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THE DIRICHLET PROBLEM
FOR ELLIPTIC EQUATIONS
IN WEIGHTED SOBOLEV SPACES
ON UNBOUNDED DOMAINS OF THE PLANE
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ABSTRACT. This paper deals with the Dirichlet problem for second order linear
elliptic equations in unbounded domains of the plane in weighted Sobolev spaces.
We prove an a priori bound and an existence and uniqueness result.
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1. Introduction

Let 2 be an open subset of R™, n > 2, not necessarily bounded.

Consider in €) the uniformly elliptic second order linear differential operator
n 2 n

0
L=-— Z Qjj o, axj —l—;ai o, +a, (11)

ij=1

with coefficients a;; = a;; € L>*(Q), 4,5 = 1,...,n, and the related Dirichlet
problem:

ue W2r(Q)nwiP(Q),

(1.2)
Lu=f, ferrQ),

where p € |1, +o0[.
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If n > 3, the problem (2] has been studied by several authors under var-
ious additional hypotheses on the a;;. In particular, a relevant existence and
uniqueness theorem has been obtained in [7], [8], under the assumptions that 2
is bounded, the a;; are of class VMO and a; = a = 0. This latter condition has
been dropped in [15], [16], where the coefficients a; and a are required to satisfy
some suitable summability hypotheses. Then the above results have also been
extended to the case of unbounded open sets (see [3], [4]).

More recently, if n = 2, the problem (L2]) has been studied in [5] with anal-
ogous assumptions to those required in [I5], [16], and in [6] with hypotheses
similar to those considered in [3], [4].

More precisely, in [6], the authors obtained certain a priori bounds for the
solutions of (L2), assuming that 2 has the uniform C':!-regularity property,
the leading coefficients a;; are in V.M OlOC(Q) and satisfy an opportune condi-
tion at infinity, and the lower-order coefficients are in suitable spaces of Morrey
type. Using such estimates some existence and uniqueness results have been
established. In this paper, we extend the results of [6] to a weighted case.

Actually, we consider the following Dirichlet problem:

we W2P(Q) N Whr(Q),

(1.3)
Lu=f,  feLi(9Q),
where s € R, p € |1, +oo[, W2P(Q), I/?/éP(Q) and LP(Q) are suitable weighted
Sobolev spaces on an unbounded domain of the plain. Here, the hypotheses on
the coefficients of the operator L are similar to those required in [6].
The class of weight functions we deal with is the set of all measurable functions
m: {1 = Ry such that
sup m(z) < 400, (1.4)
z,ye TN(Y

lz—y|<d

with d € R.. Examples of functions verifying (4] are:
m(z) =l m(z) = (14|22, reQ, teR.

If m satisfies the condition (T4) and k € Ny, then WP (Q) denotes the space
of distributions « on £ such that m*0%u € LP(Q) for |a| < k, equipped with the
norm

lallyrriy = S Im*0%ul o(e- (15)
la|<k
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Moreover, I/?/’j’p(ﬂ) denotes the closure of C°(Q) in WEP(Q) and LP(Q)
stands for W2?(Q).

We note that the weight function m® has the role of fixing the behaviour at
infinity of the functions belonging to the weighted Sobolev space and of their
derivatives.

In this paper, taking into account certain properties of the above defined
weight functions and weighted Sobolev spaces (see, e.g., [14], [1]) and using some
results in [6], an a priori estimate for the solutions of (I3)) has been obtained.
By this result an existence and uniqueness theorem has been established.

We explicitly observe that the weighted problem (I.3]), in the case n > 3, was
studied in [1], [2].

