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ABSTRACT. In this paper we study g¢-subharmonic and g-plurisubharmonic
functions in C". Next as an application, we give the notion of g-convex do-
mains in C" which is an extension of weakly g-convex domains introduced and
investigated in [I0]. In the end of the paper we show that the g-convexity is the
local property and give some examples about g-convex domains.
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1. Introduction

The notion about g¢-plurisubharmonic functions in the case of functions of
(C2-class has been introduced and investigated first by Andreotti and Grauert
in [2]. After that, Hunt and Murray gave a natural extension of this notion to
the class of upper semi-continuous functions (see [I3]). Next, in [10] Ho has
introduced the class of g-subharmonic functions and weakly ¢-convex domains
in C™ and proved that the equation Ou = g has solutions u for every J-closed
form g of bidegree (0,7) ( 7 < ¢) on these domains. Recently, H. Ahn and N. Q.
Dieu have proved a version of Donnelly-Fefferman theorem for the d-equation
on g-convex domains (see [1]).

In this note we continue to study the two classes of g-subharmonic and
g-plurisubharmonic functions and domains in C" defined by these functions.
In Section 2 we recall the definitions of g-subharmonic and ¢-plurisubharmonic
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functions. We establish some basic properties of the two classes of these func-
tions and give some relations between them. In Section 3 we introduce the
notion of g-convex domains in C™. It is an extension of the weakly g-convex do-
mains introduced and investigated by L.-H. Ho in [10]. The main result in this
section is to prove that the g-convexity is the local property (see Theorem 3.3).
We remark that the implication from local g-convexity to g-convexity is more
difficult than the classical proofs for pseudoconvexity and hyperconvexity. More
precisely, in the pseudoconvex case, the idea is to use plurisubharmonicity of
—logdqn(z). However, we show that, for general, g-convex domains, — logdgq
may not be g-subharmonic. On the other hand, for hyperconvexity, we use the
upper boundedness of local functions in the patching processing (see [12]). This
fact is again not available in our context. Therefore, it is necessary to introduce
new techniques in the proof for the g-convex case. An another remarkable result
is to establish the g-convexity of Hartogs domains which we present in the end
of the paper.

2. g-subharmonic and ¢-plurisubharmonic functions in C"

First we recall the following definition of g-subharmonic functions which has
been introduced by H. Ahn and N. Q. Dieu in [I] (also see [10]).

DEFINITION 2.1. Let © be an open set in C" and let 1 < ¢ < n. A semi-
continuous function u defined in € is called a g-subharmonic function if for
every g-dimension space L in C”, u|r, is a subharmonic function on L N €. This
means that for every compact subset K € LN} and every continuous harmonic
function h on K such that ©u < h on 0K then u < h on K.

The set of all g-subharmonic functions in € is denoted by SH,(f2).

Compared with subharmonic and plurisubharmonic functions in potential and
pluripotential theory it is easy to see that 1-subharmonic functions are plurisub-
harmonic and n-subharmonic functions are subharmonic.

Next we recall the definition of ¢-plurisubharmonic functions given by Hunt
and Murray in [13] (also see [6]).

DEFINITION 2.2. Let Q be an open set in C" and u:  — [—o00,+00) be an
upper semi-continuous function. Let ¢ be an integer, 0 < ¢ < n — 1. u is said
to be a g-plurisubharmonic function on 2 if for every complex linear subspace
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L of dimension q + 1 intersecting €2, for every closed ball B in L and for ev-
ery smooth plurisuperharmonic function g defined in a neighborhood of B in L
satisfying u < g on OB it follows that v < g on B. Here a function g is said
to be plurisuperharmonic if —g is a plurisubharmonic function. The set of all
g-plurisubharmonic functions in € is denoted by PSH,(£).

The following basic properties of g-subharmonic functions can be proved in
the same way as for subharmonic functions.

PRrROPOSITION 2.3. Let Q be an open set in C" and 1 < q < n. Then the
following hold:

1) SHy(Q) is a convex cone.

2) If {un}, o € A is a family of q-subharmonic functions and u = sup u,
acA
< 400, u is upper semi-continuous then u is a q-subharmonic function.

3) If {uj}}?i1 s a decreasing sequence of q-subharmonic functions then so is

u= lim wu;.
Jj—+oo

4) If u is a g-subharmonic function in € then u. := u* o. is smooth q-subhar-
monic in Qe, where Q. = {z € Q: d(2,00) > e} and o. = o(z/e)/|e[*", o
18 a non-negative smooth radial function in C™ vanishing outside the unit
ball and satisfying f 0dV,, = 1. Moreover, u* o, is decreasing to u when
el 0. e

5) If x is a convex increasing function in R and u is g-subharmonic in €,
then so is x o u.

Proof. In fact, the proof of this proposition are from properties of subharmonic
functions. However, for convenience to readers we provide a bit more details.
The proof of 4) and 5) is exact as in [It Proposition 1.2]. Now, we give the proof
of 1). Assume that u,v € SH,(Q2), o, 5 > 0. For every ¢g-dimension space L in
C™, since u|r, v|r, are subharmonic functions on LN and SH(LNQ) is a convex
cone so it follows that (au + Bv)|r = au|r, + Bl is a subharmonic function on
LNQ. Hence, au+ Pv € SHy(§2) and 1) follows. Similarly, it is easy to see that
2) and 3) hold because these properties are true for subharmonic functions. O

Now we give the following.

