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ABSTRACT. In this paper, we mainly consider the first and second arc length
variational problems on the exponential statistical manifold, and give the varia-

tional formulae.
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1. Introduction

Information geometry introduced in 1980s has proposed new applications of
differential geometry. It began as a study of natural structures possessed by
families of probability distributions. A family of probability distributions such
as normal distributions naturally has a Riemannian metric. Moreover, it has
a dualistic structure of affine connections, and this duality is useful in statis-
tics. Recently some authors ([7]-[I1]) have investigated the structures of the
state space of thermodynamic parameters based upon the differential geomet-
ric approach to parametric statistics developed by Chentsov ([4]), Efron ([3]),
Amari etc. ([I12]), Shima and Yagi ([10]) and Yilmaz ([I1]) discussed geometric
structures of Hessian manifolds.

It is desirable to study the geometric structure of the statistical manifolds,
about which some interesting results have already been obtained. For example,
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Matsuzoe ([7]) has given an equiaffine structure on the submanifolds of the ex-
ponential manifold, and Furuhata ([6]) studied the characters of hypersurfaces
of statistical manifolds. Since the induced connection of pull-back bundle has
not been defined exactly in information geometry, we consider if the arc length
variation can be expressed by dual connection. Fortunately, the answer is defi-
nite.

In this paper, we give the first and second arc length variational formulae
on the exponential statistical manifold. This paper includes four sections. In
Section 1, we introduce three main theorems, and in Section 2 the fundamental
structure of information geometry is introduced. Finally, in Section 3 and 4, we
give the proofs of the main theorems and some propositions implied by the main
theorems.

THEOREM 1.1. Let 7v: [a,b] — S be a smooth curve in the exponential mani-
fold S, and the ratio of t and arc length parameter s be constant. If ®: [a,b] X
(—e,e) — S is a variation of v, denoting L(u) = L(v,) the arc length of vy,
u € (—¢,¢), then we have

vy =" " (OO - (570,00, (1.1)

a

where (-,-) denotes the Fisher metric of the exponential manifold S, and <7 is
the Riemannian connection on (-,-).

THEOREM 1.2. Let~: [a,b] — S be a geodesic on 1-connection in the exponential
manifold S. For any variation ®: [a, b} X (—e,e) = S of v, we have

—a 0

b
21 5\ U Ulla

) =" UG YA @+

b
b—a _ b—
- / (D0, @)~ DA 0, D)
2l Ou ot l
b (1.2)
b—a _
PR (ROt

a

; 2
SO (o - twe ) a

a

where (-,-) denotes the Fisher metric of the exponential manifold S.
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THEOREM 1.3. Let 7y: [a,b] — S be a geodesic on —1-connection in the expo-
nential manifold S. For any variation ®: [a,b] X (—¢,e) — S of v, we have

" _ b— ) b b—a 0 b
b
b—a WD) (1) b—a, ), b
— (VU ) - AR ORI
du ot du
‘ (1.3)
b—a | (b-a)p [ 0
—a (1) (-Dyng,  (b—a /
+ 7 [ GPma - UL [ef o)

—2(7%)7 (£), U) — T(U,~'(1),7'(£)))?dt.

ot

2. Preliminaries

DEFINITION 2.1. An n-dimensional set of probability density functions S =
{p9 | & € ©® C R™} for random variable z € Q@ C R is said to be an exponen-
tial family when the density functions can be expressed in terms of functions
{C,Fy,...,F,} on R and a function ¢ on © as

{C@)+3 0°Fi(2)~0(0)}
po(z) =e i : (2.1)

Then we call {#%} its natural coordinates, and ¢ its potential function.

From the normalization condition f po(z)dx = 1 we obtain

Q
{C(z)+> 0" Fi(z)}
() = log / o C*2 dz. (2.2)
Q
From the definition of an exponential family, and letting 9; = 0(3“ we use the
log-likelihood function (6, x) = log(pe(z)) to obtain
0;l(0,x) = Fi(x) — 0;0(0)
and
0:0,1(0,2) = —0,0;0(0). (23)
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The Fisher information metric g on the n-dimensional space of parameters
© C R™, equivalently on the set S = {py | # € © C R™}, has the coefficients

Q

Then, (S, g) is a Riemannian manifold with the Levi-Civita connection given by

<V6i aja ah>ghk = Ff] (0)

1
9 > g"(igjn + 059in — Ongis) (2.5)

1

Next we obtain a family of symmetric connections that included the Levi-
Civita case and has significance in mathematical statistics. For any o € R the
function FE;‘L of each 6 € © is defined by

(7505, 06) = T(.(0)
11—«
:/<a,-aj1(e,x)+ , 8J((9,:r)8ﬂ(9,:r)> OO x)pode ¢
Q

11—«
= 9 azajak(p<9)

