versi 2o Mg]ihemoﬁco
ovaca

DOI: 10.2478/s12175-013-0177-3
Math. Slovaca 63 (2013), No. 6, 13711380

A NOTE ON M-COMPACT SPACES

O. A. S. KARAMZADEH — M. NAMDARI — M. A. SIAVOSHI

(Communicated by Lubica Hold)

ABSTRACT. We extend the well-known and important fact that

“a topological space X is compact if and only if every ideal in C(X) is fized”,
to more general topological spaces. Some interesting consequences are also ob-
served. In particular, the maximality of compact Hausdorff spaces with respect
to the property of compactness is generalized and the topological spaces with this
generalized property are characterized.
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1. Introduction

First, we recall a definition.

DEFINITION 1.1. If R is a commutative ring, then an ideal I of R is a-generated,
where a is a cardinal number, if it admits a generating set S with |S| < a. The
least element in the set of cardinal numbers of all generating sets of I is denoted

by g(I).

We recall that if g(I) < b for each ideal I of R, where b is the least regular
cardinal with this property, then R is called b-Noetherian, see [8] for more details
and the fact that X is an infinite space if and only if C'(X), the ring of continuous
real valued functions on the topological space X, is b-Noetherian, where b > Nj.
We can easily see that for each z € X, g(O,) < b, where O, denotes the set of
all f in C(X) for which Z(f) is a neighborhood of z, see [B: 41], if and only if =
has a base of neighborhoods whose cardinality is less than or equal to b (i.e., the
character of x is less than or equal to b), which is a generalization of [5} Ex. 41.4].
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In [8: Corollary 1.5], the classical Hilbert basis lemma (i.e., a ring R is Noetherian
if and only if R[z] is Noetherian) is naturally extended to all rings, by showing
that for any ring R, R and R[z| are a-Noetherian for the same regular cardinal
number a (note, every ring is a-Noetherian for some regular cardinal number a
and N,-Noetherian rings R are just the Noetherian rings, i.e., every ideal in R is
finitely generated). In this note, motivated by the latter result we aim to extend
the result of the abstract, naturally, to all topological spaces. Consequently,
the known fact that whenever X, Y are compact (realcompact) spaces, then
X and Y are homeomorphic if and only if C(X) and C(Y') are isomorphic is
extended naturally to all topological spaces. Finally, in a series of remarks
and comments we extend and slightly strengthen some useful and well-known
properties of compact (Lindelof) spaces to more general spaces. In particular,
in the final result of this note, the well-known fact that compact Hausdorff
topological spaces are maximal with respect to the property of compactness, is
extended to general topological spaces.

We also need the following definition.

DEFINITION 1.2. A topological space X (not necessarily Hausdorff) is said to
be A-compact whenever each open cover of X can be reduced to an open cover of
X whose cardinality is less than A, where X is the least infinite cardinal number
with this property.

We should remind the reader that our notion of A-compactness coincides
with the concept of Lindelof T cardinal of a topological space, see [10]. In fact
when a space X is A-compact, then A is the least cardinal such that X is a
finally A-compact space, see [9], [I0]. The reader is referred to [10], where it
is shown that the notion of ordinal compactness is much more applicable than
cardinal compactness. Moreover, in [10] it is also rightly noted that the concept
of A\-compactness is more convenient, since it distinguishes between compactness
and Lindelofness. We note that compact spaces (respectively, Lindel6f non-
compact spaces) are X,-compact (respectively, Rj-compact spaces) and in general
every topological space X is A-compact for some infinite cardinal number A, see
the concept of Lindel6f number in [2: p. 193], see also [6; Definition 1.8]. We
also observe that given any infinite cardinal number A there exists a completely
regular space Y which is A-compact and if A > N; is regular, then Y is a P-space
too (note, there are no infinite compact P-spaces). In this note, as it is usual
in the context of C'(X) whenever we deal with C'(X) the topological space X
is always assumed to be a completely regular Hausdorff space, unless otherwise
mentioned. We should also emphasize that an ideal I of a ring R is always a
proper ideal, see [4] for possible undefined terms and notations. A well-known
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and useful result in the context of C'(X) asserts that a topological space X is

compact if and only if each ideal I of C'(X) is fixed, i.e., (| Z(f) # @, see
fel
[5t Theorem 4.11]. Noting that in any topological space X if [ is a finitely