THEOREM 2.4. Let u be a upper-semicontinuous function on @ C C" and u €
L' (Q,loc), where L*(Q,loc) denotes the set of locally integrable functions on 0.
Then the following statements are equivalent.
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1) w is a g-subharmonic function in Q.

2) For every subharmonic function g on Q N L, where L is a q-dimension
subspace of C™ and for every ball B in C™ such thatu+¢g <0 on 0BN L
it follows that u+ g <0 on BN L.

3) i00u Awi™t > 0 in the sense of currents, where w := i90|z|?.

4) For each (0,q)-form f = > 'f;dz; with constant coefficients and every
|7]=q
non-negative test function ¢ € C§°(Q2) the inequality holds

> Z/Ungkaa P > 0.

|K|=q—1 jk=1g

Proof.

1) = 2) We assume that g is as in the statement of the theorem. From
Definition 2] it follows that u + g is a subharmonic function on Q N L. Hence,
the maximum principle for subharmonic functions gives 2). By the hypothesis 2)
and Definition 2.1 we infer that 2) = 1).

Now, we prove 1) <= 3). First, we assume that u € C?(2). Let u € SH,()
and zp € Q. By [4, chapter IX] we can choose a system of coordinates (z1, ..., zp)

62
of C™ such that the Hessian ( Y (z0)> is diagonal. Assume that H C C”
8zj82k

is a g-dimension subspace of C" with zg € H. Then by the hypothesis u|ong is

52
subharmonic on 2 N H then Z 95 N (20) = 0 for all K = {kq,ka,...,kq} C
keK

k02

{1,2,...,n}. It follows that i00u(z9) A w?™! > 0. Hence, i00u(z) A w1 > 0
for all z € Q. Conversely, assume that i00u(z) A w?! > 0 for all z € Q. Let
L be a g-dimension space of C"*. Since i00u(z) Awi™t > 0, z € Q it follows
that v € SH(Q N L). Hence, u € SHy(2). Thus (1) <= (3) holds in the case
u € C?(Q). Let u be as in the statement of the theorem. By putting u. = u* o.
and applying the above results to u. we obtain the desired conclusion.

Finally, we prove 1) <= 4). By Ho (see [10]), it is easy to see that this fact
is true if u € C%(Q). In the case u is arbitrary we note that the assertion is true
for u.. Let € N\, 0 we obtain the assertion for v and the proof of the theorem is
complete. O

Next we obtain the following interest result which is an extension of a result
of Ho (see [10: Theorem 2.4]).
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PROPOSITION 2.5. Let €2 be an open set in C™. Assume that p is a smooth
negative function in Q such that
0?%p
2)| <
azjazk< ) =

sup
zeN

for every 1 < j,k < n. Then there exists a constant C7 > 0 only depending on
q, n such that —log(—p)+ C1|z|> € SH,(Q) if and only if there exists a constant
Cy > 0 only depending on q, n such that

Z Z <azjaz Cgpéj,k>quukK 2 0 (2.1)

|K|=q—1 jk=1

for every (0,q)-form u = Y. "uydz; satisfying E az ujg =0, |[K| =q—1,
|7]=q
where 03, denotes the Kronecker symbol.

Proof. The proof is almost the same as the ones given by Ho (see [10: Theo-
rem 2.4]). For convenience to readers, we sketch the proof of the proposition.
Assume that —log(—p) + C1|z|? € SH,(Q). By Theorem 2:4] we have

= 1 02 1 9p 0
)ORED DY COME R T DI
\KZg—1 jhe1 p 0z;0zk pe 0z Oz

for all (0, g)-form u. Hence, if we let Cy = Cy then (2] follows.

Conversely, assume that (21)) is satisfied. Let u be an arbitrary (0, ¢)-form.
First we prove that

Z Z a UJKUkK > qCoplul® — Z

|K|=g—1 j,k=1 |K|q1:

qu‘|u| (2.2)

where C3 is a positive constant only depending on ¢, n. Indeed, let v be a
(0, ¢)-form with coefficients defined by

- 86p aap

. _ 9% 9Fhy

i Zj_l 5]1h1 Zn: \51’;\2

et k=1
Un.hg (2) = o, o |

Ojohg = wt o, 0 | Winge(2) 1 |0p(2)] # 0

1%
Uhy .. hy(2) if [0p(z)| = 0.
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Put w =u — v. It is easy to see that

dp

— !
8Z'UjK(Z) =0 and lw] < Cy Z o2,

j=1 "1 |K|=q—1 j=1

where Cy > 0 is a constant only depending on ¢, n. Hence, we get

Z Z azj UjKUk:K

|K|=¢—1 j,k=1

n
9?p
B ST S s Jreery (5 SEiD SR o
|K|=q—1 j.k= 18 |K|=q—1 jk=1 020z
n
82
+ ! Z a ijka

n
> qCoplul® =2 > " D (k- lwer| + [wjk] - [wik])

|K|=g—1 j,k=1

> qCoplul? — Z

IKIq1 Jj=1

um\w

where C5 > 0 is a constant only depending only ¢, n. Hence ([22)) is proved.
Now, using (2.2]), we have

az]azk JRERE

|K|=¢—1 j,k=1

Z Z 82 3 UjKURK p2 Z
\K\qukl |K|=q—1 j=1
2 1 / 8p
> — qC2P|U| ~Cs > ‘Z UjK"IUI + o, 0> azlujk‘
|K|=g—1 P |K|=q—1 j=1 "7
1 " Op 2
— 2 . ! .
= —q02|u| Z C’3|u| ‘Z qu’ + p2 Z : aZjqu’ .
|K|=g—1 |K|=q—1 j=1

