D. Using

Lemma 2.1, we deduce that z = 0 and so u = v.

Next, we prove the existence of a positive continuous solution to (3). Let

ω = aHDϕ + ch, p̃ = γp‖ωγ−1‖∞ and put c0 = e−αp̃ where the constant αp̃ is

defined in Proposition 1.4. We define the nonempty closed bounded convex set

Λ by

Λ =
{
u ∈ B+(D) : c0ω ≤ u ≤ ω

}
.

Let T be the operator defined on Λ by

Tu := ω − Vp̃(p̃ω) + Vp̃(p̃u− puγ).
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We shall prove that T maps Λ to itself. Indeed, for each u ∈ Λ we have

Tu = ω − Vp̃(p̃ω) + Vp̃(p̃u− puγ)

≤ ω − Vp̃(pu
γ)

≤ ω.

On the other hand, since the function p̃u− puγ ≥ 0, we deduce by using Propo-

sition 1.5 that Tu ≥ ω − Vp̃(p̃ω) ≥ c0ω. Hence TΛ ⊂ Λ.

Next, we prove that T is nondecreasing on Λ. Let u1, u2 ∈ Λ such that
u1 ≤ u2. Using the fact that the function t 
→ γ‖ωγ−1‖∞t− tγ is nondecreasing

on [0, ‖ω‖∞] we deduce that

Tu2 − Tu1 = Vp̃(p̃u2 − puγ2 )− Vp̃(p̃u1 − puγ1)

= Vp̃
(
p[(γ‖ω‖γ−1

∞ u2 − uγ2)− (γ‖ω‖γ−1
∞ u1 − uγ1)]

)
≥ 0.

Now, we consider the sequence (uk)k defined by u0 = ω − Vp̃(p̃ω) and

uk+1 = Tuk.

Clearly u0 ∈ Λ and u1 = Tu0 ≥ u0. Thus, using the fact that Λ is invariant
under T and the monotonicity of T , we deduce that

c0ω ≤ u0 ≤ u1 ≤ · · · ≤ uk ≤ ω.

Hence, the sequence (uk)k converges to a measurable function u ∈ Λ. Therefore

by applying the monotone convergence theorem, we deduce that u satisfies the
following equation

u = ω − Vp̃(p̃ω) + Vp̃(p̃u− puγ) (11)

or equivalently

u− Vp̃(p̃u) = ω − Vp̃(p̃ω)− Vp̃(pu
γ). (12)

Applying the operator (I + V (p̃ · )) on both sides of (12), we deduce by using

(8) and (9) that

u = ω − V (puγ).

Finally, since p ∈ K(D) and u is bounded, then the function puγ ∈ K(D). Hence

it follows from Proposition 1.4 that V (puγ) ∈ C0(D). This implies that u is a

continuous function and u is a solution of (3). Which completes the proof of

Theorem 1.1. �

Next we give the proof of Theorem 1.2.
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3. Proof of Theorem 1.2

We give the proof in the comprehensive case where D is unbounded. Let

ω = aHDϕ + ch and θ = bHDψ + dh. Let f = α‖ωα−1‖∞‖θr‖∞p, g =

β‖ωs‖∞‖θβ−1‖∞q and put c1 = e−αf and c2 = e−αg , where the nonnegative

constants αf and αg are defined in Proposition 1.4.

In order to use a fixed point theorem, we consider the nonempty closed convex
set Γ defined by

Γ =
{
(u, v)∈(C(D∪{∞}))2 : c1ω(x) ≤ u(x) ≤ ω(x) & c2θ(x) ≤ v(x) ≤ θ(x)

}
Let T be the operator defined on Γ by T (u, v) := (y, z), the unique positive

continuous solution of the problem⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
∆y = p(x)yαvr, in D

∆z = q(x)uszβ, in D

y/∂D = aϕ, z/∂D = bψ

lim
x→∞ y(x) = c and lim

x→∞ z(x) = d.

(13)

Then by Theorem 1.1, the solution (y, z) ∈ (C(D ∪ {∞}))2 and satisfies the

integral equations y = ω − V (pyαvr), z = θ − V (quszβ). Moreover we have the

following global inequalities c1ω ≤ y ≤ ω and c2θ ≤ z ≤ θ in D. This implies in

particular that T (Γ) ⊂ Γ.

Next, we aim to prove that the operator T is a compact operator from Γ into

itself.