generated ideal of C'(X) then I is fixed, for I = (f1, fo,..., fn) implies that
NZ(H=NZ(f)=Z(fE+ 5+ -+ f7)#@ (note, f{+fF+-+fiel
fel i=1

is not invertible). We can now recast the former result by saying that X is
compact if and only if every ideal I of C(X) with g(I) > N, is fixed whenever
every subideal A of I with g(A) < N, is fixed (note, by the above comment the
fact that A is fixed is always valid in C(X)). Motivated by this restatement
of the above classical result we define an ideal I of C'(X) with g(I) > X to be
Mfixed, where A is an infinite cardinal number, whenever each subideal A of I
with g(A) < A, is fixed. Consequently, X is compact if and only if every No-fixed
ideal is fixed.

We are now able to present the following general theorem.

THEOREM 1.3. X is a A\-compact space if and only if every \-fized ideal in C(X)
18 fixed and X is the least infinite cardinal number with this property.

Proof. First, by our restatement of the result in the abstract, we may assume
without loss of generality, that A > N, (i.e., X is not compact). Now let X be
a A-compact space and I be an ideal of C'(X) with ¢g(I) > A which is A-fixed.

Then we are to show that [ is fixed. Put I = > fC(X), where |K| = g(I).
keK
Clearly, ( Z(f) = () Z(fx). Hence it suffices to show that (| Z(fx) # .
fel keK keK

We claim that () Z(fx) = @ leads us to a contradiction. To see this, since
keK

X is A-compact we infer that () Z(fx) = @, for some T' C K with |T'] < A.
kET

This means that the ideal A = > f,C(X) C I is free (i.e., not fixed) which is
keT

impossible by our assumption (note, g(A) < |T| < A). Finally, it remains to be
shown that A is the least infinite cardinal number with this property. Clearly,
we have already proved that there exists a least infinite cardinal number a < A
such that every a-fixed ideal of C(X), is fixed. We must show that o = A. To
this end, it suffices to prove the converse. Hence suppose that every A-fixed ideal
of C(X) is fixed and X is the least infinite cardinal number with this property
and we must show that X is A-compact. Let X = |J (X \ Z(f)), where |S| > A,
fes

then @ = (| Z(f). Put I = > fC(X) and note that it is free. We may

fes fes
suppose, without loss of generality that for at least one of the open covers of
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the above form for X, the corresponding ideal I is a proper ideal in C(X),

for otherwise 1 € I implies that 1 = f191 + --- + fngn, where f1,...,f, € 5,
n n

g1s---59n € C(X), which implies that () Z(f;) = @, ie., X = J (X \ Z(fi)),
i=1 i=1

which means that X is compact and therefore we must have A = X, (note, we are

using our restatement of the theorem above, in this case) which is absurd, i.e., we

are done. Now let the ideal I be proper and free and consider two cases. First,

let g(I) be less than A, hence we can put I = > frC(X), where |K| = g(I)
keK
is less than A. Clearly, there exists a subset L of S with |L| < |K| < A which
generates I, hence we may assume that K is a subset of S. Consequently, this
implies that (N Z(f) = ) Z(fx) = @, i.e., X is y-compact for some infinite
fer keK
cardinal number v < A. But, this implies that X is A-compact, for we shall
shortly see that v < A leads us to a contradiction, and hence we are through.
In the second case, let us assume that g(I) > A, hence inasmuch as T is free, we

infer that it is not A-fixed and therefore, by our assumption, there must exist a

subideal A of I with g(A) < A such that A is free. Put A = ) i C(X), where
IEL

|L| < A (note, L is an infinite set by the comment preceding the theorem). But,

for each | € L, we have h; € I, i.e., hy € (f1,...,[fr), for some f1,...,f, € S.

This shows that there exists a subset S’ C S such that A C Y fC(X) and

fes’
IS’ < |L| < A. Clearly, (| Z(f) 2 () Z(f), hence (| Z(f) = @ (note, A is
feA fes’ fes’
free), which implies that X = J (X \ Z(f)), |S’| < A. This shows that X is

fes’
~v-compact for some infinite cardinal number v < A\. We claim that v = A, for

otherwise if v < A, then by what we have already proved in the first part, that
there exists an infinite cardinal number S < = such that every §-fixed ideal I of
C(X), is fixed and we arrive at a contradiction by the minimality of A. d

Next, we recall that if X is any space and I is a free ideal in C'(X), then
g(I) > No, hence each maximal ideal M of C'(X) containing I is N.-fixed. Again
motivated by this trivial fact, let us say that a space X has A-free property,
where A is an infinite cardinal number, if whenever I is a free ideal in C'(X)
with g(I) > v < A, where  is a cardinal number, then any maximal ideal M of
C(X) containing I is v-fixed (note, we have already observed that any space X
has N,-free property).