If @« = 0in (Z8), then v is the Riemannian connection defined in (ZH); if
a = 1, then v(!) is an affine with respect to natural coordinates {6}, that is
1
vél)aj =0.
Denoting 1" = 9;¢(0), then {n;} are the dual coordinates of {#'}, and 9° =
a‘?%. From [I], we see that 7(~1) is flat, that is vé:l)aj =0.
The cubic tensor of the exponential manifold is defined as follows:

DEFINITION 2.2. Let 7: [a,b] — S be a smooth curve in the exponential mani-
fold S. If there exists an € > 0, and let smooth map ®: [a,b] x (—e,e) — S be
such that

O(t,0) = ~(t) = p(0(t,0), ), for all t € [a,b],

then ® is a variation of 7, and if

O(a,u) =v(a), D(b,u)=~(b), for all w € (—¢,¢),

1104



THE ARC LENGTH VARIATIONAL FORMULA ON EXPONENTIAL MANIFOLD

then ® is a variation with endpoints of ~.

Now suppose that ® is a variation of , for a fixed u € (—¢,¢), let v, : [a, b] = M
such that

Yu(t) = ®(¢,u), for all ¢ € [a,b];
then, {7,} are variational curves of ®.
On the other hand, for any t € [a, b], there exists a smooth curve
op: (—e,e) = M, for all w € (—¢,¢);

then, {0} are sectional curves of ®.
Next, we give the definition of a variational vector field of ® as follows:

~ 0 ~ 0
T =Py t0) (815) , U=, <8u> ; (2.8)

where T and U are the variational vector fields of curve families {7, } and {o}.
Denote

~ 0 0
Tl(e,.%‘) = (I)*(t,u) <8t> l(&,x) = atl(@(t,u),x),

(2.9)
Ul(h,z) = 0 16 )—al(G(t ), )
y ) = Pu(t,u) ou y L _8’U, yU), T).
Especially, it is easy to check that
U8, )lu=0 = ¥ () (1(6(2,0),2)), (2.10)
and
U108, 2)|u=0 = o' (u) (L(O(t, u), 7)) lu=o, (2.11)

where we denote o’(u) = U.

Using the same method as [3], we can get the following result.

PROPOSITION 2.3. Let ~y: [a,b] — S be a smooth curve in the exponential man-
ifold S. Then Uy a smooth vector field along -y, where Uy € T, 4)S, then there
exists a variation ® of v with U as its variational vector field.

To prove the main theorems, we need the following facts.

FAct 2.4. If v is a geodesic with respect to Levi- Civita connection in exponential

manifold, we have v ~'(t) = 0.

Fact 2.5. If v is a geodesic with respect to the 1-connection in the exponential

manifold S, and {0'} is natural coordinate system on S, then v(é)’y’(t) =0,
ot

where /' (t) = df't 3.
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FAcT 2.6. If v is a geodesic with respect to the —1-connection in the exponential
manifold S, and {n'} is dual coordinate system of {6*} on S, then v( 2 ~'(t)=0,

where »'(t) = dn't 5, o

3. The proof of Theorem [I.1]

Proof. Let T and U be the vector fields defined by (Z3). The arc length

formula is as follows:
b

L(u) = / (T, T)2dt, (3.1)
Taking the derivative of ([BI) with respect to u, we obtain
b ~
oT, T
= [ o (32)
2(T,T)>

and

where 6 = 6(t, u).
From the right hand side (3.3]), we get

/8fgz,x)fl(9,m)p(9,m)dm = gt / U0, 2)T10, x)p(0, z)dz
I U R )

- / Ul(0, z)TU(O, )*p(0, z)dz,
and (3.3]) is equivalent to the following identity,

8‘1 (T, T) = 2;<U,:F> 9 / ﬁl(@,m)aTléf’x)p(G,x)dx _TO,TT). (35)

By the definition of a-connection, it is easy to check that

<v(§)f, U) = / oTI(®, x)Ul(Q 26, 2)de +

o T(T,T,U). (3.6)
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Combining (3.6 with (33]), we obtain

0 ~ =~ 28

o T T 2T OF Ty — o (T.T. T
ou <T7T> - ot <U7T> 2<Vé9t Ta U> aT<UaTa T) (37)

On the other hand, by the assumption of the theorem, the ratio of ¢t and arc
length parameter s is constant, we have |y/(¢)| = constant, and

))zdt = 7' ()b - a),

\@

that is

When v = 0, T is tangent to ~(t), and the first arc length variation formula is
given as follows:

v ="7" [ (2000 0) - 2997 0.0 - aT 0.7 @) )

b
b b— o
=Pt - (95 0.0+ jarwa 0. @) a
. b
=" (Wl - [ v 0.00a) (3.9
where v/ is the Riemannian connection on Fisher metric g. (I

PROPOSITION 3.1. If ® is a variation with fized endpoints, namely, U(a) =
U(b) =0, then we have

b
b—a

v =-"" [7,7 0.0 (3.9

a

Particularly, if v(¢) is a geodesic with respect to Riemannian connection in
the exponential manifold S, using Fact 2.4., we can see that ~ is the critical
point of the arc length function.
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4. The proofs of Theorem 1.2 and 1.3

To prove Theorem [I.2] we need to prove three lemmas first.
LEMMA 4.1.

