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ON EQUICONVERGENCE OF NUMBER SERIES

M. ZELTSER

(Communicated by Jdn Borsik)

ABSTRACT. In many classical tests for convergence of number series mono-
tonicity of terms of series is a basic assumption. It was shown by Liflyand,
Tikhonov and Zeltser that many of these tests are applicable not only to mono-
tone sequences but also to those from a wider class, called weak monotone. Being
more general this class still does not allow zeros and too much oscillation. In this
paper we extend the class of weak monotonicity to include the mentioned cases
and verify that the convergence tests considered by the mentioned authors still
hold on this weaker assumption.
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1. Introduction

In [3] it was proved that in many classical tests for convergence of number
series the monotonicity assumption can be replaced by a much weaker one, called
weak monotonicity.

DEFINITION 1. A non-negative null sequence {ax} is called weak monotone,
written WMS, if for some positive absolute constant C' it satisfies

ar < Ca, for any k € [n,2n]. (1.1)
If {ax} is WMS we call the series > ar WM.
k
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M. ZELTSER
DEFINITION 2. A non-negative function f defined on (0, 00) is called weak mono-
tone, written WM, if
f(t) < Cf(x) for any t € [z,2z]. (1.2)
Here we list several results from [3] concerning weak monotonicity.

THEOREM 1.1. Let {ar} be a WMS, and let uy < ug < ... be a sequence of
integers such that up, — oo and ug+1 = O(uy). Then the series

Zam (1.3)
k=1

converges if and only if the series

oo o0
Z Augay, = Z(uk“ — Uk )Gy, (1.4)
k=1 k=1

converges.

The following result is a dual result of Theorem [[T] for the class of lacunary
sequences. An increasing sequence {uy} is called lacunary if ugiq/ur > g > 1.
A more general class of sequences is that in which each sequence can be split
into finitely-many lacunary sequences (see, e.g., [Ii Introduction]). In this case
we write {ug} € A.

PROPOSITION 1.2. Let {ar} be a non-negative WMS, and let a sequence {uy}
be such that {ur} € A and up11 = O(ug). Then the series (L3)), and the series

oo oo
Zuk‘Aa’uk‘ = Z Ug| @y, — Qup iy E (1.5)
k=1 k=1

and

Z Uy, (1.6)
k=1

converge or diverge simultaneously.

THEOREM 1.3. Let {ar} be a WMS. If the series (L3) converges, then kay is
a null sequence.

THEOREM 1.4. Let f be a WM function. Then the series

> (k) (1.7)
k=1

and the integral
)
/ £(t) dt (1.8)
1

converge or diverge simultaneously.
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Being more general than monotonicity weak monotonicity is still too ordered
and allows neither zeroes no too much oscillation. While we know that inserting
zero terms or absolutely summable sequence into a series does not influence the
convergence of the series. So we need to rework WM property in order to include
these cases.

DEFINITION 3. We call a non-negative null sequence {ay} weak monotone type,
written WMS™, if there exist increasing index sequences {ay} and {8} such
that

®) {ow}U{Be} =N,
(i) {ow} N {Br} =0,
(iii) Ir e N: By, > B+ 1,
(iv) (aq,) is WMS,
(v) ag, < Caq,y,, where i(k) := max{i: a; < Bx}.

If {ax} is WMS™ we call the series (L3) WM™.

We can see that a WMS™ sequence consists of two parts: one of them behaves
nicely (as WMS), the other part can behave quite arbitrarily, i.e. contain any
terms, except the assumption that its terms should not be much larger than
the terms of the first part (condition (v)). The condition (iii) in the definition
means that between indexes 8y and Sj4, there is at least one a;. Note that (iii)
implies (k) > B — r as well as () > Br > a5().-

Note that the choice of {ax}, {8k} is not unique. We can take for example
ay = az, {8} = {Be} U {21}

The following example gives a WMS”* sequence being not WMS:

Ezxample 1.5. Set

1 | sin k|
a = agp—1 — .
2k ka 2k—1 k

Then {ay} is a WMS™\ WMS.

To introduce a counterpart for functions, we will assume that functions to be
defined on (0, 00), are locally of bounded variation, and vanishing at infinity.