Applying the inequality —|zy| > —|%|* —|y|? to the second term with z = Cs]ul,
y=, ‘ Z 9z,

, we get
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Z Z 82 —log )u w
020z}, JRTRK

|K|=q—1 j,k=1
2
> _q02|u|2_ Z ’ < 23) ‘u’2
|K[=g—1
n!
= —(qCy + C5)? 2,
L I

Put C1 =Ca+ 4, 1),(n qul),(C’g) , we have — log(—p) + C1|z|> € SH,(Q2) and
the desired conclusion follows. O

Remark 2.6. Let €2 be an open set in C* and u € L'(€, loc).
1) if u € C?(Q) such that az az (2) =0, for all j # k and z € Q. Then

u € SH,(Q) if and only if Z o%) 8zk< z) =2 0, for all |J| = ¢ and for all z € Q.

Indeed, it is easy to see that

i00u(z) A wi™ 1—2‘12 Z 8 82 z)dVy
|[J|=q Jj.k€J k

where dV; = ,/\Jédzj A dzj. Thus the desired conclusion follows from Theo-
je

rem 2.4

2) If u is a g-subharmonic function in Q then w is also a r-subharmonic
function in Q for every ¢ < r < n. Indeed, since u is g-subharmonic then
100u(z) Awi™t > 0 for all z € Q. Hence

100u(z) Aw"™™t =100u(z) Awi P AW T >0

for every r > ¢q. Thus u is r-subharmonic.

3) By 2) of Theorem [24 then every g¢-subharmonic function in € is
(¢ — 1)-plurisubharmonic.

4) In [14] Slodkowski proved that if ¢ € PSH,(2) and ¢ € PSH,(Q)
then ¢ +1v¢ € PSH,4(Q). On the other hand, SHy1(Q2) + SHy11(Q) C
SHoax(p+1,q+1)(€2). Thus there exists ¢ € PSH,(Q)\SHg41(2). Indeed, in
the converse case, we have

PSH,(Q) + PSH,(Q) C PSH,(%).
However, if we take ¢(z1, 22) = |21]% — 2|22|2, ¥(21, 22) = —2|21|? + |22|? then ¢,

Y € PSH;(C?). But ¢ +1 ¢ PSH;(C?) and we get a contradiction.
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COROLLARY 2.7. Let u be in SH,(Q)NL'(2,loc) and let D C C be an open set.
Then wom is a (q + 1)-subharmonic function on Q x D, where w: C**1 — C"
denotes the canonical projection. Moreover, for every n > 1 and for all 1 <
q < n, there exists a q-subharmonic function on ) such that @ o 7 is not q-sub-
harmonic on ) x C.

Proof. Let z = (2/,2,41) € C""1. Then
100|2|* = 100|2'|* + 100 2n11|?,
and
(100|2|%)? = (100|7'|?)? + q(i00|2'|*)9™1 N 100|241 |2

On the other hand, since u € SH, () then i90u A (109|2'|*)?~! > 0. Hence, it
follows that

100(u o ) A (100)2]?)*
= i00u A (100|2'|?)? + qidou A (100]2'|*)11 Ai00|zp 41| = 0.

This shows that wom € SHy1(Q x D). Next, we prove the second conclusion of
the corollary. Consider the function ¢(z) = |2|?—g|z1|>. Remark[2.6implies that
¢ is a g-subharmonic function in 2. However, ¢1 = @ o 7 is not g-subharmonic
in 2 x C. Indeed, we have

©01(2, 2ny1) = |Z\2 - CI|21|2-

Hence
8 n+1 82
¥1 Z ®1 —_1<0.
621821 —n—gt2 aZjaZJ
From remark the desired conclusion follows. O

THEOREM 2.8. Let @ C C" be an open set and w: C"t™ — C" denote the
canonical projection. Then w o m is q-plurisubharmonic on @ x C™ for every
q-plurisubharmonic function u on €.

We need the following.

LEMMA 2.9. Let Q) C C™ be an open set and u an upper semi-continuous function
on Q. Then U = uom is n-plurisubharmonic on Q x C, where w: C"*1 — C" is
the canonical projection.
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Proof. Let B be an open ball in Q x C with the radius » > 0 and g a C'°*°-func-
tion on B which is plurisuperharmonic on € x C such that u < g on OB. For
each (2°, 20 ;) € B which we may assume that (z°,20,,) = 0, put g(z) = g(z,0)
and gn+t1(znt1) = 9(0,2p41). Then g,41 is a C®°-function. Since —g,41 is
plurisubharmonic it follows that

(u—9)(0) = (u—g)(0) =u(0,r) - g(0)
<u(0,7)+ sup  —gnt1(znt1)

[2nt1|=r
< sup (@(0,zn41) — G(0, zn+41)) < sup(a — g).
[2nt1|=7 oB
Hence by Definition it follows that w is n-plurisubharmonic. The lemma is
proved. O

LEMMA 2.10. Let T: C™* — C™ be an isomorphism and let V. C C™ be an open
set. ThenuoT € PSH (T~ (V)) for every u € PSH (V).

