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. 1
ABSTRACT. In the present paper, we introduce a new subclass S;Lq’s’)\('y, 0) of

0-spiral functions of order v defined by a class of generalized multiplier transfor-
mations. Majorization properties for functions belonging to the class SIT(}Z,S,A(% 0)
are considered. Moreover, we point out some new or known consequences of our
main result.
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1. Introduction and preliminaries

Let f and g be two analytic functions in the open unit disk

A={zeC: |z| <1} (1.1)
We say that f is majorized by g in A (see [1]) and write
flz)<yg(z)  (z€4), (1.2)
if there exists a function ¢, analytic in A such that
[p(z)] <1 and f(z) = @(2)9(z)  (z€A). (1.3)

It may be noted here that (I.2]) is closely related to the concept of quasi-sub-
ordination between analytic functions.
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Let A, denote the class of functions of the form

)= 2P + Z arz®  (pe N={1,2,...}), (1.4)

k=p+1

that are analytic and multivalent in the open unit disk A. For simplicity, we
write A = A;.
For functions f; € A, given by

fj(z):Zp+ Z ak,jzk (321727 peN)v (15)
we define the Hadamard product (or convolution) of f; and fo by

(f1 f2)(z) = 2" + Z ap1ak27" = (f2 % f1)(2).

k=p+1

Let o, ...,aq and B, ..., 0Bs (¢, € NU{0}, ¢ < s+ 1) be complex numbers
such that 8; #0,—-1,-2,...,forj € {1,2,...,s}. We now define the generalized
hypergeometric function ¢Fs(aq,...,aq; b1, .., Bs;2) by (see, for example, [2])

[ee]

o o ) — (al)k,...,(aq)k.zk . A
JFa(on, .. ag B, Be )_k;)(ﬂl)ka'-w(ﬁs)k L (zed) (1o

where (x); denotes the Pochhammer symbol defined by
@) =z(x+1)(x+2)...(x+k—-1) for ke N and (x)o = 1.

Let
hp.q.s(a1, Bi;2) = 2D Fs (o1, . 0461, .., Bs:2)
a1 kyeo- Oéq)k k4 (17)
— ZP+ z p’
Z Bk, - - - (ﬁs)()

and using the Hadamard product, we define the following operator I Do0.s, /\(al ,B1):
A, — A, by

II())flLS >\<a1’51)f<z) = f('Z) * hp,q,s(alvﬁﬁz);

I Al B F(2) = (1= N)(f(2) * hpg.s(as, B1; 2))
A /
+ (p+1)z1-1 (2 f(2) * hpgs(ar, B15 2))'
and

L e B f(2) = 17 (I (an, B1) f(2)). (1.8)
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If f e Ay, then from (L4) and (L.8), we can easily see that

I;ans,\(alvﬁl) )= 2P + Z { +l+)\l/-€ p)]
k=p+1 p+ (1.9)
(1) k—ps - (Qg)k—p

k—
X
(ﬁ )k‘—pv"' ( )k P(l k—p
where m € No = NU{0}, \, Il >0and p € N.

We note here some special cases.

(i) I”Z’S s, B1) f(z) = DY (o, B1) f(2) (see Selvaraj and Karthikeyan [3]);

(ii) Ip’q salar, B1) f(2) = Hp g,s(a1, $1) f(2) (see Dziok and Srivastava [4,5]);

(iii) Forg=s+1, s =1(i=1,...,s+1)and ;=1 (j =1,...,s), we get
the operator I,(m, A, 1) (see Catas []);

(iv) Forg=s4+1, =10 =1,...,s+1), 8, =1(j=1,...,5) and A =1,
we obtain the operator I,(m,[) (see Kumar et al. [7]);

(v) Forg=s+1,a;,=1(i=1,...,s+1),8;,=1(=1,...,s),l =0 and
A = 1, we have the operator D" (see Kamali and Orhan [§] and Aouf and
Mostafa [9]);

(vi) For g = s+ 1, ay =1 (i = 1,. +1), 5 =1( =1,...,s) and
p = A =1, we get the operator I} (see Cho and Srlvastav [10] and Cho
and Kim [11])

(vii) Forg=s+1,a;, =1 (i=1,...,s+1),8;=1(j=1,...,s),p=1and
[ =0, we obtain the operator DY (see Al-Oboudi [12]);

(vii) Forg=s+1,a;, =1 (i =1,...,54+1),8;,=1((=1,....,8),p=A=1
and [ = 0, we obtain the operator D™ (see Salagean [13]).