Let f be non-negative function such that there exists a non-negative increasing
sequence {7yx} with 79 = 0 and v, — oo satisfying
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f(z) for any t € [z,22]N A and = € A, where A= J(vak—1, V2k],
k

fi)<c
f(t) < Cf(vax) for any t € (yar, Yor+1],

01 = sup(yar41 — Y2r) < 00,
k

Figuratively speaking f(¢) behaves nicely (as WM) on A and can behave
badly on B = |J(v2k,V2k+1]- The size of “bad” sections is bounded (cf. (iii’))
k

and the size of “good” sections is sufficiently large (cf. (iv’)). Note that the
choice of a sequence {7;} is not unique. Take for example v, | = Yap—1 + d2/2
and 75, = Y2k-

Our aim is to define a weak monotone type (WM™) property for a function
f in such a way that setting ar = f(k), we would obtain {ax} € WMS*. The
above mentioned conditions do not guarantee it. Take for example f(¢) with
f(t)=1/tfort e[k —2/3;k—1/3] (k € N) and f(t) = 0 otherwise. So we will
revise the conditions slightly:
DEFINITION 4. We say that a non-negative function f defined on (0, ), is weak

monotone type, written WM™, if there exists a non-negative increasing index
sequence {7yx} with 79 = 0 and v, — oo satisfying the conditions (i")—(iii’).

Note that the condition (iv’) is automatically fulfilled for an increasing index
sequence {vi}. Now for given f € WM™ setting ar = f(k), we obtain {ay} €
WMS™. In this case {ax} = ANN, {B;} = BNN and for every j € NN (vak, Y2r+1]
we have a;(;) = Vax-

In the following by C, C5 we denote absolute constants, that may be different
in different occurrences.

2. Convergence tests for series

Our first aim is to extend Schlémilch Theorem (cf. Theorem [IT]) to WMS™.
First we need some auxiliary results.

LEMMA 2.1. Let {ar} be a WMS™, let {t;} be an index sequence and {qi} a
non-negative sequence. Set by, = aq, and bg, = aqa,,,. Then {by} is a WMS

Zkatk
k
ZQkatk

k

sequence and if the series

converges then also the series

CONnverges.
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Proof. The first statement of the lemma is evident. The second statement
follows in view of the relations

quatk = Z Qkatk + Z Qkatk
k=1 tpe{ai} tre{Bi}
<) wby +C D by, <CY aiby,
tkE{Oéi} tke{ﬂi} k=1

0

PROPOSITION 2.2. Let (L3)) be a WM™ convergent series and let u; < ug < ...
be a sequence of integers such that up, — oo and ugy1 = O(ug). Then the series

(@T4) converges.

Proof. Taking in Lemma 2Tl ¢y := k and ¢ := 1 we get that if the series
> by (2.1)
k

converges, then (IL3]) converges as well. Moreover since

oo o0 o0 o0
Zbk = Zaak +Zaai(k) < (T+ 1)Zakv
k=1 k=1 k=1 k=1

the series (L3)) and (2)) are equiconvergent. So by Theorem [[T] the series (L3)
converges if and only if the series

> Augby, (2.2)
k=1

converges. To finish the proof we need to show that the convergence of (2.2)
implies the convergence of (4], but this follows from Lemma 2] with 5 := wuy,
and g := Auy. O

THEOREM 2.3. Let {ar} be a WMS™ and let uy < uy < ... be a sequence of
integers such that up, — 00, up+1 = O(ug),

JseN VkeN: (uk e {8} = [Fitk)e{k—s,....k—1}: (2.3)
Uj(k) € {Oéz} & Aug = O(Auj(k))]>.
Then the series (I3]) converges if and only if the series (I4) converges.
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Proof. We define WMS {b;} as in Lemma 2.1l In view of Proposition 2.2 and
its proof the only thing which we need to show is that the convergence of (L4)
implies the convergence of (2.2)). We have

k=1

up€{oy} ur€{B:}
= Z Aukauk + Z Aukbuk = <I) + <H)
up€{a;} ur€{Bi}

To estimate (II) we consider uy € {8;} and set a(k) := max{o; : «a; < ug}.
Since u;11 = O(uw;) and j(k) € [k — s,k — 1] then ux = O(ujx)) as well as
a(k) = O(ujp)). S0 by, = agr) < Ciay,,, for some C; > 0. In view of
Aup = O(Aujyy) we have Auy, < M Awuj(y,y for some M > 0. Hence

(1) < M4 Z Ay au;,, < MCys Z AUy, .

uke{ﬁl} uke{ai}

Altogether

Z Augby,, < MCi(s+1) Z AUy,

k=1 k=1

and we are done. O

The condition (Z3)) consists of two parts: the first part agrees with the con-
dition (iii) in the definition of WMS™ and states that the number of §-s staying
in a row in ug-s can not be too large. The second part states that the factor
Auy, in ([[4) for ug € {B;} can not be too large. Both the parts are needed as
the following examples demonstrate.