Now we are able to fully generalize [4: Theorem 4.11].

COROLLARY 1.4. Let X be a topological space with A-free property. Then the
following statements are equivalent.
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(1) X is A-compact.

(2) Every A-fized ideal in C(X) is fized and X is the least infinite cardinal
number with this property.

(3) Every A-fixed prime ideal P of C(X) is fixed and X is the least infinite
cardinal number with this property.

(4) Every A-fized mazimal ideal M of C(X) is fized and X is the least infinite
cardinal number with this property.

Proof.

(1) = (2) It is evident by the above theorem.

(2) = (3) = (4) We note trivially that every A-fixed prime (maximal)
ideal in C'(X) is fixed. Hence it remains to be shown that A is the least infinite
cardinal number in parts (3) and (4). Clearly, it suffices to show that it is the
least cardinal number in part (4). Now let v < A be the least cardinal number
such that each v-fixed maximal ideal in C'(X) is fixed, then we claim that each
v-fixed ideal in C'(X), is fixed and then by (2) we must have v = A. Hence let [
be a 7-fixed ideal in C(X). We show that if T is free we obtain a contradiction.
Now let I be free and hence by the A-free property of X every maximal ideal of
C(X) containing I is 7-fixed, which must be fixed by our assumption, hence I
is fixed which is absurd.

(4) = (1) By the previous theorem and (4) it suffices to show that every
Mfixed ideal of C'(X) is fixed. To this end, let I be a M-fixed ideal of C(X). We
are to show that [ is fixed. If not, let M be a maximal ideal of C'(X) containing
I, then by the A-free property of X, M is A-fixed. But by (4) M is fixed, a
fortiori, [ is fixed, which is absurd. (]

It is well-known that if Max(C'(X)), the set of maximal ideals of C'(X), is con-
sidered as a topological space with the Zariski topology (it is called hull-kernel
topology and also Stone topology in [4]), then its subspace FMax(C(X)), the
set of fixed maximal ideals in C(X), is dense in it and in fact X, 8X are home-
omorphic with FMax(C(X)) and Max(C(X)), respectively, see [4: p 105]. It is
manifest that if X, Y are any two topological spaces, then every ring isomor-
phism between C'(X) and C(Y") takes real maximal ideals to real maximal ideals.
But, real maximal ideals are fixed in compact (realcompact) spaces, hence we
immediately obtain the well-known fact which says if X and Y are two compact
(realcompact) spaces, then they are homeomorphic if and only if C(X) = C(Y').
Next, we aim to extend this fact to all topological spaces. Let us first define
an isomorphism ¢: C(X) — C(Y) to be A-fixed isomorphism if whenever M
is a fixed maximal ideal in C(X) (C(Y)), then for any subideal I C M of M
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with g(I) < X\, o(I) (¢~ 1(I)) is fixed (note, if there is such an isomorphism be-
tween C'(X) and C(Y), we say that X and Y are A-fixedly isomorphic). Clearly,
every isomorphism ¢: C(X) — C(Y) is Ro-fixed isomorphism. It is also in-
teresting to note that if X and Y are compact (realcompact) spaces, then any
isomorphism between C'(X) and C(Y') is A-fixed isomorphism for every cardinal
number A. We should remind the reader that if ¥: X — Y is a homeomorphism
between two spaces X and Y, then it is manifest that the natural isomorphism
0: C(X) — O(Y), where ¢(f) = f9~ for all f € C(X), is MA-fixed isomorphism
for any cardinal number A.

The following result, which is a generalization of the previous fact concerning
compact (realcompact) spaces, is now in order.

THEOREM 1.5. Two A-compact spaces X and Y are homeomorphic if and only
if they are \-fixedly isomorphic.