Proof. Let B be a closed ball in V and ¢ a smooth plurisuperharmonic function
in C" such that uoT < ¢ on dB. Then u < @ o T on A(T(B)). Since
—poT =1 is plurisubharmonic on C" then u+ (—¢oT 1) is g-plurisubharmonic.
The maximum principle for g-plurisubharmonic functions in [7] implies that
u—@oT™ 1 <0onT(B). Hence uoT < ¢ on B. O

Proof of Theorem[28 Without loss of generality we may assume that
m = 1. First we note that by [I3] a function w is g-plurisubharmonic on Q C C"
if and only if w is g-plurisubharmonic on 2N L for every complex linear subspace
L of dimension ¢+ 1. Now let L be a (¢+ 1)-dimension linear subspace of C"*1,
it remains to show that u = w o 7 is g-plurisubharmonic on (€ x C) N L. Put
mo = m|r. Consider the two cases.

Case 1. Assume that ker mg = 0. Then 7y: L — mo(L) is an isomorphism. It
is easy to see that mo(2 x CN L) = QN me(L) and u is g-plurisubharmonic on
QN m(L). By Lemma we infer that & = u o 7 is g-plurisubharmonic on
(QxC)N L.

Case 2. If ker mg # 0. Put L' = mo(L). Then L = L’ x C. Indeed, assume that

€1,€a,...,6q+1 is a basis of L. Write e; = (&7, Zi+1)~ Then et,e?, ... ettt C L',
Notice that dim L’ < g. Hence e!,e?,...,e?"! is linearly dependent. With-
q+1

out loss of generality we may assume that e! = > \je/. Thus, the element
j=2
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q+1
er — > Aje; = (0,2,41) € L, where 2,41 # 0. From this result it is easy to see
=2
that L = L' x C. By Lemma 29]it follows that & = u o 7 is g-plurisubharmonic
on 2 x CN L. Hence, theorem is completely proved. d

Now we extend the notion of g-subharmonic functions with respect to a pos-
itive (1,1)-form ©. Let © be a positive (1,1)-form with C° coefficients and let
1 < ¢ < n. We give the following definition.

DEFINITION 2.11. Let  be an open set in C" and u: Q — [—00,+00) be
an upper semi-continuous function. Let © be a positive (1,1)-form with C'*
coefficients and 1 < ¢ < n. We say that u is a ©9~!-subharmonic function on
Q if for every ball B € €2 there exists a decreasing sequence {u;} C C%(B) such
that i00u; A ©17! > 0 in B and {u;} pointwise converges to v on B. The set of
all ©7~!_subharmonic functions in 2 is denoted by SHgq-1(12).

Remark 2.12. Assume that u, uy,us, ... € C*(Q) is such that i0du; A ©171 >0,
j=1,2,... and {u;} is decreasing and pointwise converges to w. Then i0du A
©7! > 0 and, hence, a function u € C?(2) is ©7~!-subharmonic if and only
if i00u A ©971 > 0. Indeed, the sufficiency is obvious. In order to prove the
necessary condition we assume that i99u A ©971 is not positive. Then there
exists a positive (n — ¢,n — g)-form n with compact support in £ such that

/i@@u/\@q_l/\n<0
Q

On the other hand, since {u;} is decreasing and pointwise converges to u we
have

lim [ (uj —u)ifd(O©T P An) =0
J—+00
Q

Hence we have

0< _liIJrrl /ujiﬁa(@ql An) = /i@@u/\ 1Tt An<0
j—+oo
Q Q

and we get a contradiction.
Now, we give some basic properties of @9~ !-subharmonic functions.

PROPOSITION 2.13. Let © be a positive (1,1)-form with C>° coefficients and let
1 < g <n. Then the following hold:

1) SHegq-1(Q) is a convex cone.
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2) If u is ©9~ -subharmonic in § then u is O™ 1-subharmonic for every q <
r<n.

3) If x is a smooth convex increasing function in R and u is ©9~-subharmonic
in Q then so is x o u.

4) If {v;}52, is a decreasing sequence of O _subharmonic functions then so
isv= lim wvj.
Jj—+oo
Proof.

1) Assume that u,v € SHgq-1(2) and o, > 0 and B € Q is a ball. By
Definition 217 there exist two decreasing sequences {u;},{v;} C C?(B) which
are pointwise convergent to v and v on B, respectively, such that i00u; AOI~L >0
and i09v; A ©771 > 0 in B. It follows that {au; + Bv;} C C?*(B) pointwise
converges to au + fv on B and i09(au; + Bv;) A O = aiddu; A O +
Bi0dv; N ©971 > 0 in B. Hence, the desired conclusion follows.

2) Assume that u € SHgq-1(2) and r is an integer with ¢ < r < n. For every
ball B € by definition [ZT1] there exists a decreasing sequence {u;} C C*(B)
which is pointwise convergent to u on B such that i00u; A©9~! > 0 in B. Since

i00u; A O™t =i00u; NOITTI AOTTT >0,

it follows that u € SHgr-1(£2).

