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ABSTRACT. In this paper, we mainly consider the first and second arc length

variational problems on the exponential statistical manifold, and give the varia-

tional formulae.
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1. Introduction

Information geometry introduced in 1980s has proposed new applications of

differential geometry. It began as a study of natural structures possessed by

families of probability distributions. A family of probability distributions such

as normal distributions naturally has a Riemannian metric. Moreover, it has

a dualistic structure of affine connections, and this duality is useful in statis-

tics. Recently some authors ([7]–[11]) have investigated the structures of the

state space of thermodynamic parameters based upon the differential geomet-

ric approach to parametric statistics developed by Chentsov ([4]), Efron ([5]),

Amari etc. ([1,2]), Shima and Yagi ([10]) and Yilmaz ([11]) discussed geometric

structures of Hessian manifolds.

It is desirable to study the geometric structure of the statistical manifolds,

about which some interesting results have already been obtained. For example,

2010 Mathemat i c s Sub j e c t C l a s s i f i c a t i on: Primary 53A30; Secondary 53B25.

Keywords: arc length variation, exponential manifold, Fisher metric.
Supported by NSF of China (10671181).

Research of the forth author was supported by the National Natural Science Foundation of

China (10871218).



F. Y. ZHANG — H. F. SUN — L. JIU — L. Y. PENG

Matsuzoe ([7]) has given an equiaffine structure on the submanifolds of the ex-

ponential manifold, and Furuhata ([6]) studied the characters of hypersurfaces

of statistical manifolds. Since the induced connection of pull-back bundle has

not been defined exactly in information geometry, we consider if the arc length

variation can be expressed by dual connection. Fortunately, the answer is defi-

nite.

In this paper, we give the first and second arc length variational formulae

on the exponential statistical manifold. This paper includes four sections. In

Section 1, we introduce three main theorems, and in Section 2 the fundamental

structure of information geometry is introduced. Finally, in Section 3 and 4, we

give the proofs of the main theorems and some propositions implied by the main

theorems.

������� 1.1� Let γ : [a, b] → S be a smooth curve in the exponential mani-

fold S, and the ratio of t and arc length parameter s be constant. If Φ: [a, b] ×
(−ε, ε) → S is a variation of γ, denoting L(u) = L(γu) the arc length of γu,

u ∈ (−ε, ε), then we have

L′(0) =
b− a

l

⎛
⎝〈U, γ′(t)〉|ba −

b∫
a

〈� ∂
∂t
γ′(t), U 〉dt

⎞
⎠ , (1.1)

where 〈·, ·〉 denotes the Fisher metric of the exponential manifold S, and � is

the Riemannian connection on 〈·, ·〉.
������� 1.2� Let γ : [a, b] → S be a geodesic on 1-connection in the exponential

manifold S. For any variation Φ: [a, b]× (−ε, ε) → S of γ, we have

L′′(0) =
b− a

l
〈�(1)

∂
∂u

U, γ′(t)〉|ba +
b− a

2l

∂

∂t
〈U,U 〉|ba

− b− a

2l

b∫
a

〈�(1)
∂
∂u

U,�(−1)
∂
∂t

γ′(t)〉dt− b− a

l
〈�(1)

∂
∂u

γ′(t), U 〉|ba

+
b− a

l

b∫
a

〈�(1)
∂
∂u

γ′(t),�(−1)
∂
∂t

U 〉dt

− (b− a)3

4l3

b∫
a

(
2
∂

∂t
〈U, γ′(t)〉 − T (U, γ′(t), γ′(t))

)2

dt,

(1.2)

where 〈·, ·〉 denotes the Fisher metric of the exponential manifold S.

1102



THE ARC LENGTH VARIATIONAL FORMULA ON EXPONENTIAL MANIFOLD

������� 1.3� Let γ : [a, b] → S be a geodesic on −1-connection in the expo-

nential manifold S. For any variation Φ: [a, b]× (−ε, ε) → S of γ, we have

L′′(0) =
b− a

l
〈�(1)

∂
∂u

U, γ′(t)〉|ba +
b− a

2l

∂

∂t
〈U,U 〉|ba

− b− a

2l

b∫
a

〈�(1)
∂
∂u

U,�(−1)
∂
∂t

γ′(t)〉dt− b− a

l
〈�(1)

∂
∂u

γ′(t), U 〉|ba

+
b− a

l

b∫
a

〈�(1)
∂
∂u

γ′(t),�(−1)
∂
∂t

U 〉dt− (b− a)3

4l3

b∫
a

(2
∂

∂t
〈U, γ′(t)〉

− 2〈�(1)
∂
∂t

γ′(t), U 〉 − T (U, γ′(t), γ′(t)))2dt.