0 ~ ~ SRS PR
U,T) = (YU, T)+ . T(U,U,T) +
8’& Ou 2

10 ~ ~
2 5,0 0). (4.1)

Proof. By the definition of Fisher metric, we have

0 ~ ~ 0 [~ ~
MR T / T1(6, 2)T1(8, 2)p(6, )
o ~ -
:/ (Ul(0,2))TL0, z)p(0, z)dx
ou
- o ~
-l-/Ul(Q,:v)a (TN, z))p(0,x)dx
u
+ / UL(0,z)TL(0, z)TI(0, z)p(6, z)dx
oW, 1O [ =~
=(vsU,T)+ 9 Ot Ul0,z)Ul(0, z)p(0, z)dx (4.2)
Ou
~ JT(T,0,7)+ (0, 0,7)
oW L s 10 s s
O
LEMMA 4.2.
0 ~ ~ 0 ~ ~ ~ L1~ ~ L1~
(VO T, 0) = (vOT,0) — (79T, v, V0) + (99T, v VD). (4.3)
ou ot ot ou ou at ot ou
Proof. It is similar to the proof of Lemma [l so we omit it here. O
LEMMA 4.3.
0~ ~ ~ 0~ ~ ~ ~ (L1~ RS ~
5 TO.U.T) = o T(O0.T.T) = (VST 95 0) — (75T, 950). (4.4)
u ot du at du
Proof.
0~ ~ ~ 0~ ~ ~
T - _ Tu,TT
ot (U, 0,T) ou (U.T.7)

= 2/gta?z(e,x))a?z(e,x))(fz(e,x))p(e,x)dx
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+ / ((71(9,x))2§t(fz(e,x))p(e,x)dx
—2 / aau(:h(e,x))(ﬁzw,x))@z(e,x))p(e,x)dx
— / (T1(0, z))? aau(ﬁl(e,x))p(e,x)dx
= / (ﬁZ(e,x))Qgt(T“Z(e,x))p(e,x)dx— / (T1(0, z))? aau(fjl(ﬁ,x))p(ﬁ,x)dx
= (v, 0.V T) — (v5 0, v V). (4.5)
O

Proof of Theorem 1.2. Taking the second derivative in (3.1I), we have

L' (u) = d*u’L(3(u))

b b

_/ﬁyfﬂ&_/(ﬁﬂﬂ) (4.6)
2T, T)> AT, T)3 -
Let o =1 in (1), and taking the derivative with respect to u, we have
0? ~ ~
ou? (T, T)
02 8 e 5 - (4.7)
2 T — T T, T,U0).
Substituting (1)), (£3) and (IZZD into (IIZ), we obtain
0? ~ ~ 0, _ s & 0?
T,T)=2 T)+
pu2 1) =25, (Vg UT) + 50 (0. 0)
-wv%”&v@Twwv?ﬁwg”ﬂ (48)
8 ~ oy~
(VO T.0)+ 29T, v VD).
a du ot
If w =0, and ~ is a geodesic with respect to the 1-connection, we obtain
b— ) b—a 0
" _ b b
b
B b—a

y /WQUV(”%»&

a
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b
b—a b—a _
SNt @95 0

SO [ 2oy -toy 0 @) @ @)

a

On the other hand, If v = 0, and v is a geodesic with respect to the —1-
connection, then

L,,<0) —

b
_b—a, iy, s b—ad b b—a/ (1) (1)/

a

b
S e+ [ e, o
—a)3 N / / 9
-0 /( o {0 (2) - 247} )7()U>—T(U,7(t),7(t))> dt

a

(4.10)

holds. This completes the proof of Theorem 1.2. (]

Particularly, if ® is a variation with fixed endpoints, and v is a geodesic with
respect to the 1-connection, then thanks to fact 2.3, the following equality holds:

b
) (4.11)
+ /<v§)v’(t>,v(§t”U>dt
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In the case vy is a geodesic with respect to the —1-connection, using fact 2.4,
we obtain

b
b— b—a
v =" T Puar o - [Py o
b b
—a _
+ 70 [@ 0.9 (112)

a

b—af" [ (y0 :
—a

O [ (w20 0.0) - 10 07 0) ) .
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