Also, by specializing m, \,1,p,q,s,0; (i = 1,...,q) and §; (j = 1,...,s), we
obtain various new operators, e.g.,

(i) I;n211 An+p,11)f(z) =2 + . > . [pﬂti(lk_p)} (p(J{)T?k P a2t
=p+
(n>—p;p,n€N);

m,l = I A (k— @kp
) L iaf@) ==+ 5 [P ] et

(a€eR;ce RN zo={0,—1,...});

oy myl 2 A=) 1™ (p+1)k_p

(iii) Ip,2,1,)\<p +1L,Ln+p)f(z) =2+ k:§+1 {IH— ta—i-(l p)} ((Z-i-p))i—p arz
(ne€Z;pe N;n>—p)
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: m,l - A=) 1™ (p+Dk—p

(v) L5 a(p+1,5p+1-0)f(2) = 2P + kgpzu [H i p)} A
(peN;0<0<1);

m,l o HAk=p) 1™ (P+8)k—p()r—p

(V) Ipa2ﬂ1ﬂ>‘(p + 6’ & a)f(Z) = - k:%—}—l |:p+ t)+(l p)i| (Iza)k)fp(l()k)ﬁp ak'zk

(a,c € R\ 205 0 > —p; p € N);
i) 1! = A=) |™ (8-

IR A LR e

(6 > —p;p € N).

It can be easily verified from the definition ([L3]) that

2= (Ialon BOIE) = G+ DL (0, B)1(2) (110
— [P =N+ UL (anB)f(z) (A>0)

and

2 (I (0, B F()) = a7 (on + 1,81 f(2)
— (a1 —p)I;T,Léfs,,\(Oéhﬁﬁf(z)-

Using the operator Igéfs7A(a1,51), we now define the class SZ&{S7A(7,9) as
follows.

(1.11)

DEFINITION 1.1. A function f(z) € A, is said to be in the class S;iléfs’/\('y,ﬁ),
if and only if

(Ao B0 1()

Re{ €l il > vy cosf
Ip,é’s’/\(alvﬁl)f(z)

(g<s+1; g,s,m € Nog; pe N; \1>0; 0<vy<1; —72T<9<72r; z € A).
(1.12)

Clearly, when p=1,¢g=2,s =1, a; = 1 and as = 1, we have the following
relationships:

(i) ST, (7,0) = S5(7);
(i) S?:é,L)\(’YvO) = 5*(7);
(iii) 5775,1,2(0,6) = ;.

The classes S; () and S*(y) are said to be the classes of f-spiral-like and star-
like functions of order 7 in A, which were studied by Libera [14] and Robertson
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[15], while S; denotes the class of #-spiral-like functions in A considered by
Spacek [16].

A majorization problem for the class S* = S*(0) has been investigated by
MacGregor [1]. Also, majorization problems for starlike functions of complex
order have recently been investigated by Altintas et al. [I7], Goyal et al. [I8]
19], and Goswami et al. [20L21]. Motivated by these works, in this paper, we

investigate a majorization problem for the class S;” qls 1 (7,0).

2. Majorization problem for the class Spqs/\( ,0)

We begin by proving the following result.

