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ABSTRACT. This paper deals with the Dirichlet problem for second order linear

elliptic equations in unbounded domains of the plane in weighted Sobolev spaces.

We prove an a priori bound and an existence and uniqueness result.
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1. Introduction

Let Ω be an open subset of Rn, n ≥ 2, not necessarily bounded.

Consider in Ω the uniformly elliptic second order linear differential operator

L = −
n∑

i,j=1

aij
∂2

∂xi ∂xj
+

n∑
i=1

ai
∂

∂xi
+ a , (1.1)

with coefficients aij = aji ∈ L∞(Ω), i, j = 1, . . . , n, and the related Dirichlet

problem: ⎧⎨
⎩

u ∈ W 2,p(Ω) ∩ ◦
W

1,p(Ω) ,

Lu = f , f ∈ Lp(Ω) ,
(1.2)

where p ∈ ]1,+∞[.
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If n ≥ 3, the problem (1.2) has been studied by several authors under var-

ious additional hypotheses on the aij. In particular, a relevant existence and

uniqueness theorem has been obtained in [7], [8], under the assumptions that Ω

is bounded, the aij are of class VMO and ai = a = 0. This latter condition has

been dropped in [15], [16], where the coefficients ai and a are required to satisfy

some suitable summability hypotheses. Then the above results have also been

extended to the case of unbounded open sets (see [3], [4]).

More recently, if n = 2, the problem (1.2) has been studied in [5] with anal-

ogous assumptions to those required in [15], [16], and in [6] with hypotheses

similar to those considered in [3], [4].

More precisely, in [6], the authors obtained certain a priori bounds for the

solutions of (1.2), assuming that Ω has the uniform C1,1-regularity property,

the leading coefficients aij are in VMOloc(Ω̄) and satisfy an opportune condi-

tion at infinity, and the lower-order coefficients are in suitable spaces of Morrey

type. Using such estimates some existence and uniqueness results have been

established. In this paper, we extend the results of [6] to a weighted case.

Actually, we consider the following Dirichlet problem:⎧⎨
⎩

u ∈ W 2,p
s (Ω) ∩ ◦

W
1,p
s (Ω) ,

Lu = f , f ∈ Lp
s(Ω) ,

(1.3)

where s ∈ R, p ∈ ]1,+∞[, W 2,p
s (Ω),

◦
W 1,p

s (Ω) and Lp
s(Ω) are suitable weighted

Sobolev spaces on an unbounded domain of the plain. Here, the hypotheses on

the coefficients of the operator L are similar to those required in [6].

The class of weight functions we deal with is the set of all measurable functions

m : Ω → R+ such that

sup
x,y∈Ω

|x−y|<d

m(x)

m(y)
< +∞, (1.4)

with d ∈ R+. Examples of functions verifying (1.4) are:

m(x) = et|x| , m(x) = (1 + |x|2)t , x ∈ Ω, t ∈ R.

If m satisfies the condition (1.4) and k ∈ N0, then W k,p
s (Ω) denotes the space

of distributions u on Ω such that ms∂αu ∈ Lp(Ω) for |α| ≤ k, equipped with the

norm

‖u‖Wk,p
s (Ω) =

∑
|α|≤k

‖ms∂αu‖Lp(Ω). (1.5)
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Moreover,
◦
W k,p

s (Ω) denotes the closure of C∞
◦ (Ω) in W k,p

s (Ω) and Lp
s(Ω)

stands for W 0,p
s (Ω).

We note that the weight function ms has the role of fixing the behaviour at

infinity of the functions belonging to the weighted Sobolev space and of their

derivatives.

In this paper, taking into account certain properties of the above defined

weight functions and weighted Sobolev spaces (see, e.g., [14], [1]) and using some

results in [6], an a priori estimate for the solutions of (1.3) has been obtained.

By this result an existence and uniqueness theorem has been established.

We explicitly observe that the weighted problem (1.3), in the case n ≥ 3, was

studied in [1], [2].

2. Preliminaries

Let Ω be an open subset of Rn and let Σ(Ω) be the collection of all Lebesgue

measurable subsets of Ω. For any x ∈ R
n and r ∈ R+, put B(x, r) =

{
y ∈ R

n :

|y−x| < r
}
, Ω(x, r) = Ω∩B(x, r) and Br = B(0, r). We recall the definitions of

the function spaces in which the coefficients of the operator are chosen. Indeed,

if Ω has the property

∀x ∈ Ω ∀ r ∈ ]0, 1] : |Ω(x, r)| ≥ Arn , (2.1)

where A is a positive constant independent of x and r, it is possible to consider

the space BMO(Ω, τ) (τ ∈ R+) of functions g ∈ L1
loc(Ω̄) such that

[g]BMO(Ω,τ) = sup
x∈Ω

r∈]0,τ ]

∫
Ω(x,r)

∣∣∣ g −
∫
Ω(x,r)

g
∣∣∣ < +∞ ,

with ∫
Ω(x,r)

g = |Ω(x, r)|−1

∫
Ω(x,r)

g .