(1.3)

2. Preliminaries

���	
	�	�
 2.1� An n-dimensional set of probability density functions S =

{pθ | θ ∈ Θ ⊂ Rn} for random variable x ∈ Ω ⊆ R is said to be an exponen-

tial family when the density functions can be expressed in terms of functions

{C,F1, . . . , Fn} on R and a function ϕ on Θ as

pθ(x) = e
{C(x)+

∑

i
θiFi(x)−ϕ(θ)}

. (2.1)

Then we call {θi} its natural coordinates, and ϕ its potential function.

From the normalization condition
∫
Ω

pθ(x)δx = 1 we obtain

ϕ(θ) = log

∫
Ω

e
{C(x)+

∑

i
θiFi(x)}

dx. (2.2)

From the definition of an exponential family, and letting ∂i =
∂

∂θi , we use the

log-likelihood function l(θ, x) = log(pθ(x)) to obtain

∂il(θ, x) = Fi(x)− ∂iϕ(θ)

and

∂i∂j l(θ, x) = −∂i∂jϕ(θ). (2.3)
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The Fisher information metric g on the n-dimensional space of parameters

Θ ⊂ Rn, equivalently on the set S = {pθ | θ ∈ Θ ⊂ Rn}, has the coefficients

gij = −
∫
Ω

∂i∂j l(θ, x)p(θ, x)dx = ∂i∂jϕ(θ) = ϕij(θ). (2.4)

Then, (S, g) is a Riemannian manifold with the Levi-Civita connection given by

〈�∂i
∂j , ∂h〉ghk = Γk

ij(θ)

=
1

2

∑
gkh(∂igjh + ∂jgih − ∂hgij)

=
∑ 1

2
gkh∂i∂j∂hϕ(θ).

(2.5)

Next we obtain a family of symmetric connections that included the Levi-

Civita case and has significance in mathematical statistics. For any α ∈ R the

function Γ
(α)
ij,k of each θ ∈ Θ is defined by

〈�(α)
∂i

∂j , ∂k〉 = Γ
(α)
ij,k(θ)

=

∫
Ω

(
∂i∂j l(θ, x) +

1− α

2
∂il(θ, x)∂jl(θ, x)

)
∂kl(θ, x)pθdx

=
1− α

2
∂i∂j∂kϕ(θ).

(2.6)

If α = 0 in (2.6), then �(0) is the Riemannian connection defined in (2.5); if

α = 1, then �(1) is an affine with respect to natural coordinates {θi}, that is

�(1)
∂i

∂j = 0.

Denoting ηi = ∂iϕ(θ), then {ηi} are the dual coordinates of {θi}, and ∂i =
∂

∂ηi
. From [1], we see that �(−1) is flat, that is �(−1)

∂i ∂j = 0.

The cubic tensor of the exponential manifold is defined as follows:

Tijk(θ) =

∫
∂il(θ, x)∂jl(θ, x)∂kl(θ, x)pθdx = ∂i∂j∂kϕ(θ). (2.7)

���	
	�	�
 2.2� Let γ : [a, b] → S be a smooth curve in the exponential mani-

fold S. If there exists an ε > 0, and let smooth map Φ: [a, b] × (−ε, ε) → S be

such that

Φ(t, 0) = γ(t) = p(θ(t, 0), x), for all t ∈ [a, b],

then Φ is a variation of γ, and if

Φ(a, u) = γ(a), Φ(b, u) = γ(b), for all u ∈ (−ε, ε),
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then Φ is a variation with endpoints of γ.

Now suppose that Φ is a variation of γ, for a fixed u ∈ (−ε, ε), let γu : [a, b]→M

such that

γu(t) = Φ(t, u), for all t ∈ [a, b];

then, {γu} are variational curves of Φ.

On the other hand, for any t ∈ [a, b], there exists a smooth curve

σt : (−ε, ε) → M, for all u ∈ (−ε, ε);

then, {σt} are sectional curves of Φ.

Next, we give the definition of a variational vector field of Φ as follows:

T̃ = Φ∗(t,u)

(
∂

∂t

)
, Ũ = Φ∗(t,u)

(
∂

∂u

)
, (2.8)

where T̃ and Ũ are the variational vector fields of curve families {γu} and {σt}.
Denote

T̃ l(θ, x) = Φ∗(t,u)

(
∂

∂t

)
l(θ, x) =

∂

∂t
l(θ(t, u), x),

Ũ l(θ, x) = Φ∗(t,u)

(
∂

∂u

)
l(θ, x) =

∂

∂u
l(θ(t, u), x).