THEOREM 2.1. Let the function f € A and suppose that g € gl (v,0). If

Dyq,8,A
Imqls s, B1) f(2) is majorized by I s, /\(al,ﬁl)g(z) in A, then

(i)

i, B £ (2 (o <m),  (21)

< |1 (e Bg(2)

(i)

e+ 1,80 ()] <
where
mn=n (pa /\a lv v, 0)

—V/n} = Alp+ 1+ (1= p)A[2M(1 = 7) cosf — [p+ 1 + (1 — p)A]e”|
22X(1 — ) cosf — [p+ 1+ (1 — p)A]e?|

e+ 1,809)| (<), (22)

(2.3)
with
m =2 +[p+1+ (1 —p)A +]2M1 —y) cosd — [p+ 1+ (1 — p)AJe?|
and
lp+14+ (1 —=pA > 201 =) cosf — [p+ 1+ (1 —p)\|e?|

and
T2 = 12(p, 01,7, 0)

— /M3 =41+ a1 —pl|2(1 — ) cos — (1 + a3 — p)ei?| (2.4)

212(1 — v) cos b — (1 4+ ay — p)ei?|

with

7]2:2—1—\1—1—041—p[—l—\2(1—7)0089—(1+a1—p)e19|
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and
11+ ai—p| > |21 —7)cosf — (1+a; — p)elf|

(peN; NI>0; apeC; 0<vy<]; —g<9<g).

Proof. Wefirst prove that (2.1 of Theorem[2.I]holds true. Since g € S;'zl’s’/\('yﬁ),
we find from ([LI2) that

/
m,l
eieZ (Ip’%s’)\(alaﬁl)g(z)) - 1+ (1 — 2’}/)(/.)

m,l cosf +1isin 6, (2.5)
L (o, B1)g(2) 1—w
where w is analytic in A, with w(0) = 0 and
lw(2)| < |2] (z € A). 2.6

By using (LI0) in (Z3) and making simple calculations, we get
m~+1,1
Ip,;,sl,,\(al; B1)g(2)
m,l
Ipgsalen, Bl)g(z). _ (2.7)
[p+1+ (1 —p)Ae? + 2A(1 —v)cosd — (p+ 1+ (1 — p)A)elf]w
(p+1)(1-w) ’
which, in view of (26]), immediately yields the inequality

m,l
|Ip’qys7)\(a17 Bl)g(z)‘

- [P+ (1 +[2])
T p 4+ (1 —p)A = [2X(1 =) cosd — [p+ 1 + (1 — p)AJei?||z]

N
X |1 o (e, Br)g(2)-

Next, since I;'Zfs’/\(al,ﬁl)f(z) is majorized by I;'Zfs’/\(al,ﬁl)g(z) in A, thus

from (L3]), we have
(o, B1)f(2) = e(2) I (o, Br)g(2).

Differentiating it with respect to z and multiplying by z, we obtain

2 (I, s, B (2))

(2.8)

(2.9)
/
= ch’(z)I;'Zfs’/\(al, B1)g(2) + zp(2) (IZL}%S’,\(ah Bl)g(z)) .
Also, by using (LI0) in (2.9), we have
I;?;;’i(al, B1)f(2)
(2.10)

Az (2) m m
- pi(z LI (o B)0(2) + @) A o, B )
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Therefore, noting that the Schwarz function ¢ satisfies the inequality (see, e.g.
Nehari [22])
1—Jo(2)]?

! < A 2.11
#'(2)] < I (z €4, (2.11)
and making use of (2.8)) and (ZTI1)) in (ZI0), we get

I (0, B1) £(2))

Azl — [o(2)P) ]
S(ﬂfvmm+i+04pﬂ\\%vakwﬂf@+¢+ﬂgpMWNM)‘()D

x | IS (a, Br)g(2)],

(2.12)
which, upon setting
lzl=7r le()l=p (0<p<1)
leads us to the inequality
|72 (o, Br) £(2))
®1(p)
< . 2.13
S (= n)p+1+ (1 =P = 220 — ) cos0— [p+ 1+ (1 —pe]r) D)
X | I (o, Br)g(2)],
where
O1(p) = Ar(1 —p*) + (1 —
1(p) =Ar(1—=p") + (1 —7) (2.14)

< (Ip+1+ 1 =pA| —[2A(1 =) cosf — [p+ 1 + (1 — p)Ale’|r)p

takes its maximum value at p = 1 with r1 = r1(p, \,[,7,0) given by (2Z.3)).
Furthermore, if 0 < § < ry(p, A, 1,7,0), then the function ¥y (p) defined by