If g ∈ BMO(Ω) = BMO(Ω, τA), and

τA = sup

{
τ ∈ R+ : sup

x∈Ω
r∈]0,τ ]

rn

|Ω(x, r)| ≤
1

A

}
,

we say that g ∈ VMO(Ω) if [g]BMO(Ω,τ) → 0 for τ → 0+.
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For t ∈ [1,+∞[, M t(Ω) denotes the set of all functions g in Lt
loc(Ω̄) such that

‖g‖Mt(Ω) = sup
r∈]0,1]
x∈Ω

‖g‖Lt(Ω(x,r)) < +∞ , (2.2)

endowed with the norm defined by (2.2). Then we define M t
◦(Ω) as the clo-

sure of C∞
◦ (Ω) in M t(Ω). Recall that for a function g in M t(Ω) the following

characterization holds:

g ∈ M t
◦(Ω) ⇐⇒ lim

τ→0+

(
pg(τ) + ‖(1− ζ1/τ )g‖Mt(Ω)

)
= 0 , (2.3)

where

pg(τ) = sup
E∈Σ(Ω)

sup
x∈Ω

|E(x,1)|≤τ

‖χEg‖Mt(Ω) , τ ∈ R+ ,

and ζr, r ∈ R+, is a function in C∞
◦ (Rn) such that

0 ≤ ζr ≤ 1 , ζr|Br
= 1 , supp ζr ⊂ B2r .

Thus the modulus of continuity of g ∈ M t
◦(Ω) is a function

σ◦[g] : ]0, 1] → R+

such that

pg(τ) + ‖(1− ζ1/τ )g‖Mt(Ω) ≤ σ◦[g](τ) for all τ ∈ ]0, 1] ,

lim
τ→0+

σ◦[g](τ) = 0 .

A more detailed account of properties of the above defined function spaces

can be found in [11], [12] and [13].

Now we introduce a class of weight functions defined on Ω. For any d ∈ R+,

Gd(Ω) denotes the set of all measurable functions m : Ω → R+ such that

sup
x,y∈Ω

|x−y|<d

m(x)

m(y)
< +∞ . (2.4)

It is easy to verify that m ∈ Gd(Ω) if and only if there exists γ ∈ R+ such that

∀ y ∈ Ω ∀x ∈ Ω(y, d) : γ−1 m(y) ≤ m(x) ≤ γ m(y) (2.5)

where γ ∈ R+ is independent of x and y.

We note that from (2.5) it follows

m ,m−1 ∈ L∞
loc(Ω̄) . (2.6)

1324



THE DIRICHLET PROBLEM IN WEIGHTED SOBOLEV SPACES

Let G(Ω) be the class of weight functions defined in the following way:

G(Ω) =
⋃

d∈R+

Gd(Ω) .

Examples of functions in G(Ω) are:

m(x) = et|x| , m(x) = (1 + |x|2)t , x ∈ Ω , t ∈ R . (2.7)

For m ∈ G(Ω), k ∈ N0, 1 ≤ p < +∞ and s ∈ R, consider the space W k,p
s (Ω)

of distributions u on Ω such that ms∂αu ∈ Lp(Ω) for |α| ≤ k, equipped with the

norm

‖u‖Wk,p
s (Ω) =

∑
|α|≤k

‖ms∂αu‖Lp(Ω) . (2.8)

Moreover, denote by
◦
W k,p

s (Ω) the closure of C∞
◦ (Ω) inW k,p

s (Ω) and put W 0,p
s (Ω)

= Lp
s(Ω).

Observe that if m ∈ G(Ω) and Ω has the cone property, then it can be

constructed a regularization function σ ∈ G(Ω) ∩ C∞(Ω̄) which is equivalent to

m and such that

∀α ∈ N
n
0 ∀s ∈ R : sup

x∈Ω

|∂ασs(x)|
σs(x)

< +∞ (2.9)

(see [1: Lemma 3.2 and (3.9)]).