3) Assume that u € SHgq-1(£2). Let B € Q2 be a ball. Definition 211 implies
that there exists a decreasing sequence {u;} C C?(B) which pointwise converges
to v on B such that i00u; NGt > 0in B. Since y is a smooth convex increasing

function in R so the sequence {you;} C C?(B) decreasing pointwise to x ou on
B and

100y ouj AOI1 =\ o u;iddu; A O + X" o uidu; A Ou; AOTT > 0.

Hence, x ou € SHgq-1(2).

We prove 4). First we prove the following assertion. Let {u;} and {v;} be
two decreasing sequences of continuous functions which pointwise converge to u
and v in 2 respectively. Assume that u < v on Q and Q' € . Then there exists
a subsequence {uy, } of the sequence {u;} such that ug, < v; in ' for every j.
Indeed, we begin with v;. Let z € Q. Since lim (u; —v1)(2) = (u — v1)(2) <

j—oo
(u—wv)(z) < 0 so there exist r, > 0 and M, > 0 such that u; < vy in B(z,7.)

m

for every j > M,. Moreover, because ' € Q so there exist z!,...,2™ such

=
m

that Q' € J B(2!,7,1). Put ky = max{M_. : [ =1,2,...,m}. It is clear that
=1
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ug, < vy in Q. Similarly, for vo we can choose ko > ky such that ug, < vo in
Y. Continuing this process we get the desired subsequence {k;}.

Next we give the proof of 4). We may assume that v;11 < v; in Q for all
j = 1. Let B € Q2 be a ball. Choose a ball B; such that B € B; € ). Since v
is @4~ 1-subharmonic there exists a sequence {v¥} C C?(By), v¥ N\, v1 on B; as
k — oo. Since vy is @9~ '-subharmonic there exists a sequence {v§} C C?(B),
vé” \, vz on By as k — oo.

Using the above result we can choose a subsequence {1)122} of the sequence

2
{vh} that vék < of for all k. Now again since vz is ©?~!-subharmonic there
exists a sequence {v§} C C%(By), vk \, v3 on By as k — oc.

3
Repeating the above result we can choose a subsequence {vék} of the sequence

3 2
{vk} such that vék < vé"' for all k. Continuing the process by induction we choose
m-+1 m—+1 m
subsequences {viﬁl 41 } of the sequences {v¥ . } such that viﬁ 1 < vik for all k,m
m—+1

and vi,"l‘ﬂ N Um+1 as k — 00.
I
Put u; = v/ € C*(By), j > 1. It is easy to see that the sequence {u;} is

1
decreasing in B. For every z € B we have v(z) < v;(2) < v/ (2) = u;(2), for

. . . v
all j > 1. At the same time, we have v(z) < lim wu;(z) = lim v/(2) <
Jj—+oo Jj—+oo
k

lim v;" (2) = vi(z) for every k. Therefore we get lim wu;(z) = v(z). The
Jj—+oo Jj—+oo

proof is complete. O
Now, we consider in particular © = 190y, where ©» € C*°(Q) is a strictly

plurisubharmonic function. We have relations between the (i09v)?~!-subharmo-
nic and (¢ — 1)-plurisubharmonic functions as follows.

PROPOSITION 2.14. Let ¢ € C*°(Q) be a plurisubharmonic function and u €
C?(Q). Then the following conditions are equivalent.
1) w is (100v)?~ -subharmonic in Q if and only if u|Lnq is (00| Lna )T~ -sub-
harmonic in L N Q for every q-dimension subspace L of C™.

2) if u is a (100v) 7" -subharmonic function then u is a (¢—1)-plurisubharmo-
nic function. Hence, every (i00¢)?~t-subharmonic function satisfies the
local mazimum principle.

Proof.
1) Necessary. Let L be a g-dimension space of C". By a unitary change of
coordinates we may assume that L has the basis {e1,es,..., €.}, where e; =
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(0,...,0,1,0,...,0) for 1 < j < ¢. Since u is (1991)?~1-subharmonic in Q, we
N o~ 7

J
have i00u A (100¢)7~! > 0. Hence, i00u A (100¢)71 Aidzgi1 A dzger A«
< ANidz, Adzy, = 0. Tt follows that 100u|pqo A (100%]n0)?t = 0.

Sufficient. Let zy € Q. Choose an orthogonal basis {f1,..., fn} of C*
with coordinates w = (wy,...,w,) such that 100¢(x¢) =i dw; A dw; and
j=1

i00u(xo) =1 > A\jdw; A dw;. Hence, we have
j=1

i00u(zo) A (100%(20))* ™ = (g—1)! Y " A;dV;
[J|=q

where \j = E A and dV; = /\ (idwk VAN dwk).
keJ keJ
Now applying the hypothesis to the subspace L = span{fi : k € J} contain-

ing zg, we have
100u(xo)| A (100¢(x0)|)9 " = (¢ — 1)!I\;dVy > 0.

Hence, Ay > 0.

On the other hand, the positivity is invariant with respect to complex isomor-
phisms of C™, we get 100u(xq) A (1001 (z0))9~" > 0. This completes the proof
of the sufficiency.

2) We may assume that u € C2%. If u is not a (¢ — 1)-plurisubharmonic
function then there exists xg € Q such that the matrix ( 822;% (:ro)) has at least
q negative eigenvalues. Take a g-dimension subspace L of C" containing x( such

2
that ( aaz ;g sz (x0)> has at least ¢ negative eigenvalues. Hence, we have

100u| Lo (z0) A (1009 Laa(w0)) " <0
which contradicts 1). The proof is complete. O

3. Applications to ¢-convexity
In this section, we will introduce the notion about g-convex domains and
establish some results concerning to these domains. We begin with the following.