Ui(p) = A6(1 — p*) + (1 - 6)
X ([p+14 (1 —p)A| — [2A(1 — 7) cos 8 — [p+ 1 + (1 — p)Ae?|6)p
is an increasing function on the interval 0 < p <1, so that
Vi(p) < Wi(1)
=(1=0)(p+ 1+ (1 —p)Al — [2X(1 — ) cosf — [p+ L + (1 — p)AJe”|d)
(0 < o < rl(pa /\a 17’75 0))
Hence upon setting p = 1, in (2.17]), we conclude that ([2.1)) of Theorem 2T holds
true for |z| < ri1(p, A\, 1,7,0), where r1(p, A, 1,7, 0) is given by ([23)).
Now, we prove that (Z2]) of Theorem [2.1] also holds true. By using (LII]) in
(25) and making simple calculations, we obtain
I;nqls AMar+1,81)9(2)  (1+ a1 —p)el? + 2(1 —7) cosf — (1 + a1 — p)e¥]w

I;nqls /\(041,61)9(2) a Oéleie(l —w)

(2.15)

(2.16)
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In view of (2.0]), ([2.I6) immediately yields the following inequality

< | (1 +[2])
T 1+ar—p|—12(1 —v)cosb — (14 aq — p)ei?||z]

1
X |I;T,Lq,s,,\(041 +1,81)9(2)|.

Il A, B)g(2)

(2.17)
Also, by using (LI in ([2.9), we have
1
m,l _ / m,l
Ip,q,s,x(o‘l +1,B1)f(2) = a Zp (Z)Ip, ,5,,\(041751)9@) (2.18)

(@) A l01 1, 81)g(2).
Therefore, noting that ¢(z) satisfies the inequality (ZI1) and making use of
@I7) and (ZII) in (ZI8), we see that
m,l
‘Ip,q,s,)\<a1 + 17ﬁ1)f<z)‘

|21(1 = | (2)[?) .
= ((1 —2D(1+ a1 —p| = |2(1 =) cos — (1 + a1 — p)ei?]|z|) + [ )|>
(2.19)

XLt alon +1, 81)g(2)

r(1—pH)+ (1 —7r)(|1 +a; —p| —[2(1 —7)cosd — (1 +ay —p)e|r)p
(1-=r)(|14+ a1 —p| —|2(1 —7)cost — (1 + a; —p)etfr)

XL (o + 1, B1)g(2)]

- P2(p)
S (=7 (14+ a1 —p|— 201 =) cosf — (1 + a1 — p)ei?|r) (2:20)

X \I;?(}fs,,\(al +1,81)9(2)|
(Iz =7, [e(z)[=p, 0<p<1, z€A)
where the function ®3(p) defined by
B3(p) = r(1—p?)+ (1=r)([1+a1 —p|— [2(1=7) cosd—(1-+ar —p)e|r)p (2.21)

takes its maximum value at p = 1 with ro = r2(p, a1,7,0) given by (24)).
Furthermore, if 0 < § < ro(p, a1,7,0), where ro(p, a1,7,0) is given by (2.4,
then the function

Us(p) = 6(1—p2)+(1—5)(]1+a1—p]—]2(1—7) cos@—(1+a1—p)eie|6)p (2.22)
increases on the interval 0 < p < 1, so that ¥5(p) does not exceed

Wy(1) = (1= 0)(|1 + a1 —p| — |2(1 —7) cos§ — (1 + a1 — p)e'?|s)
(0 <6 <ro(p,a1,7,0)).
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Therefore, from this fact, (Z20) gives the inequality (2.2). This completes the
proof of Theorem 211 O

As a special case of Theorem 2.1l when p = 1, we have:
COROLLARY 2.1. Let the function f € A and suppose that g € Sﬁ;l’s’/\(% 0). If
I{Tféfs’/\(al,ﬁl)f(z) is majorized by I{Tféfs’/\(al,ﬁl)g(z) in A, then
(i)
I{'f;fsly’i(al, B1)f(z
(i)
’11 qls aar+1,81) f(=

where

(‘Z| S T3)a (223)