Proof. Let p: C(X) — C(Y) be a Afixed isomorphism and M be a fixed
maximal ideal of C(X). If g(M) < A, then (M) is fixed by our assumption
and if g(M) > A, then clearly M is A-fixed. But in the latter case g(p(M)) > A
and for any subideal A of ¢(M) with g(A) < A, there exists a subideal I of M
with g(I) < A such that o(I) = A. Since ¢ is Afixed isomorphism, we infer
that A is fixed, hence p(M) is A-fixed. Consequently, in view of Theorem 1.3,
@(M) is fixed. This shows that ¢(FMax(C(X))) = FMax(C(Y)) and since
Max(C(X)) endowed with the Zariski topology is algebraic invariant, we infer
that FMax(C(X)) and FMax(C(Y)) are homeomorphic. Thus by the comment
preceding the theorem X and Y are homeomorphic too. The converse is evident,
by the comment preceding the theorem. O

Clearly, if X is any space and M is a real maximal ideal in C(X) with
g(M) < Ny, then M is fixed and it is taken to a fixed maximal ideal under
any isomorphism (note, M is generated by an idempotent, see [4: Theorem 5.14]
and for a more general result see [I} Proposition 3.1, Corollary 3.5]). Now in
view of Theorem 1.3, we observe that if X is a Lindeldf space (i.e., a A-compact
space with A < Ry) then the canonical mapping f — f¥ of C(X) onto C(vX)
is Nj-fixed isomorphism, see [4 Remark 8.8] (note, we are not using the fact
that X is realcompact) and therefore the realcompactness of X follows from the
following more general result.

COROLLARY 1.6. Let X be a A-compact space such that the canonical mapping
between C(X) and C(vX) is A-fized isomorphism. Then X is realcompact.

Proof. Consider the isomorphism ¢: C(X) — C(wX), o(f) = fY, see [o:
Remark 8.8]. Clearly, p(FMax(C(X))) € FMax(C(vX)) and we aim to show
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that the equality holds. Now let M be a fixed maximal ideal of C(vX) with
g(M) < A, then ¢~1(M) is a fixed ideal by our hypothesis. Finally, let M be
a fixed maximal ideal of C'(vX) with g(M) > A, hence g(p=*(M)) > X which
implies that ¢ ~1(M) is A-fixed, by our hypothesis. Now in view of Theorem 1.3,
we infer that ¢ ~1(M) is fixed. Thus, we have already proved that the equality
that we were after, holds, i.e., p(FMax(C(X)) = FMax(C(vX)) which in turn
implies that X and vX are homeomorphic, hence X is realcompact. O

It is well-known that a discrete space X is a realcompact space if and only
if its cardinal is nonmeasurable, see [5: Theorem 12.2]. In [I} Corollary 5.11],
it is observed that a discrete space X is realcompact if and only if vX is first
countable, see also [2: p. 240].

We also have the following fact.

COROLLARY 1.7. Let X be a discrete space with | X| = X. Then A is nonmea-
surable if and only if the canonical mapping f — fY of C(X) onto C(vX) is
AT -fized isomorphism, where AT is the least cardinal number greater than .

Although every infinite discrete space of cardinality A is AT-compact. But
for the sake of completeness we show that for any infinite cardinal number A
there exists a non-discrete completely regular (even, normal) Hausdorff space
which is A-compact. In what follows, we shall remove the blanket assumption
of complete regularity on topological spaces, but still every space is Hausdorff,
unless otherwise mentioned. The next example, which is a nondiscrete P-space,
is more general than the one given in [4: 4N].

Ezample 1.8. Just take (X, 7) to be a discrete space with |X| = A and similar
to the one-point compactification construction of X define Y = X* = X U {a},
ad X, 7" =7U{G, CY: a€ G, |Y\G4 <A} Itis clear that (Y,7%) is a
Hausdorff A\-compact space. To see that this space is completely regular (in fact,
normal), we just recall that a Hausdorff space whose set of nonisolated points
is finite, is normal. Moreover, if A > N; is a regular cardinal number, one can

show that for any cardinal number vy < A, the intersection [\ G;, where every
iel

G; is open in Y and |I| < ~, is open (note, let us for the sake of brevity, call

a space with the latter property a Py-space, where ) is any cardinal, regular or

not).

Ezample 1.9. Let Z = @ X; be the free sum of the mutually disjoint spaces X;,
iel

where |I| < A, X a regular cardinal number, and each X; is a homeomorphic copy

of the space Y in the above example. Then it is manifest that Z is a A-compact
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Hausdorff normal space and the set of its nonisolated points has cardinality |]|.
Moreover, Z is a Py-space.

Considering Y, Z as prototypes of A-compact spaces with these properties, we
conclude this note with the following interesting remarks.