DEFINITION 3.1. A domain € in C™ is said to be g-convex if there exists a
continuous g-subharmonic exhaustion function in €.
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By repeating arguments as in the proof of [11: Theorem 2.6.11] we see that if
) is g-convex then the exhaustion function in the above definition can be chosen
to be smooth.

Remark 3.2.

1) The above definition is similar as [It Definition 1.3]. The difference between
the two these definitions is as follows. In the above definition we require that
the g-subharmonic exhaustion function is continuous but in [I} Definition 1.3]
not to have. The reason is late (see Theorem B3] below) we use the continuity
of the g-subharmonic exhaustion function to prove the equivalence of the global
g-subharmonicity and the local g-subharmonicity of a domain in C".

2) By a result in [I0] (see [0 Theorem 2.4]) we notice that every weakly
g-convex domain in the sense of Ho (see [10: Definition 2.1]) is g-convex.

3) By [7], every n-dimensional connected non compact complex manifold has a
strongly subharmonic exhaustion function with respect to any hermitian metric
w. Thus, every open set in C™ is n-convex.

4) A pseudoconvex domain in C" is exactly 1-convex. However if we take
Q = B(0,1) \ {0} € C". Then, as in 2), Q is a n-convex domain. We notice
that the function —logd(e,0€2) = —log|z| in a neighborhood of 0, and hence,
it is not subharmonic in 2. Thus, there exist g-convex domains in C™ but the
function —logd(e, ) is not g-subharmonic on Q. This is also the difference
between the g-convex and the pseudoconvex domains.

Now we are position to prove the equivalence between the local g-convexity
and the global g-convexity. Namely, we have the following.

THEOREM 3.3. Let (2 be a bounded domain in C*. Then () is g-convex if and
only if for each a € 0N there is a neighborhood W of a such that W N Q is
q-conver.

The proof of the necessity is obvious. In order to prove the sufficiency we
need the following auxiliary lemmas.

LEMMA 3.4. Assume that p > 1 is a smooth exhaustion function in  C C™.
Then there exists a smooth increasing convex function x such that xop = p and

0?(—ex°P)

<1, i j,k. 3.1
ot ) for all (3.)

sup
Z€Q
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Proof. Let A be a smooth positive function in (0,400) be chosen such that
A(t) = sup{)\jvk(t) D k=1,.. .,n}, where )\, is defined by
sup {| 0z; sz | | 82] 8zk

} it Qn{p<t}#o
Aji(t) =  zelp<t}

1 it Qn{p<t} =0

By [5 Lemma VIII-5.7] there exists a smooth positive convex function y such
that x, X/, X = X and (1 + x’ + x”)%e™X < ). It is clear that y is a smooth
increasing convex function. We prove that x satisfies (3.1). Indeed, for every
Jk€{1,2,...,n} we have

P(—eP) _ _opf o P y _ Op p ;2 0p 9p
0z;0zy, ¢ <X Opazjﬁzk X Opazj Dz (X op) 0z; 8zk> '

Moreover, since

Aop(z) = sup
we{p<p(2)}

9?%p w dp w dp (w)
Dz;0zy, "0z Oz,

,p(Z),l}

>sw{], 00 @) @50 @) ot}
for every z € Q, and x, X/, X" > 1, we get
‘62((9:ajkop) < e XoP (x’op ‘ 82—2apzk +x"op ‘aap aazp + (x'op)? aa:; aazi )
<eXPhop(xop+x"op+ (X 0p)?)
<e XPlop(l+x op+x'op)? <L
Thus, (3.1) is proved, and the proof of the lemma is complete. O

Now we give the proof of the sufficiency of Theorem B3l

Proof of the sufficiency of Theorem[33l We split the proof into
three steps.
Step 1. We prove that if p is a smooth negative function in an open set €2 of
C™ such that
0%p
020z, ()

sup
zEQ

<1, forall 1<j, k<n

and

Z Z 6zjazk — Copdj)ujurx =0

|K|=q—1 j,k=1
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for every (0,q)-form v = > ' wuydz; satisfying Z ap ujx = 0, where |K| =
|7]=q
q— 1 and Cy > 0 is a constant only dependlng on ¢, n then for every the

continuous increasing convex function 7: (—oo;sup p) — RT, for every € > 0
Q
and for every ¢ € C*°(2) N L>(Q) N PSH~ () such that sup [dp| < oo, there
Q

exists a constant C; > 0 only depending on ¢, n and sup‘ 6:” such that
Q

—log<1 _Te (’T’(__g * ‘P) +C1|2? € SH,(Q).