Ezxamples 2.4.

1) To define {uy} for 2¢ < k < 27+ we set Auy = 2% (i € N), ug = 1, ug = 2.
To define {ay} for ugi < k < ugirs (k ¢ {u;}) we set ap =477, for j ¢ {2'} we
set a,; = 0 and at last we set Ay, = 47", Then the series

> | . 1
Doak =3 202 =32 -1
k=2 i i

diverges while the series
o0 o0 1 o0
ZAuk’auk = 2 4i Z i
k=1 i=1 i=1

converges.
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In this example {u;} N {B;} = {up}\{uoi}. For 2 < k < 27! we have
j(k) = 2 and Aup/Aujgy = 2°/2° = 1. So the second part of the condition
[23) is fulfilled but the first part is not.

2) Now we define u; = 1, Augy—1 = 2" and Aug, = 1. Then ug, = 2™ +
Ugp—1 > 2". We set also ay,, , = 0 and ap = 1/k for k ¢ {ug,—1}. Then the
series (3] diverges while the series

o0 oo o0 1
ZAukauk = Zawh < Z ok
k=1 k=1 k=1

converges.

In this case {ur} N{F;} = {u2k—1} and j(2k — 1) = 2k — 2, so the first part of
the condition ([2.3)) is satisfied. In view of Augp_1/Aujr—1) = 2% /1 = 2% the
second part of (23]) does not hold.

As a corollary of Theorem we obtain a generalization of the well-known
Cauchy Condensation Theorem.

COROLLARY 2.5. Let {ay} be a WMS™ such that

JseNVkeN: (QkE{Bi} — [Fjk) € {k—s,....k—1}: 2j(k)€{ai}]>.
(2.4)

> 2Fag (2.5)
k=1

converge or diverge simultaneously.

Then the series (LL3)) and

Proof. We apply Theorem with uy, = 2%. The second part of the condition
(23) follows in view of Auy/Au;yy = 28 /29 < 2k /2k=s = 25, O

The view of conditions imposed on {a}, {ax}, {Bx} in Definition 3] was dic-
tated first of all by the needs of Cauchy Condensation Theorem (Corollary 2.5]).
In particular, we can not ask the number of Si-s staying in a row in a sequence
{ax} to unboundedly increase (cf. (iii)), no matter how slowly this number
increases:

PROPOSITION 2.6. Let {ay} and {Br} be increasing index sequences such that
(i) and (ii) are fulfilled. Suppose

Uk = Qg1 — Qf — OO (2.6)
is such that the condition [24) is satisfied. Then we can find a sequence {ay}
fulfilling (iv) and (v) such that (L3) converges, but (2.3) diverges.
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Proof. First of all we define an increasing index sequence {vy}. Set vy := 1
and suppose that v; < --- < v, are already chosen. We choose v, 1 > 2v, such
that a,,,, € {2'|i € N} and uy > 4"*! for k > 1,41, Now we define

( min Uil/n+1) , if oy, <k <oy, and k€ {a;}U{2'};
ay = Vp <i<Upiy1
0, otherwise.

Note that in view of (24) the number of 3;-s with v, <i < a,,,,, and 3; € {27}
does not exceed Svp41.
Now

Zak:Z Z akSZ Upn4+1 + SVn+1 §(5+1)221n<00~

min UiVn+1
k:al,l n k':Oéun n yn§i<vn+1 + n

On the other hand

Vn+171
k k —
2%agr > 2%agk = ) aaq,, (ug + 1)
k n van§2k<04un+1 n k=vnp
1 .
> ¥ . (Vg1 —vn)  min  u
min UiVn+1 Uy <0<Vp41
n Vn§i<yn+l
1 . _
> E min  u; > E 2l = o
2 Vp <i<Upi1
n n

O

In the following two propositions we relax assumptions for equiconvergence

of the series (L3), (IH) and (LO) (see Proposition [L2).

PROPOSITION 2.7. Let {ar} be a non-negative sequence and let {ux} € A. Then
the series (LH) and (LO) converge or diverge simultaneously.