Now, by (2.9), we can easily deduce that, if Ω has the cone property, m ∈ G(Ω)

and σ is defined as above, then the map

u �→ σsu (2.10)

defines a topological isomorphism from W k,p
s (Ω) to W k,p(Ω) and from

◦
W k,p

s (Ω)

to
◦
W k,p(Ω).

Finally we recall some embedding results proved in [1]. Let m be a function

of class G(Ω). We consider the following condition:

(h0) Ω has the cone property, p ∈ ]1,+∞[, s ∈ R, k, t are numbers such that:

k ∈ N , t ≥ p , t ≥ n

k
, t > p if p =

n

k
, g ∈ M t(Ω) .

������� 2.1� If the assumption (h0) holds, then for any u ∈ W k,p
s (Ω) we have

gu ∈ Lp
s(Ω) and

‖gu‖Lp
s(Ω) ≤ c ‖g‖Mt(Ω)‖u‖Wk,p

s (Ω) , (2.11)

with c dependent only on Ω, n, k, p and t.
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������	�
 2.2� If the assumption (h0) holds and g ∈ M t
◦(Ω), then for any

ε ∈ R+ there exist a constant c(ε) ∈ R+ and a bounded open subset Ωε ⊂⊂ Ω

with the cone property such that:

‖gu‖Lp
s(Ω) ≤ ε‖u‖Wk,p

s (Ω) + c(ε)‖u‖Lp(Ωε) for all u ∈ W k,p
s (Ω) , (2.12)

where c(ε) and Ωε depend only on ε,Ω, n, k, p,m, s, t, σ◦[g].

We refer to [14], [1] for some further interesting properties of the above defined

weight functions and weighted Sobolev spaces.

From now on, we focus our attention on weight functions m in G(Ω) such

that:

lim
|x|→+∞

m(x) = +∞ (2.13)

or

lim
|x|→+∞

m(x) = 0 . (2.14)

Without loss of generality, we can suppose that just (2.13) holds. In fact,

if the assumption (2.13) doesn’t hold and (2.14) is satisfied, we can argue, in

our proofs, in the same way but choosing as σ the regularization function of the

function 1
m .

3. An a priori estimate

Let Ω be an unbounded open subset of R2, with the uniform C1,1-regularity

property, and let p ∈ ]1,+∞[, s ∈ R. Consider in Ω the differential operator

L = −
2∑

i,j=1

aij
∂2

∂xi ∂xj
+

2∑
i=1

ai
∂

∂xi
+ a , (3.1)

with the following conditions on the coefficients:
⎧⎪⎪⎨
⎪⎪⎩

aij = aji ∈ L∞(Ω) ∩ VMOloc(Ω̄) , i, j = 1, 2 ,

∃ ν > 0 : ∀ ξ ∈ R
2

2∑
i,j=1

aij ξi ξj ≥ ν|ξ|2 a.e. in Ω ,
(h1)
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there exist functions eij, i, j = 1, 2, g and µ ∈ R+ such that⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

eij = eji ∈ L∞(Ω) , (eij)xh
∈ M t

◦(Ω) , i, j, h = 1, 2 ,

∀ ξ ∈ R
2 :

2∑
i,j=1

eijξiξj ≥ µ|ξ|2 a.e. in Ω ,

g ∈ L∞(Ω) , lim
r→+∞

2∑
i,j=1

‖eij − gaij‖L∞(Ω\Br) = 0 ,

g ∈ Lip(Ω̄) , g0 = ess inf
Ω

g > 0 ,

(h2)

⎧⎪⎪⎨
⎪⎪⎩

ai ∈ M t
◦(Ω) , i = 1, 2 ,

a = a′ + b , a′ ∈ Mp
◦ (Ω) , b ∈ L∞(Ω) ,

b0 = ess inf
Ω

b > 0 ,

(h3)

where

t > 2 if p ≤ 2 , t = p if p > 2 .

Let us fix m ∈ G(Ω) such that (2.13) and

lim
|x|→+∞

σx + σxx

σ
= 0 (h4)

hold.

We are able to prove the following a priori estimate.

������� 3.1� Suppose that the hypotheses (h1)–(h4) hold. Then there are a

positive constant c0 and a bounded open subset Ω0 ⊂⊂ Ω with the cone property

such that:

‖u‖W 2,p
s (Ω) ≤ c0

(‖Lu‖Lp
s(Ω) + ‖u‖Lp(Ω0)

)
for all u ∈ W 2,p

s (Ω) ∩ ◦
W

1,p
s (Ω) .

(3.2)

P r o o f. Notice that the boundedness of the operator L : W 2,p
s (Ω) → Lp

s(Ω)

follows from Theorem 2.1.