2. Preliminaries

Let © be an open subset of R™ and let 3(£2) be the collection of all Lebesgue
measurable subsets of Q. For any € R™ and r € Ry, put B(z,r) = {y e R":
ly—z| <r}, Qz,r) = QN B(z,r) and B, = B(0,r). We recall the definitions of
the function spaces in which the coefficients of the operator are chosen. Indeed,
if  has the property

VeeQ Vrelo,l]: |Qzr)|>Ar", (2.1)

where A is a positive constant independent of x and r, it is possible to consider
the space BMO(£2,7) (7 € Ry) of functions g € L () such that

loc

Q(z,r)

[Q}BMO(Q,T)= sup /
e JQ(z,r)
r€]0,7]

with

[ a=loent [

Q(z,r)

Q(z,r)
If g€ BMO(Q2) = BMO(Q,74), and
eR ot
=S : S
TATSIATE R TR Q) T A

r€]0,7]

we say that g € VMO(Q) if [9]pmoa,r) — 0 for 7 — 07,
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For t € [1, 400, M*(Q) denotes the set of all functions g in Lf () such that

loc

9llare @) = sup llglle@e,r) < +oo, (2.2)
Tileoéll
endowed with the norm defined by (22). Then we define M(Q) as the clo-
sure of C°(Q) in M*(Q). Recall that for a function g in M*(Q2) the following
characterization holds:

g€ MUQ) < lim (py(0)+ (1= C/glree) =0, (23)
where
py(T) = sup IxEgllar @) ; TER,,
Eex(Q)

sup |E(z,1)|<7
TEQ

and (., r € Ry, is a function in C2°(R™) such that
0<¢G <1, Glg =1, supp¢ C By
Thus the modulus of continuity of g € M!(Q) is a function
oolg]:]0,1] — R4
such that

Pg(T) + 11 = Ciyr)gllare(@) < oolgl(r)  forall e€]0,1],
lir(r)l+ oolg)(T) =0.

A more detailed account of properties of the above defined function spaces
can be found in [11]], [12] and [13].

Now we introduce a class of weight functions defined on 2. For any d € R,
G4(Q) denotes the set of all measurable functions m: @ — R, such that

< +o00. (2.4)

It is easy to verify that m € G4(2) if and only if there exists 7 € R such that
VyeQ VeeQy,d: v my) <m(z) <ym(y) (2.5)

where v € R is independent of x and y.

We note that from (2.5) it follows
m,m~ '€ L (Q). (2.6)

loc
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Let G(€2) be the class of weight functions defined in the following way:

GO = | Ga9).

deRy

Examples of functions in G(£2) are:
m(z) =l m(z) = (1 +|z?), 2€Q, teR. (2.7)

For m € G(2), k € Ng, 1 < p < +o0 and s € R, consider the space WkP(Q)
of distributions u on © such that m*0%u € LP(Q) for |o| < k, equipped with the
norm

lullyroiy = 3 Im*0%ull ooy (2.8)
la| <k
Moreover, denote by V([)/’s"’p(Q) the closure of C°(Q) in WP (Q) and put WP ()
= LP(Q).

Observe that if m € G(Q2) and 2 has the cone property, then it can be
constructed a regularization function o € G(2) N C°°(Q) which is equivalent to
m and such that

aa S
Va e Nj VseR: Sup‘ (@)l < 400 (2.9)
e US(‘r)
(see [I} Lemma 3.2 and (3.9)]).
Now, by ([2.9]), we can easily deduce that, if {2 has the cone property, m € G(Q2)

and o is defined as above, then the map

u— o'u (2.10)
defines a topological isomorphism from WP (Q) to W*?() and from V?/f’p Q)
to WHP(9).

Finally we recall some embedding results proved in [I]. Let m be a function
of class G(Q2). We consider the following condition:

(ho) € has the cone property, p € |1, +00[, s € R, k, t are numbers such that:

keN, t>p, tzZ, t>p it p= " g€ M(Q).

k )
THEOREM 2.1. If the assumption (hg) holds, then for any u € WFP(Q) we have
gu € L2 (Q) and

lgul
with ¢ dependent only on Q,n,k,p and t.

e < cllglae@llullyrr gy (2.11)
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COROLLARY 2.2. If the assumption (hg) holds and g € M!(Q), then for any
e € Ry there exist a constant c(e) € Ry and a bounded open subset Q. CC §2
with the cone property such that:

lgull o) < ellullyrn gy +cE)ullir@,y — forall we WHP(Q), (2.12)

where c(e) and Q¢ depend only on e,Q,n,k,p,m, s, t,0.[g].

We refer to [14], [1] for some further interesting properties of the above defined
weight functions and weighted Sobolev spaces.