< |1t 809 (2)

(lz| <rge), (2.24)

‘Il q,5,\ 051 + 17B1)g<z)

m — /1% — 41+ 1221 — ) cos @ — (1 + 1)elf|

=r3(\1,v,0) = ) 2.25
ra(A L7, 9) 212A(1 — ) cosf — (1 + 1)el?] (2:25)

(1 = 2A |1+ +|20(1—7) cosO—(1+1)e|; A, 1>0; 0< v < 1; —g <0< g)

and

2 = /03 — 4laa[|2(1 = ) cos ) — azel|

. 2.2
2|2(1 — ) cos O — el (2:26)

ry =r4(ar,,0) =

(2 =24 ||+ 12(1 =) cos @ —aie®|; oy €C; 0<y<1; —72T<9<72r).

Setting I = 0 in Corollary 211 we get:

COROLLARY 2.2. Let the function f € A and suppose that g € Sl (s 0). If
DY (o, B1) f(2) is magjorized by DY (aq, B1)g(z) in A, then

(i)

|DY (a, B1) f(2)]| < [ DY (an, Br)g(2)| (|2 < rs),
(i)

|DX (e + 1, 81) f(2)| < [DX (e + 1, B1)g(2)] (2] < r6),

m — /m — 42A(1 — ) cos 0 — e

rs =7rs(A7.6) = 2|2A\(1 — 7) cos§ — el?|

(m=22+14+]2X1—-7)cosf—e?; A>0; 0<vy<I1; _72r<9<727)
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and
12 — /03 — 4lar[[2(1 = 7) cos — arel|

T6 TG(Oélv’y; ) 2|2(1_’7) COSQ—OQGIQI

(2 =24 ||+ 12(1 =) cos —aie?|; oy €C; 0<y<1; —72T<9<72r).
Putting m =+ = # = 0 in Theorem 2.I] we obtain

COROLLARY 2.3. Let the function f E A, and suppose that g € Sg f] s\

Ig”é’s’,\(ah&)f(z) is majorized by I pasala1 B1)g(z) in A, then

(i)

(0,0). If

10 (e B0 S| < |1 (@, B (2) (2] < r1),
(i)
1% Aon + 1)) < 100 s +1,809()| (12l < 7).
where
=T Wi@iliﬂ”fﬁ_l_ 1
(m=22 +1+l+2 =1—-1]; XI1>0)
and

2 — /m3 — 4lan||2 — ay|
2|2—Oél|

(m2 =2+ a1 +1]2—a1]; a1 €C).

rg = 7'8(041) =

Taking A=1,m=0,¢q=2,s=1, a3 = 81 =1 and ay = 1 in Corollary 2]
we obtain the result of Altintas et al. [17].

COROLLARY 2.4. Let the function f € A and suppose that g € S*((y —1)e'?) =
Sy (), where 0 < v <1 and =7 < 0 < 7. If f(2) is majorized by g(z) in A,
then

< 19" (] < 7o),
where
n% — 4]2(1 — ) cos O — ¢!

n—
= 0) = .
ro =7o(7,6) 2|2(1 — 7) cos 0 — el?|

(n=342(1—7)cosh —e?|; 0<~vy<1; _72r <0< 72r)

Further putting 6 = 0 in Corollary 24 we get:
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COROLLARY 2.5. Let the function f € A and suppose that g € S*(y), where
0 <~y < 1. If f(z) is majorized by g(z) in A, then

1@<’ @ (2] < o),

where

o = 7”10(’)’)

_ =P =41 =21

=3+|1-2v]; 0L 1).

Also, putting v = 0 in Corollary [Z5] we obtain the result of MacGregor [1].

COROLLARY 2.6. Let the function f € A and suppose that g € S*(0) = S*. If
f(2) is majorized by g(z) in A, then

IFI<1g @) (el <2-V3).
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