(2.9)

Especially, it is easy to check that

T̃ l(θ, x)|u=0 = γ′(t)(l(θ(t, 0), x)), (2.10)

and

Ũ l(θ, x)|u=0 = σ′(u)(l(θ(t, u), x))|u=0, (2.11)

where we denote σ′(u) = U .

Using the same method as [3], we can get the following result.

���
��	�	�
 2.3� Let γ : [a, b] → S be a smooth curve in the exponential man-

ifold S. Then Ut a smooth vector field along γ, where Ut ∈ Tγ(t)S, then there

exists a variation Φ of γ with U as its variational vector field.

To prove the main theorems, we need the following facts.

���� 2.4� If γ is a geodesic with respect to Levi-Civita connection in exponential

manifold, we have � ∂
∂t
γ′(t) = 0.

���� 2.5� If γ is a geodesic with respect to the 1-connection in the exponential

manifold S, and {θi} is natural coordinate system on S, then �(1)
∂
∂t

γ′(t) = 0,

where γ′(t) = dθit ∂
∂i .
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���� 2.6� If γ is a geodesic with respect to the −1-connection in the exponential

manifold S, and {ηi} is dual coordinate system of {θi} on S, then �(−1)
∂
∂t

γ′(t)=0,

where γ′(t) = dηit ∂
∂i .

3. The proof of Theorem 1.1

P r o o f. Let T̃ and Ũ be the vector fields defined by (2.9). The arc length

formula is as follows:

L(u) =

b∫
a

〈T̃ , T̃ 〉 1
2dt, (3.1)

Taking the derivative of (3.1) with respect to u, we obtain

L′(u) =

b∫
a

∂
∂u 〈T̃ , T̃ 〉
2〈T̃ , T̃ 〉 1

2

dt, (3.2)

and
∂

∂u
〈T̃ , T̃ 〉 = 2

∫
∂T̃ l(θ, x)

∂u
T̃ l(θ, x)p(θ, x)dx

+

∫
T̃ l(θ, x)2

∂l(θ, x)

∂u
p(θ, x)dx,

(3.3)

where θ = θ(t, u).

From the right hand side (3.3), we get∫
∂T̃ l(θ, x)

∂u
T̃ l(θ, x)p(θ, x)dx =

∂

∂t

∫
Ũ l(θ, x)T̃ l(θ, x)p(θ, x)dx

−
∫

Ũ l(θ, x)
∂T̃ l(θ, x)

∂t
p(θ, x)dx

−
∫

Ũ l(θ, x)T̃ l(θ, x)2p(θ, x)dx,

(3.4)

and (3.3) is equivalent to the following identity,

∂

∂u
〈T̃ , T̃ 〉 = 2

∂

∂t
〈Ũ , T̃ 〉 − 2

∫
Ũ l(θ, x)

∂T̃ l(θ, x)

∂t
p(θ, x)dx− T (Ũ , T̃ , T̃ ). (3.5)

By the definition of α-connection, it is easy to check that

〈�(α)
∂
∂t

T̃ , Ũ〉 =
∫

∂T̃ l(θ, x)

∂t
Ũ l(θ, x)p(θ, x)dx+

1− α

2
T (T̃ , T̃ , Ũ). (3.6)
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Combining (3.6) with (3.5), we obtain

∂

∂u
〈T̃ , T̃ 〉 = 2

∂

∂t
〈Ũ , T̃ 〉 − 2〈�(α)

∂
∂t

T̃ , Ũ〉 − αT (Ũ , T̃ , T̃ ). (3.7)

On the other hand, by the assumption of the theorem, the ratio of t and arc

length parameter s is constant, we have |γ′(t)| = constant, and

l = L(γ) =

b∫
a

〈γ′(t), γ′(t)〉 1
2 dt = |γ′(t)|(b − a),

that is

|γ′(t)| = l

b− a
.