We can assume that 7 is smooth (since if 7 is continuous then we can ap-
proximate 7 by a sequence of smooth increasing convex functions). Let u =

> "uydzy be a (0,q)-form. Since p € PSH™ () so we have
[J1=q

Z Z 82 quukK = 0.

|K|=¢—1 j,k=1
Hence, by a computation we have

ro(p-e)te)

Z Z log( e UjKUELK
8zj6zk J

|K|=¢—1 j,k=1
2(70(0 e)+e

_ T(— ")
C7(—e)—Tol Z Z 020z, Ui KUkK

|K|q1jkz1

(- ) TO(Tp 68)+so) 9
#(oes (6)—5)—w> 2 ‘Z S

—To(p Koot 2

o (p - ,
Zr(e) oo 2 Za p I

IKI g—1 jk=1
+<T<_6>_To<p_6>_¢> 2

x

Next using the inequality (z + y)? > 5 — y?, we get

’ 2

M
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9%(—log(1 — Tl tey)

Z / Z 0z 62/;(76) UiK kK

|K|=q¢—1 jk=1

T(—E)T—i(op( 2’ Z a 2y, IRE

\K\qukl

WV

+<ﬂ—@—7£@—d—w>é

5 (137 D] =[5 7 )

Moreover, since 7 is increasing and ¢ < 0 so

|K|=q-1

1 1
T(—e)—To(p—e)—¢ —¢

From

) RN
’Za@-“ﬂ(‘ gz‘a@
= 9% 10z

it follows that

2 n
Y lusr* < |0¢) [ul?,
j=1

52 (_ log(l _ TO(p—6)+so))

Z / Z 0z; 3z1:(_6) Ui RURK

|K|=q—1 j,k=1

T'o (p ‘
> T(—e) —To( Z Z 8z quukK

\K\ q—1 j,k=1

T/O(p—E) ’ 1 n ap 2
+ (7'(—5) —e)— (,0> Z 2’; aszjK‘ — C'3|u|27

mrelp |K|=g—1

where Cj is a positive constant only depending ¢, n and sup | 6:’ |. On the other
Q

hand, by (2.2 we have

Z Z 8 quukK > qCyplul® — Z’ ZSQUJKMUL

|K|=qg—1 jk=1 |K|:q71 j=1

where Cy are a positive constant also only depending on ¢, n. Therefore,

1263



NGUYEN VAN KHUE — LE MAU HAl — NGUYEN XUAN HONG

82(— log(l — To(p_s)ﬂp))

Z / Z 6Zj62kT(_€) IRK

|K|=q—1 j,k=1

To(p—c¢
> lo=e) _¢<q02P|U|2— >

r(-e)=7o(p—2)

o

|K[=g=1 Jj=
"o (p—e) ‘ ‘2 2
ixk| — Cslul”.
+<T(—€)—TO(P—€)—@> o 2 Z UJK aul
Applying the inequality —|zy| > —|z|* — |y|2 to
T O
— Cylul, y= ’ ‘
* alul, T(—e)—To( Z 0z; Hik
we get
>y Pl =)
UjRURK
[K|=g-1 j.k=1 0202
T'o(p—e) 2 / 2 2
> C — C C .
D2l i~ (X @ o)
|K|=q—1
Moreover, by Taylor expansion we have 7(—¢) — 70 (p — ) = —p7/(t) with

p(z) —e <t < —e, and since 0 < 7/(p — &) < 7/(t) so we get

TO(/)*EHHO))

sy S
UigU
8zj82k JETRK

|K|=¢—1 j,k=1

27_0(,) )qczp\u\Q ( > (04)2+03>U2

pt' (1) Kot

n!

((q—l) I(n—q+1)!
Thus, if put C; = Cy + <(q 1),(n q+1)'(04)2 + Cg) then

(1T o
lg<1 ) >+Cl| € SH, ().

Step 2. Choose open subsets V; € U; € W;, 7 = 1,2,...,m such that

> — qColul? - (Cay? +03> uf?.

m
o e |JV;, and W; N is g-convex, j = 1,2,...,m. By Lemma 3.4 we can
j=1
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chose a smooth g-subharmonic exhaustion function v¥; in W; N €2 such that

0?(—e™¥9)

<1, forall h,l
921,021 ora

sup
W;NQ

Put p; = —e %, j =1,2,...,m. Using [& Lemma 2] (also see the proof of [Gt
Proposition 3.2]) we find a continuous increasing function 7: (—oo;0) — R such
that }%T(t) = +oo and |[Top; —Top,| < 1/2for every j, k € {1,2,...,m} with
U; NU, NQ # @. Therefore for every € > 0 sufficiently small we have

2
|70 (pj(z) —€) —To(pr(z) —¢e)| < 3 forall ze U;NU, NS

Choose x; € C3°(U;) satisfying 0 < x; < 1 and x; =1 on V;. Let C > 0 so
large that |z]> — C < 0 on Q and that x;(z) + C|z|? is plurisubharmonic in
for every j. Put p; = x;j(2) — 1+ C(|z|* = C) € PSH~(Q2). By Proposition 2.5
it is easy to see that p; and ¢; satisfy the hypothesis of Step 1, and hence,

there exists a constant C; > 0 only depending on ¢, n and sup |a£j | such

To(pi—e)+w; -
that —log(1 — (pr’(fe)) ?1) 4+ Cjlz* € SHy(W; N Q). Let D = max{C; : j =
1,2,...,m}. Then we have

~log <1— To(p;'(__zi+¢j> + D22 € SH(W;NQ),  j=12,....m

for every ¢ sufficiently small.