From now on, we focus our attention on weight functions m in G(Q2) such
that:

lim m(z) =+o0 (2.13)
|z|—+o00
or
lim m(x)=0. (2.14)
|z|—+o00

Without loss of generality, we can suppose that just (ZI3) holds. In fact,
if the assumption (ZI3) doesn’t hold and (2I4) is satisfied, we can argue, in
our proofs, in the same way but choosing as ¢ the regularization function of the

function !.
m

3. An a priori estimate

Let Q be an unbounded open subset of R?, with the uniform C!!-regularity
property, and let p € |1, +o00[, s € R. Consider in  the differential operator

L:—iai‘ o —i—iai 0 +a (3.1)
=1 J 8%1 8$j P 8111 ’

with the following conditions on the coefficients:
Qaij = aj; € LOO(Q)HVMOMC(Q), Z,j = 1,2,

2
h
Jv>0: VEeR? Zaij&fj > v[¢]? ae. in Q, (h)

i,j=1
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there exist functions e;;, 7,5 = 1,2, g and p € Ry such that
eij =eji € L®(Q), (eij)s, € ML), i,j,h=1,2,

2

V¢ e R?: Z eijfifj > ,u’f‘z a.e. in €,

ij=1

2
geL=(), lim > lleis = gaisll L=@\B,) =0,
=1

g €Lip(Q), go= essQinfg >0,

a € MHQ),  i=1,2,
a=d +b, a' e MP(Q), be L>(Q), (hs)

bp = essinfb > 0,
Q

where
t>2 if p<2, t=p if p>2.
Let us fix m € G(Q2) such that (ZI3]) and
im 7" 7% g (hs)
|z| =400 o
hold.

We are able to prove the following a priori estimate.

THEOREM 3.1. Suppose that the hypotheses (h1)—(h4) hold. Then there are a
positive constant cy and a bounded open subset g CC ) with the cone property
such that:

[¢]

) + lullzeg)) forall we WIP(Q)NWLP(Q).
(3.2)

[ullyyzr () < co (ILul

Proof. Notice that the boundedness of the operator L: W2P(Q) — LP(Q)
follows from Theorem 211

Denote by Lg the principal part of the operator, that is
2

82
= 3 s,

ij=1

Let us fix u € W2P(Q) N I/(I)/ip(Q) By means of the topological isomorphism
[210) we have that

osu € W2P(Q)N ﬁ/l’p(Q) .
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Applying [6: Theorem 5.2] and the bounded inverse theorem (see [10: Theo-
rem 3.8]) to the operator Ly + b, we get

lo*ullw2r ) < 1 ([[(Lo 4+ b)(0°u) || Lo (e))

where c; is a constant independent of u. Using again the topological isomorphism
(2.10), with simple calculations, we have:

2
ey + Y (102:00,0 %l 12 + llow,0 ™ uay |

ij=1

2
Hlowe, o ull @) + Y laite e + la'ullee ),
=1

200y < e2(I1Lul @)

(3.3)

where co is independent of w.

From Corollary and [II} (1.6)] we deduce that for any ¢ € Ry and
1,7 = 1,2 there exist c1(€),c2(e),c3(e) € Ry and some bounded open subsets
Q1(g), Qa2(e), Q3(e) CC Q with the cone property such that

2,000 ullLr i) < ellullyze ) + er(@)lull o) (3.4)
2,0 s, | 20y < ellullypza gy + c2(€)llua, | Lr@s e » (3.5)
022,06 ull 20y < ellullyyzeq) + ca(e)lull Loy (3.6)

where ¢1(g), ca(g), c3(e), Q1(€), Q2(e),Q3(e) are dependent only on €, Q, p, m, s.