First, we show that T (Γ) is equicontinuous on D∪{∞}. Let x, x′ ∈ D. Then

for any (u, v) ∈ Γ with T (u, v) = (y, z) we have

|y(x)− y(x′)| ≤ |ω(x)− ω(x′)|+ |V (pyαvr)(x)− V (pyαvr)(x′)|
and

|z(x)− z(x′)| ≤ |θ(x)− θ(x′)|+ |V (quszβ)(x)− V (quszβ)(x′)|
Now, since the functions y, z, u and v are bounded and p, q ∈ K(D), then we

deduce from Proposition 1.4 that the families of functions Fpωαθr and Fqωsθβ

are equicontinuous in D ∪ {∞}. Using this fact and the continuity of ω and
θ in D ∪ {∞}, we deduce that |y(x) − y(x′)| → 0 and |z(x) − z(x′)| → 0 as

‖x− x′‖ → 0 and for each ε > 0 there exists a compact set K such that for all

x ∈ D\K we have |y(x) − c| < ε and |z(x)− d| < ε. This implies that T (Γ) is

equicontinuous on D ∪ {∞}. Since T (Γ) is also bounded, then we deduce that

T (Γ) is relatively compact in (C(D ∪ {∞}))2.

69
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Next, we shall prove the continuity of T . Let (uk, vk)k be a sequence in Γ
that converges to (u, v) ∈ Γ with respect to ‖ · ‖∞. Put (yk, zk) = T (uk, vk) and

(y, z) = T (u, v). Then we have

yk − y = V (pyαvr)− V (pyαk v
r
k)

= V (p(yα − yαk )v
r) + V (pyαk (v

r − vrk)).

Now using the fact that

tα − ηα = (t− η)

[
α

1∫
0

(η + ξ(t− η))α−1 dξ

]
for t ≥ 0 and η ≥ 0, (14)

we deduce that

(yk − y) + V (pk(yk − y)) = V (pyαk (v
r − vrk)), (15)

where pk(x) = αp(x)vr(x)
1∫
0

[ξyk(x) + (1 − ξ)y(x)]α−1 dξ. Since p ∈ K(D) and

yk, y, v
r are bounded, then pk ∈ K(D). So we can apply (I − Vpk

(pk · )) to

equation (15) to obtain from equation (9) that yk − y = Vpk
(pyαk (v

r − vrk)).

Hence using the fact that (yk) is uniformly bounded, the property (10) and the

fact that V p is bounded in D we deduce that there exists a positive constant

C > 0 independent of k such that

‖yk − y‖∞ ≤ C‖V p‖∞‖vr − vrk‖∞.
On the other hand using the fact that for r ∈ (0, 1] we have ‖vr − vrk‖∞ ≤
‖v − vk‖r∞ and for r > 1 we have ‖vr − vrk‖∞ ≤ r‖θ‖r−1

∞ ‖v − vk‖∞ we deduce

that ‖vr − vrk‖∞ → 0 as k → ∞. This implies that ‖yk − y‖∞ → 0 as k → ∞.

Similarly we prove that ‖zk − z‖∞ → 0 as k → ∞.

From the Schauder fixed point theorem there exists (u, v) ∈ Γ such that

T (u, v) = (u, v) or equivalently u = ω − V (puαvr) and v = θ − V (qusvβ).

The pair (u, v) is clearly a positive continuous solution of (1) in the sense of

distributions. This achieves the proof.
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[11] CÎRSTEA, F.—RADULESCU, V.: Entire solutions blowing up at infinity for semilinear

elliptic systems, J. Math. Pures Appl. (9) 81 (2002), 827–846.

[12] DAUTRY, R.—LIONS, J. L.: Analyse mathématique et calcul numérique pour les sci-
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RAMZI ALSAEDI — HABIB MÂAGLI — NOUREDDINE ZEDDINI

[24] PORT, S. C.—STONE, C. J.: Brownian Motion and Classical Potential Theory, Aca-

demic Press, New York-San Francisco-London, 1978.

[25] WIDDER, D. V.: The Laplace Transform, Princeton Univ. Press, Princeton, NJ, 1941.

[26] ZHANG, Z.: Existence of entire positive solutions for a class of semilinear elliptic sys-

tems, Electron. J. Differential Equations 2010 (2010), No. 16, 1–5.

Received 28. 9. 2011

Accepted 6. 1. 2012

Department of Mathematics

Rabigh College of Sciences and Arts

King Abdulaziz University

P.O. Box 344. Rabigh 21911

KINGDOM OF SAUDI ARABIA

E-mail : Ramzialsaedi@yahoo.co.uk

habib.maagli@fst.rnu.tn

c Corresponding author:

E-mail : noureddine.zeddini@ipein.rnu.tn

72


	Abstract
	1. Introduction
	2. Proof of Theorem 1.1
	3. Proof of Theorem 1.2
	REFERENCES


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts false
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings true
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldMT
    /ArialMT
    /Times
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /ENU <>
    /DEU <>
    /CZE ()
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [498.898 708.661]
>> setpagedevice