When u = 0, T̃ is tangent to γ(t), and the first arc length variation formula is

given as follows:

L′(0) =
b− a

l

b∫
a

(
2
∂

∂t
〈U, γ′(t)〉 − 2〈�(α)

∂
∂t

γ′(t), U 〉 − αT (U, γ′(t), γ′(t))
)
dt

=
b− a

l
〈U, γ′(t)〉|ba −

b− a

l

b∫
a

(
〈�(α)

∂
∂t

γ′(t), U 〉+ 1

2
αT (U, γ′(t), γ′(t))

)
dt

=
b− a

l

(
〈U, γ′(t)〉|ba −

b∫
a

〈� ∂
∂t
γ′(t), U 〉dt

)
, (3.8)

where � is the Riemannian connection on Fisher metric g. �

���
��	�	�
 3.1� If Φ is a variation with fixed endpoints, namely, U (a) =

U (b) = 0, then we have

L′(0) = −b− a

l

b∫
a

〈� ∂
∂t
γ′(t), U 〉dt. (3.9)

Particularly, if γ(t) is a geodesic with respect to Riemannian connection in

the exponential manifold S, using Fact 2.4., we can see that γ is the critical

point of the arc length function.
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4. The proofs of Theorem 1.2 and 1.3

To prove Theorem 1.2, we need to prove three lemmas first.

����� 4.1�

∂

∂u
〈Ũ , T̃ 〉 = 〈�(1)

∂
∂u

Ũ , T̃ 〉+ 1

2
T (Ũ , Ũ , T̃ ) +

1

2

∂

∂t
〈Ũ , Ũ〉. (4.1)

P r o o f. By the definition of Fisher metric, we have

∂

∂u
〈Ũ , T̃ 〉 = ∂

∂u

∫
Ũ l(θ, x)T̃ l(θ, x)p(θ, x)dx

=

∫
∂

∂u
(Ũ l(θ, x))T̃ l(θ, x)p(θ, x)dx

+

∫
Ũ l(θ, x)

∂

∂u
(T̃ l(θ, x))p(θ, x)dx

+

∫
Ũ l(θ, x)T̃ l(θ, x)T̃ l(θ, x)p(θ, x)dx

= 〈�(1)
∂
∂u

Ũ , T̃ 〉+ 1

2

∂

∂t

∫
Ũ l(θ, x)Ũ l(θ, x)p(θ, x)dx (4.2)

− 1

2
T (Ũ , Ũ , T̃ ) + T (Ũ , Ũ , T̃ )

= 〈�(1)
∂
∂u

Ũ , T̃ 〉+ 1

2
T (Ũ , Ũ , T̃ ) +

1

2

∂

∂t
〈Ũ , Ũ〉.

�

����� 4.2�

∂

∂u
〈�(1)

∂
∂t

T̃ , Ũ〉 = ∂

∂t
〈�(1)

∂
∂u

T̃ , Ũ〉 − 〈�(1)
∂
∂u

T̃ ,�(−1)
∂
∂t

Ũ〉+ 〈�(1)
∂
∂t

T̃ ,�(−1)
∂
∂u

Ũ〉. (4.3)

P r o o f. It is similar to the proof of Lemma 4.1, so we omit it here. �

����� 4.3�

∂

∂t
T (Ũ , Ũ , T̃ )− ∂

∂u
T (Ũ , T̃ , T̃ ) = 〈�(1)

∂
∂t

T̃ ,�(−1)
∂
∂u

Ũ〉 − 〈�(−1)
∂
∂t

T̃ ,�(1)
∂
∂u

Ũ〉. (4.4)

P r o o f.

∂

∂t
T (Ũ , Ũ , T̃ )− ∂

∂u
T (Ũ , T̃ , T̃ )

= 2

∫
∂

∂t
(Ũ l(θ, x))(Ũ l(θ, x))(T̃ l(θ, x))p(θ, x)dx
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+

∫
(Ũ l(θ, x))2

∂

∂t
(T̃ l(θ, x))p(θ, x)dx

− 2

∫
∂

∂u
(T̃ l(θ, x))(Ũ l(θ, x))(T̃ l(θ, x))p(θ, x)dx

−
∫
(T̃ l(θ, x))2

∂

∂u
(Ũ l(θ, x))p(θ, x)dx

=

∫
(Ũ l(θ, x))2

∂

∂t
(T̃ l(θ, x))p(θ, x)dx−

∫
(T̃ l(θ, x))2

∂

∂u
(Ũ l(θ, x))p(θ, x)dx

= 〈�(−1)
∂
∂u

Ũ ,�(1)
∂
∂t

T̃ 〉 − 〈�(1)
∂
∂u

Ũ ,�(−1)
∂
∂t

T̃ 〉. (4.5)

�

P r o o f o f T h e o r e m 1.2. Taking the second derivative in (3.1), we have

L′′(u) = d2u2L(γ(u))

=

b∫
a

∂2

∂u2 〈T̃ , T̃ 〉
2〈T̃ , T̃ 〉 1

2

dt−
b∫

a

( ∂
∂u〈T̃ , T̃ 〉)2
4〈T̃ , T̃ 〉 3

2

dt.
(4.6)

Let α = 1 in (3.7), and taking the derivative with respect to u, we have

∂2

∂u2
〈T̃ , T̃ 〉

= 2
∂2

∂u∂t
〈T̃ , Ũ〉 − 2

∂

∂u
〈�(1)

∂
∂t

T̃ , Ũ〉 − ∂

∂u
T (T̃ , T̃ , Ũ).