Applying again Corollary we have that there exist c4(¢),c5(e) € Ry and
some bounded open subsets Q4(g),Q5(e) CC Q with the cone property such
that:

laiva, |22 (@) < ellully2rq) + cale)lue, [l Lrqe) » (3.7)

la"ull Lz (o) < ellully2.pq) + es(@)llullLo@se) - (3.8)

where c4(¢) and Q4(g) depend on €,Q,p,m, s,t, 0o[a;], and c5(e) and Qs5(e) de-
pend on &,Q, p,m, s,t,0pla’].
Combining the above estimates [B.3)—(3.8), we obtain

Lg(m+€HUIlwgm(m+C6(€)(HUHLP(nﬁ(e))+||Uw||m<ﬂs<e>>)> v
(3.9)
where c¢3 is independent of wu, cg(e) and g(e) depend only on ,Q,p,m, s,

el 2oy < s (120

t,o0la;], o0la’].
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On the other hand, by the Gagliardo-Nirenberg inequality

l[uallLe @6 (e)) < 07(5)(”?1:3030”217(96(5))||u||zp(96(5)) + ||U||Lp(96(e))) ) (3.10)

with c7(e) € Ry dependent on €, Q2 and p.

So (39), BI0) and (2.0) lead to:

lullwz oy < s (IZull ey + llullyzaq,
(3.11)

+ 08(5)(Huxm||z§(96(5))Hqug(QG(E)) + HuHLP(Qe(E)))) )

with cg(e) € Ry dependent on e, p,m, s, t, 0olas], oola’].

Now, if we choose € = 2i3 and use the Young’s inequality, from (3I1) we get

the result. |

From the latter result we obtain that L: W2P(Q) — LP() is a semi-Fredholm
operator, i.e. the kernel is finite dimensional and the range is closed (see [10:
Theorem 5.2]).

4. Some uniqueness and existence results
At first we focus our attention on the homogeneous Dirichlet problem in the
plane. More precisely, we state and prove the following uniqueness theorem.
THEOREM 4.1. Suppose that the hypotheses (h1)—(hy) hold. Then the problem

w e W2P(Q) N WP (Q),
Lu=0,

(4.1)

has only the zero solution.

Proof. The proof is similar to that given in [2] (see Theorem 5.1), taking into
account to apply [6t Theorem 5.2] in place of |4 Theorem 4.3]. O

LEMMA 4.2. Suppose that the weight function m satisfies (ha). Then the Dirich-
let problem
we W2r(Q) N whe(Q),
—AU+CU:f, f€L£<Q)7
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where
2

2 2
c=1+ ‘_5(5“‘1)22? +820m;xi

i=1 i=1

; (4.3)

1s uniquely solvable.

Proof. Note that u is a solution of the problem ([£2) if and only if w = o®u is
a solution of the problem

we W2P(Q) N WP(Q),

2 (4.4)
— Z(Ufsw)mimi +cecofw=f, ferLrqQ).

=1

Since, for any ¢ € {1,2}

(07°W) g2 = O Wy, — 250 Log,wa, +5(s+1)0 202 w—s0"° oy 5w,
(4.5)
then (@A) is equivalent to the problem
we WHP(Q) N wP(Q),
2 (4.6)
—Aw—i—Zaiwxi +aw=0°f,
i=1
where
;=27 i=1,2,
o

2 2

2

o2 .

a:c—s(s—i—l)g szl—{—sg UIU”“.
i=1

i=1
By [6f Theorem 5.2], [IT} (1.6)] and (Z9]), we obtain that (£.6)) is uniquely solvable
and then the problem (€2 is uniquely solvable too. |

The obtained results allow to prove the existence and uniqueness theorem for
the solution of the Dirichlet problem in the plane.

THEOREM 4.3. Suppose that the conditions (h1) - (hs) hold. Then the problem

w e W2P(Q) N WP (Q),

(4.7)
Lu=7f, fe L),

s uniquely solvable.
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Proof. For each 7 € [0, 1] we put

L.=7L+(1-7)(—A+0),

where ¢ is the function defined by (£3). From Theorem 2.1 the operator

re0,1] —s L, € BOW?P(Q) N WiP(Q), LP(Q))

is continuous. From Theorem [3.I] and Theorem 1] we deduce that its range is

closed and its kernel contains only the zero vector. Then, applying [4: Lemma4.1],

we get

Vue W2P(Q) N WIQ) Ve l0,1]: fullyzrg < allloulie. (48)

for some positive constant ¢;. Therefore, Lemmal3 and the estimate (£.8) allow

to use the method of continuity along a parameter (see, e.g., [9: Theorem 5.2])

in order to prove that the problem (7)) is uniquely solvable. O
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