Remark 1.10. Since every closed subspace of a A-compact space is y-compact
for some cardinal number v < A, we infer that the topology 7* in Example 1.8,
is the only topology containing 7 which makes Y a A-compact space.

It is well-known that every compact Hausdorff space is maximal compact.
The next remark is a generalization of this fact.

Remark 1.11. Let (X,7) be a A-compact Hausdorff space which is also a
Py-space. It follows that 7 is a maximal A-compact topology on X.

We know that every compact (i.e., No-compact) subspace of a Hausdorff space
X (note, X is A-compact for some A > R,, and X is always Py, -space) is closed.
To extend this fact to y-compact subspaces, we may simply say, as we observed
in Remark 1.11, that every y-compact subspace of a P,-space X, is closed. The
next remark which is also a natural generalization of this fact, gives us more
insight.

Remark 1.12. Let for a fixed cardinal number ~, X be a P,-space. Then every
B-compact subspace of X, where 8 < 7, is closed. Moreover, if X is a A-compact
space, where A is a regular cardinal number, and every y-compact subspace of
X ,where v < J, is closed, then X is a Py-space.

It is well-known that every countable subset of a P-space (i.e., Py,-space) is
closed and discrete, see [4 4K.1]. The previous remark leads us to a stronger
result, namely, every Lindelof subspace of a P-space is closed and conversely,
whenever every Lindel6f subspace of a Lindelof space X is closed, then X must
be a P-space. As a consequence of the previous remark, we also infer that if X
is a Py-space, then every subset A of X whose cardinality is less than A is closed
and discrete and moreover if X is completely regular, then A is C-embedded in
X, which is a generalization of [4: 4K.2], see also [4: 3L.1].

Let us recall that no infinite compact space X (i.e., No-compact with | X| > X,)
is a P-space (i.e., Py,-space). The next remark is an extension of this fact to
A-compact spaces.

Remark 1.13. No A-compact space X with |X| > A can be a Py+-space.

In contrast with the previous remark, we have the following immediate fact.
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Remark 1.14. Let X be a space with | X| = A\. Then X is discrete if and only
if it is A*T-compact, Py+-space.

The next remark shows that certain y-compact subspaces in maximal topolo-
gies are closed.

Remark 1.15. If (X, 7) is a maximal A-compact space (not necessarily Haus-
dorff), then each B-compact subspace of X, where 8 < ), is closed. To see this,
let Y be a nonclosed SB-compact subspace of X, where < A, and seek a con-
tradiction. Let us consider the topology 7" on X generated by 7 U {Y ¢}, where
Y€ is the complement of Y in X. We claim that (X, 7’) is also A-compact and
since it is clearly finer than (X,7) we get the desired contradiction. Hence
let {G;: i€ I} be an open cover of (X,7’), where |[I| > A. Clearly each
G; is of the form G; = (Y° N H;) U E;, where H; and E; are in 7. We also

note that Y C |J E; and since Y is f-compact, we infer that Y C |J E;,
icl ieKCI
where |K| < f < A. Put G = |J E; and note that G° as a closed sub-
ieK
set of (X,7) is y-compact for some v < A. Since G° C Y*°, we infer that
G°NG;, = (G°NH;)U(G°NE;) =G°N(H; UE;). But G° C |J G; and the
i€l
latter equalities imply that G¢ C |J(H; U E;) and since G° is y-compact in
i€l
(X,7) we have G° C |J (H; U E;), where L C I and |L| < v < A. Tt follows
i€l
that G°C | ((G°NH;))UE;)) C J((Y°NH;)UE;) = |J G;. Consequently,
ic L icL ieL
X=GUG=(U E)U(U Gi)=(U Gi) U (U G;) and since |[LU K| < A,
ieK i€L ieK €L
we infer that (X, 7’) is p-compact for some p < A. Noting that 7’ is finer than
7 we must have A\ < u, hence we are done.

In the light of Remarks 1.11, 1.12, and 1.15, we can now present our final
result in this article which generalizes [I1t Theorem 2, Theorem 3].

THEOREM 1.16. Let X be a A-compact Hausdorff space, where X\ is a regular
cardinal number. Then the following statements are equivalent.

(1) X is Py-space.
(2) X is a mazimal A\-compact space.
(3) Every ~y-compact subspace of X, where v < A, is closed.

Acknowledgement. The authors would like to thank the referees for reading
the article carefully and giving useful detailed comments.
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