Proof. Revising the proof of [3 Proposition 5.1] we observe that the con-
vergence of (LI) implies the convergence of (@) for any non-negative se-
quence {ay} and {ur} € A (without assumption of WMS property for {ay} and
ug+1 = O(uy)). To finish the proof we need to show the reverse implication.
Suppose that the series (L6 converges. Then in view of the inequalities

oo oo oo oo oo
d uklAau, | <D ukau, > UkGu, > Ukluy, + 3 Uk 10u,,,
k=1 k=1 k=1 k=1 k=1

the series (LLI) converges as well. O
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PROPOSITION 2.8. Let {ax} be a non-negative WMS*, and let a sequence {uy}
be such that {ur} € A, up41 = O(uy) and

dseN VkeN: (uk ce{B} = [Fik)e{k—s,....k—1}: ujp € {az}D

(2.7)
Then the series (L3), and the series (LO) and (LG converge or diverge simul-
taneously.

Proof. In view of Proposition 2.7 we need only to prove equiconvergence of

([C3) and (L6). We define WMS {b;} as in Lemma 2.1l In the proof of Propo-
sition we showed that the series (I3) and (21 are equiconvergent. By
Proposition [[L2 the series ([2.I]) and

k

are equiconvergent. Now if we take ¢ := ug and ¢ := uy in Lemma 21| we get
that the convergence of (2.8) implies the convergence of (L.6)).

Now suppose that (L6) converges. We have

S wrbu, = Y upau, + Y upby, = (D) + (ID).
k=1

up€{a;} ur€{Bi}

To estimate (II) we consider uy € {8;} and set a(k) := max{o; : «a; < ug}.
Since u;y1 = O(u;) and j(k) € [k — 5,k — 1] then a(k) < u < Muj) for some
M > 0. S0 by, = aqr) < Cray, i for some C'; > 0. Hence

(I < M4 Z Wi (k) Ay gy < MCis Z Uy -
uke{ﬂz} uke{ai}
Altogether

Zukbuk <MCi(s+1) Zukauk
k=1 k=1

and we are done. O

Observing the proof we see that the condition (Z7) is not needed to show
the implication: (I3]) converges — (L) converges. The following example
demonstrates necessity of the condition (27)) for the implication: (6] converges
= (L3) converges.
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Ezample 2.9. We set uy, := 2F. To define {ay} for k ¢ {u;} we set ar =
1/(kInk), for j ¢ {2'} we set a,; = 0 and at last we set a,,, = 1/(ugi Inug:).
So for 2¢ < k < 277! we have j(k) = 2% and the condition (Z7)) is not satisfied.
Now the series (I3]) diverges, while the series (I.G]) converges, since

Uy, = Y Ugi = . < 0.
; F ; 2 Ui In ugs ; 2¢In 2

The following result gives generalization of the celebrated Maclaurin-Cauchy
integral test for WM™ functions.

THEOREM 2.10. Let f be a WM™ function. Then the series (1) and the
integral (LY) converge or diverge simultaneously.

Proof. Setting g(t) := f(t) for t € A and ¢(t) := f(y2x) for t € B we get the
WM function g(t). So the series

S g(k) (2.9)
k=1

converges if and only if the integral

oo
/g(t) dt (2.10)
1

converges. Also the series (7)) and (2.9]) converge simultaneously (cf. the proof

of Proposition [Z2]). To finish the proof we need to verify that the integrals (L)

and ([ZI0) converge simultaneously.

Suppose that the integral (L8] converges. Then also the integral (ZI0) con-
verges in view of

&) Y2k

[owar - Z( / f(t)dt+<m+1—m>f<m>>
71 k V2k—1
< [rwae+ > T (g 1) )
Y1
oo Y2k [e'e]
01
< / f(t)dt+§k: e / f(t)dt < Gy / f(t)dt,
Y1 Pk Y1

where

Pk = maX{’YQkflv [Vék} }
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Suppose now that the integral (ZI0) converges. Then in view of

S Y2k Y2k+1

Jroa < ([ sware [ sema)
7 k V2k—1 Y2k
Y2k Y2k+1 %]
< CEI(/}NNH-/g®m>:C/mo@
k Y2k—1 Y2k Y1
the integral (L8) converges as well. (]

As a corollary of Theorem [Z.I0 we get generalization of the Ermakov type
test.

COROLLARY 2.11. Let f be a WM™ function and let p(t) be a monotone in-
creasing, positive function having a continuous derivative and satisfying p(t) >t
for all t large enough.
If for t large enough
fle@)¢' (%)
f(t)
then the series (IL3)) converges, while if

Fe®)e' ()
[y o

<qg<l, (2.11)

(2.12)

then the series (IL3]) diverges.