Moreover, it is clear that

T(p; =€)+ <T(px —€) + Pk, (3.2)
on 0U; N Vi, N Q. Hence,
“log L_Tolpi—e)ty; < —log L Tolpr =)+
(=€) (=€)
on OU; NV, NS ForeacthQﬂ(UVj),put I, = {j€{1,2,...,m}: ZGUj},

J

5 (2) = max{_bg (1 _To(pi(z) —¢) +90j(2)> } _

JEIL. 7(—

and define

0
S~—

Then, we deduce that ¢¢ + D|z|> € SH, (Q N (U Vj)), for every e sufficiently
J
small.
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Step 3. Let {ex} \, 0, k — oo such that ¢°* + D|z|*> € SH, (2N (UV;))
J
for all k. Define ¢ = sup ¢®*. Let K be a compact subset of €2 such that
k
(O\(UV;)) € K and 0K € JV;. Let M = rg?{x(¢+D\z|2) and
J J
_ Jmax(¢ + D[z[>, M) on Q\K
M on K.

It is clear that ¢ is an exhaustion function for ). We prove that ¢ is continuous
on ). Indeed, first we prove ¢° is continuous on QN (U V]) for every ¢ sufficiently
J

small. Let zg € QN (U V]) Choose a neighborhood D,, C QN (U VJ) of zg
J J

such that D,  NU; = @ if g ¢ Uj, j = 1,...,m. Assume that zo € Vj},. For
each j such that z¢ € Uy, by (3.2) we have

To(pj—€)+w; <Tol(pj, —€)+ v on Dg,,

if D,, C Vj, is chosen small enough. Hence we have

&I, = max {—log (1 _1o(pj(z) —¢) +<Pj(z)>}_

&) T(_E)

It is follows that ¢°| D,, is continuous, and hence, ¢° is continuous on 2N (U VJ)
J

Now, we prove ¢ is continuous. Let {¢ < M +1} € Q' € Qand QN (UV;) €
J
K’ € K. Tt is easy to see that lim sup ¢ =0 and inf ¢ > 0 (since we can
k—o0 QN\K' Q\K'
choose K', K sufficiently lager and near Q). Hence there exists ko such that
sup ¢°* < inf ¢, for all k> ko.
Q/\K/ QI\KI =
Thus, ¢lonkx = sup{qbgi\K, : k =1,2,...,ko}. Moreover since qb;’i\K, is
continuous, it follows that ¢|gn g is continuous. Thus ¢ is continuous on €',
and hence, ¢ is a continuous ¢-subharmonic exhaustion function for 2. The
desired conclusion follows. (I

As well-known that, if € is a pseudoconvex domain in C"” and K € 2 then
'\ K is not pseudoconvex. A raised question here is in the case of g-convex
domains how is the above situation? The following proposition shows that if
we take a small enough subset out a g-convex domain then g-convexity may be
broken.
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PROPOSITION 3.5. Let A be an analytic subset of Q@ C C"™ with dim A = k.
Then Q\ A is not (n — k — 1)-convex.

Proof. Assume that Q \ A is (n — k — 1)-convex and ¢ is a continuous
(n — k — 1)-subharmonic exhaustion function of 2\ A. Take arbitrary a point
& € R(A), the regular locus of A. We may assume that £, = 0. Consider the
tangent plan ToA and a subspace L of C™ containing 7oA with dim L = k + 1.
Write C" = L+ @ L. We have dim(L* N A) = 0. Indeed, in the converse case
we can find a complex line [ in L+ N Ty A and we get a contradiction because
| C ToA C L and LN L+ = {0}. Thus, there exists a neighborhood U’ x U" of
0 € L+ @ L such that (QU’' x U”) N A is empty. Given ¢’ € L\ 7(A), where
n: L+ @ L — L is the orthogonal projection. Then (U’ x {¢”}) N A is empty.

Since ¢(e,&") is subharmonic on U’, we have
sup p(e,8") = sup p(e,&") < sup ¢ < oo (3:3)

U €} U x {€} U XU

On the other hand, L\ m(A) is dense in L because dim L > dim A > dim 7(A)
we can find a sequence {(§},,€})} C U'x(U"\w(A)) converging to 0 = &, € R(A).
Thus, ¢(&,, &) = +oo which contradicts (3.3). The proof is complete. a

Finally, we give a result about g-convexity of Hartogs domains.

PROPOSITION 3.6. Let 1 < p,q < n and let Q C C" be a (¢ —1)-convexr domain.
Assume that ¢ is a continuous (p — 1)-subharmonic function in C"™. Then the
Hartogs domain

Q= {(2,\) €QxC: [\ <e®]}

is max(p, q)-convez.

Proof. By Corollary[Z7 po is a continuous p-subharmonic function on 2 x C,
where 7: C"*! — C™ denotes the canonical projection. Hence, the function
#(z,\) == log || + ¢(z) is continuous p-subharmonic. Thus {(z,A) € C" x C :
Al < e7?®)} is a p-convex domain with the exhaustion function o(z,\) =
_log\/\\leso(Z)'

On the other hand, since @ C C" is a (¢ — 1)-convex domain so that there is
a continuous (¢ — 1)-subharmonic exhaustion function ¢ of ). Hence again by
Corollary 27 ¢ o 7 is a continuous g-subharmonic function on Q x C. Thus

0(z,A) = max{¢(z), 0} + [A|
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is a continuous g-subharmonic exhaustion function of {2 x C. Hence 2 x C is a
g-convex domain. It is easy to check that Q, = (2 x C) N {(z,1) € C" x C :
Al < e=?®} is max(p, ¢)-convex. This completes the proof. O
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