(4.7)

Substituting (4.1), (4.3) and (4.4) into (4.7), we obtain

∂2

∂u2
〈T̃ , T̃ 〉 = 2

∂

∂t
〈�(1)

∂
∂u

Ũ , T̃ 〉+ ∂2

∂t2
〈Ũ , Ũ〉

− 〈�(−1)
∂
∂u

Ũ ,�(1)
∂
∂t

T̃ 〉 − 〈�(1)
∂
∂u

Ũ ,�(−1)
∂
∂t

T̃ 〉

− 2
∂

∂t
〈�(1)

∂
∂u

T̃ , Ũ〉+ 2〈�(1)
∂
∂u

T̃ ,�(−1)
∂
∂t

Ũ〉.

(4.8)

If u = 0, and γ is a geodesic with respect to the 1-connection, we obtain

L′′(0) =
b− a

l
〈�(1)

∂
∂u

U, γ′(t)〉|ba +
b− a

2l

∂

∂t
〈U,U 〉|ba

− b− a

2l

b∫
a

〈�(1)
∂
∂u

U,�(−1)
∂
∂t

γ′(t)〉dt
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− b− a

l
〈�(1)

∂
∂u

γ′(t), U 〉|ba +
b− a

l

b∫
a

〈�(1)
∂
∂u

γ′(t),�(−1)
∂
∂t

U 〉dt

− (b− a)3

4l3

b∫
a

(
2
∂

∂t
〈U, γ′(t)〉 − T (U, γ′(t), γ′(t))

)2

dt. (4.9)

On the other hand, If u = 0, and γ is a geodesic with respect to the −1-

connection, then

L′′(0) =

=
b− a

l
〈�(1)

∂
∂u

U, γ′(t)〉|ba +
b− a

2l

∂

∂t
〈U,U 〉|ba −

b− a

2l

b∫
a

〈�(1)
∂
∂u

U,�(−1)
∂
∂t

γ′(t)〉dt

− b− a

l
〈�(1)

∂
∂u

γ′(t), U 〉|ba +
b− a

l

b∫
a

〈�(1)
∂
∂u

γ′(t),�(−1)
∂
∂t

U 〉dt

− (b− a)3

4l3

b∫
a

(
2
∂

∂t
〈U, γ′(t)〉 − 2〈�(1)

∂
∂t

γ′(t), U 〉 − T (U, γ′(t), γ′(t))
)2

dt

(4.10)

holds. This completes the proof of Theorem 1.2. �

Particularly, if Φ is a variation with fixed endpoints, and γ is a geodesic with

respect to the 1-connection, then thanks to fact 2.3, the following equality holds:

L′′(0) =

=
b− a

l
〈�(1)

∂
∂u

U, γ′(t)〉|ba −
b− a

2l

b∫
a

〈�(1)
∂
∂u

U,�(−1)
∂
∂t

γ′(t)〉dt

+
b− a

l

b∫
a

〈�(1)
∂
∂u

γ′(t),�(−1)
∂
∂t

U 〉dt

− (b− a)3

4l3

b∫
a

(
2
∂

∂t
〈U, γ′(t)〉 − T (U, γ′(t), γ′(t))

)2

dt.

(4.11)
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In the case γ is a geodesic with respect to the −1-connection, using fact 2.4,

we obtain

L′′(0) =
b− a

l
〈�(1)

∂
∂u

U, γ′(t)〉|ba −
b− a

2l

b∫
a

〈�(1)
∂
∂u

U,�(−1)
∂
∂t

γ′(t)〉dt

+
b− a

l

b∫
a

〈�(1)
∂
∂u

γ′(t),�(−1)
∂
∂t

U 〉dt (4.12)

− (b− a)3

4l3

b∫
a

(
2
∂

∂t
〈U, γ′(t)〉 − 2〈�(1)

∂
∂t

γ′(t), Ũ〉 − T (U, γ′(t), γ′(t))
)2

dt.
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