Denote by L0 the principal part of the operator, that is

L0 = −
2∑

i,j=1

aij
∂2

∂xi∂xj
.

Let us fix u ∈ W 2,p
s (Ω) ∩ ◦

W 1,p
s (Ω). By means of the topological isomorphism

(2.10) we have that

σsu ∈ W 2,p(Ω) ∩ ◦
W

1,p(Ω) .

1327



SERENA BOCCIA — MARIA SALVATO — MARIA TRANSIRICO

Applying [6: Theorem 5.2] and the bounded inverse theorem (see [10: Theo-

rem 3.8]) to the operator L0 + b, we get

‖σsu‖W 2,p(Ω) ≤ c1
(‖(L0 + b)(σsu)‖Lp(Ω)

)
,

where c1 is a constant independent of u. Using again the topological isomorphism

(2.10), with simple calculations, we have:

‖u‖W 2,p
s (Ω) ≤ c2

(
‖Lu‖Lp

s(Ω) +

2∑
i,j=1

(‖σxi
σxj

σ−2u‖Lp
s(Ω) + ‖σxi

σ−1uxj
‖Lp

s(Ω)

+‖σxixj
σ−1u‖Lp

s(Ω)

)
+

2∑
i=1

‖aiuxi
‖Lp

s(Ω) + ‖a′u‖Lp
s(Ω)

)
,

(3.3)

where c2 is independent of u.

From Corollary 2.2 and [11: (1.6)] we deduce that for any ε ∈ R+ and

i, j = 1, 2 there exist c1(ε), c2(ε), c3(ε) ∈ R+ and some bounded open subsets

Ω1(ε), Ω2(ε), Ω3(ε) ⊂⊂ Ω with the cone property such that

‖σxi
σxj

σ−2u‖Lp
s(Ω) ≤ ε‖u‖W 2,p

s (Ω) + c1(ε)‖u‖Lp(Ω1(ε)) , (3.4)

‖σxi
σ−1uxj

‖Lp
s(Ω) ≤ ε‖u‖W 2,p

s (Ω) + c2(ε)‖uxj
‖Lp(Ω2(ε)) , (3.5)

‖σxixj
σ−1u‖Lp

s(Ω) ≤ ε‖u‖W 2,p
s (Ω) + c3(ε)‖u‖Lp(Ω3(ε)) , (3.6)

where c1(ε), c2(ε), c3(ε),Ω1(ε),Ω2(ε),Ω3(ε) are dependent only on ε,Ω, p, m, s.

Applying again Corollary 2.2 we have that there exist c4(ε), c5(ε) ∈ R+ and

some bounded open subsets Ω4(ε),Ω5(ε) ⊂⊂ Ω with the cone property such

that:

‖aiuxi
‖Lp

s(Ω) ≤ ε‖u‖W 2,p
s (Ω) + c4(ε)‖uxi

‖Lp(Ω4(ε)) , (3.7)

‖a′u‖Lp
s(Ω) ≤ ε‖u‖W 2,p

s (Ω) + c5(ε)‖u‖Lp(Ω5(ε)) , (3.8)

where c4(ε) and Ω4(ε) depend on ε,Ω, p,m, s, t, σ0[ai], and c5(ε) and Ω5(ε) de-

pend on ε,Ω, p,m, s, t, σ0[a
′].

Combining the above estimates (3.3)–(3.8), we obtain

‖u‖W 2,p
s (Ω) ≤ c3

(
‖Lu‖Lp

s(Ω)+ε‖u‖W 2,p
s (Ω)+c6(ε)

(‖u‖Lp(Ω6(ε))+‖ux‖Lp(Ω6(ε))

))
,

(3.9)

where c3 is independent of u, c6(ε) and Ω6(ε) depend only on ε,Ω, p,m, s,

t, σ0[ai], σ0[a
′].
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On the other hand, by the Gagliardo-Nirenberg inequality

‖ux‖Lp(Ω6(ε)) ≤ c7(ε)
(
‖uxx‖

1
2

Lp(Ω6(ε))
‖u‖ 1

2

Lp(Ω6(ε))
+ ‖u‖Lp(Ω6(ε))

)
, (3.10)

with c7(ε) ∈ R+ dependent on ε, Ω and p.