Proof. Using only assumptions on functions ¢(t) we can show (cf. the proof
of [3t Theorem 2.2]) that in the case (2.I1)) the integral (I.8)) converges and in
the case ([2.12) diverges. O

3. Derived Cauchy series
Using methods of Theorem 2.3 we can generalize Abel-Olivier’s kth term test:

PRrROPOSITION 3.1. Let {ar} be a WMS™. If series (L3) converges, then kay is
a null sequence.

Proof. We define the sequence {b;} as in Proposition Then the series Y by

k
converges. So by Theorem [[3] kb, — 0. Now if k = «, then kay = kb, — 0. If
k = B, then

Bsag, < CBsaa,,, < Clajs) +17)aa,,, — 0.
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It turns out that making additional assumptions on terms of (3] we can
improve the result of Proposition B.Jl Here we make use of ideas of the paper
[2]. As well as in [2] we call the series (Z5)) the first Cauchy derived series of
(C3). The first Cauchy derived series of (Z.5]) will be called the second Cauchy
derived series of ([IL3]) and so on.

THEOREM 3.2. If (L3) is a convergent WM™ satisfying (24) and its first
Cauchy derived series is also WM™, then nlogna, — 0.

Proof. By Corollary the series (2.5]) converges, so by Proposition B.1] for
the first Cauchy derived series we have

n2na2n — 0,
(log2)n2"agn — 0,

2" log 2" agn — 0.

Now given k € NN {a;} let n € N be such that 2! < k < 2" then if
2771 € {a;} we get

0<klogkar < Ci12"log2"agn—1

= 20 < " >2”_1log2”_1a2n_1 — 0;
n—1

if 271 € {B,}, then since k = O(27("~V) and j(n—1) > n—1— s it follows that
0 < klogkar < Cy2™log2"agin-1)

— or-iln=Dy <j<n”_ 1)) 9i(n—1) log2j(”—1)a2j(n_1> — 0.

For k = 3, by (v) we get
Bnlog Bnas, < Crain)log i(n)aay,, — 0,

so the statement of the theorem follows. O

Note that on contrary to Proposition B.I] we need to impose additional con-
dition (24) in Theorem In the following example all assumptions of Theo-
rem [3.2] except (2Z4) are fulfilled but nlogna, # 0.
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Ezxample 3.3. We choose a monotone sequence ¢,, (cf. [2: Theorem 2a]) such that
Y ¢, converges and nlogne, /4 0. Set age := 47% and a,, := ¢, for n ¢ {2*}.

Then 3" a,, is WM™ and its first derived Cauchy series is WM but nlog na,, # 0.

THEOREM 3.4. If (L3) is a convergent WM* satisfying (Z4) and the first
k Cauchy derived series are also WM™, then nlognlogm n...log[k] na, — 0,
where logjy n = loglogn, logis; n = logloglogn etc.

Proof. We will prove this statement by induction. Theorem provides a
basis for the induction for £ = 1. Assume that the statement is true for k — 1.
Since by the assumptions of the theorem the (k — 1)st Cauchy derived series of
the first Cauchy derived (2.5) is WM*, so by the hypotheses of the induction

nlognlogyn...logy_q;n(2"az) — 0. (3.1)
Multiplying by log 2 we get that
2" log 2" lognlogpg n .. .logp, 1) naz. — 0.
Adding the null sequence 2" log 2" logyy) 2logy n. . . logy,_q) naz» we get that
2" log 2" logg) 2" logy) nlogjg n. . . logp;,_q) nagn — 0.
Now since for any j with 3 < 57 < k we have
log;1 2" = logp;_y)(log n + logpy) 2) < log(;_y(logn + logpy 10) = logp;_q;n

it follows that

2" log 2" logy 2" . . . logpy 2" agn — 0. (3.2)
The rest of the proof follows that of Theorem O

Remark 3.5. Hamming tried to finish the proof of the corresponding result
(Corollary to [2t Theorem 4]) for monotone series by multiplying ([BII) by the
constant logQIOg[Q] 2...log[k} 2. This idea does not work, since logm 2 is not
defined for k& > 3. In the case of k = 2, multiplying by log2logy 2 gives
27 log 2™ log(log 2)'°™ but not 2" log 2" logpg) 2"
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