So (3.9), (3.10) and (2.6) lead to:

‖u‖W 2,p
s (Ω) ≤ c3

(
‖Lu‖Lp

s(Ω) + ε‖u‖W 2,p
s (Ω)

+ c8(ε)(‖uxx‖
1
2

Lp
s(Ω6(ε))

‖u‖ 1
2

Lp
s(Ω6(ε))

+ ‖u‖Lp(Ω6(ε)))
)
,

(3.11)

with c8(ε) ∈ R+ dependent on ε,Ω, p,m, s, t, σ0[ai], σ0[a
′].

Now, if we choose ε = 1
2c3

and use the Young’s inequality, from (3.11) we get

the result. �

From the latter result we obtain that L : W 2,p
s (Ω) → Lp

s(Ω) is a semi-Fredholm

operator, i.e. the kernel is finite dimensional and the range is closed (see [10:

Theorem 5.2]).

4. Some uniqueness and existence results

At first we focus our attention on the homogeneous Dirichlet problem in the

plane. More precisely, we state and prove the following uniqueness theorem.

������� 4.1� Suppose that the hypotheses (h1)–(h4) hold. Then the problem⎧⎨
⎩

u ∈ W 2,p
s (Ω) ∩ ◦

W
1,p
s (Ω) ,

Lu = 0 ,
(4.1)

has only the zero solution.

P r o o f. The proof is similar to that given in [2] (see Theorem 5.1), taking into

account to apply [6: Theorem 5.2] in place of [4: Theorem 4.3]. �

����	 4.2� Suppose that the weight function m satisfies (h4). Then the Dirich-

let problem ⎧⎨
⎩

u ∈ W 2,p
s (Ω) ∩ ◦

W
1,p
s (Ω) ,

−∆u+ cu = f , f ∈ Lp
s(Ω) ,

(4.2)
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where

c = 1 +
∣∣∣−s(s+ 1)

2∑
i=1

σ2
xi

σ2
+ s

2∑
i=1

σxixi

σ

∣∣∣ , (4.3)

is uniquely solvable.

P r o o f. Note that u is a solution of the problem (4.2) if and only if w = σsu is

a solution of the problem⎧⎪⎪⎨
⎪⎪⎩

w ∈ W 2,p(Ω) ∩ ◦
W

1,p(Ω) ,

−
2∑

i=1

(σ−sw)xixi
+ cσ−sw = f , f ∈ Lp

s(Ω) .
(4.4)

Since, for any i ∈ {1, 2}
(σ−sw)xixi

= σ−swxixi
− 2sσ−s−1σxi

wxi
+ s(s+1)σ−s−2σ2

xi
w− sσ−s−1σxixi

w ,

(4.5)

then (4.4) is equivalent to the problem⎧⎪⎪⎨
⎪⎪⎩

w ∈ W 2,p(Ω) ∩ ◦
W

1,p(Ω) ,

−∆w +

2∑
i=1

αiwxi
+ αw = σsf ,

(4.6)

where

αi = 2s
σxi

σ
, i = 1, 2,

α = c− s(s+ 1)
2∑

i=1

σ2
xi

σ2
+ s

2∑
i=1

σxixi

σ
.

By [6: Theorem 5.2], [11: (1.6)] and (2.9), we obtain that (4.6) is uniquely solvable

and then the problem (4.2) is uniquely solvable too. �

The obtained results allow to prove the existence and uniqueness theorem for

the solution of the Dirichlet problem in the plane.

������� 4.3� Suppose that the conditions (h1) - (h4) hold. Then the problem⎧⎨
⎩

u ∈ W 2,p
s (Ω) ∩ ◦

W
1,p
s (Ω) ,

Lu = f , f ∈ Lp
s(Ω) ,

(4.7)

is uniquely solvable.
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P r o o f. For each τ ∈ [0, 1] we put

Lτ = τL+ (1− τ)(−∆+ c),

where c is the function defined by (4.3). From Theorem 2.1 the operator

τ ∈ [0, 1] �−→ Lτ ∈ B(W 2,p
s (Ω) ∩ ◦

W
1,p
s (Ω), Lp

s(Ω))

is continuous. From Theorem 3.1 and Theorem 4.1 we deduce that its range is

closed and its kernel contains only the zero vector. Then, applying [4: Lemma4.1],

we get

∀u ∈ W 2,p
s (Ω) ∩ ◦

W
1,p
s (Ω) ∀τ ∈ [0, 1] : ‖u‖W 2,p

s (Ω) ≤ c1‖Lτu‖Lp
s(Ω) , (4.8)

for some positive constant c1. Therefore, Lemma 4.3 and the estimate (4.8) allow

to use the method of continuity along a parameter (see, e.g., [9: Theorem 5.2])

in order to prove that the problem (4.7) is uniquely solvable. �
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