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A SEQUENTIAL IMPLICIT FUNCTION THEOREM
FOR THE CHORDS ITERATION
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(Communicated by Gregor Dolinar)

ABSTRACT. In this paper we study the local convergence of the method
0 € f(p,zx) + Alxpt1 — k) + Fzpg1),
in order to find the solution of the generalized equation
find z € X suchthat 0€ f(p,z)+ F(z).

We first show that under the strong metric regularity of the linearization of the as-
sociated mapping and some additional assumptions regarding dependence on the
parameter and the relation between the operator A and the Jacobian V. f(p, Z),
we prove linear convergence of the method which is uniform in the parameter
p. Then we go a step further and obtain a sequential implicit function theorem
describing the dependence of the set of sequences of iterates of the parameter.
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1. Introduction

Generalized equations function as an abstract model of wide variety of varia-
tional problems such as linear and nonlinear complementarity problems, systems
of nonlinear equations, first-order necessary conditions for nonlinear program-
ming etc. They are also widely used in engineering and economics. More infor-
mation about these applications and many other will appear in [7].

2010 Mathematics Subject Classification: Primary 49M15, 49J53; Secondary 65J15,
90C31, 47H04, 65K10.

Keywords: Newton-type method, generalized equations, variational inequalities, strong reg-
ularity, implicit function theorem, set-valued mapping, linear convergence, chords method.
The research of this paper is partially supported by a grant BG0O51P0O001 of Technical Uni-
versity Varna.



DIANA KIRILOVA NEDELCHEVA

The local convergence and the stability of the method of chords for solving
generalized equations of the form

find z € X suchthat 0¢€ f(x)+ F(x), (1)
is presented in [9] and [I0] by R. T. Marinov. He studies the iterative procedure
0€ flox) + Alwprr — 2x) + Fh41),

where f is a function and F' is a set-valued mapping acting from a Banach space
X to a linear normed space Y and A € L(X,Y). The generalized equations
were introduced by S. M. Robinson in the late 20th century as a general tool for
describing, analyzing , and solving different problems in a unified manner; for a
survey of earlier results see [11]. For example, when F' = {0}, () is an equation;
when F is the positive orthant in R™, () is a system of inequalities; when F
is the normal cone to a convex and closed set in X, (II) represents variational
inequalities. For other examples, the reader could refer to [3].

With the aim of approximating a solution to the generalized equation
find z € X suchthat 0€ f(p,z)+ F(x), (2)

for a fixed value of the parameter p of the Banach space P in [4] and [6]
A. L. Dontchev and R. T. Rockaffelar choose a starting point zy and gener-
ate a sequence {zj}72 ), iteratively for £ = 0,1,2,... by taking x4 to be a
solution to the auxiliary generalized equation

0€ feP, zrs1) + F(rrs1),

where
T z) = f(p,2k) + Vaf (p, zp) (@ — 2.

This iteration reduces to the standard Newton’s method for solving a nonlinear
equations when F'is the zero mapping.

Newton’s type method has been a basic tool for proving various inverse func-
tion type theorems. “Generalized” Newton method leads to modern set-valued
extensions of these theorems in terms of metric regularity (see, in particular
B], ). A wide overview of Newton’s methods for nonsmooth equations and
generalized equations is available in the books by Klatte and Kummer [8] and
Facchinei and Pang [7].

In this paper we study the local convergence of the method

0¢ f(p, k) + A(@ry1 — ) + FTri1), (3)

in order to find the solution of the generalized equation (2)). We show that this
method is convergent to the value s(p) of the Lipschitz continuous localization
of the solution mapping, provided that the mapping

f(@,%) + Vo f(0,2)(- — Z) + F(:)
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is strongly metrically regular at & for 0 with associated Lipschitz continuous
single valued localization ¢ around 0 for Z of the inverse

[f (5. %) + Vaf (0, 2)(- — 7) + F()] 7,

A € L(X,Y) is such that 8.1lip(¢;0)||V.f(p,z) — A|| < 1, f is Lipschitz con-
tinuous with respect to p uniformly with « and V,f is Lipschitz continuous
with respect to x uniformly with p. We establish an implicit function theorem,
using implicit mapping that involves sequences of iterates, obtained by method
@), as elements of a sequence space. We show that the single-valued graphical
localization of this mapping is Lipschitz localization and prove some estimates
for the Lipschitz modulus of this localization.

This work is organized as follows. In Section 2 we collect some definitions
and results that we will need afterwards. In Section 3 we establish an implicit
function theorem for chords iteration.

Throughout this paper all the norms are denoted by || - ||. The closed ball
centered at x with radius a is denoted by B, (z).

2. Preliminaries

In this paper we work with Banach spaces P for p, X for x and Y for the
range of f considering generalized equation of the form (2)). We assume that f
is continuously Fréchet differentiable in = with derivative denoted by V.. f(p, z)
and both f(p,z) and V,f(p,x) depend continuously on (p,x). Then graph of
F is the set gph F' = {(z,y) € X x Y | y € F(z)} and the inverse of F is the
mapping F~1: Y = X defined by F~*(y) = {z |y € F(z)}.

The solution mapping associated with the generalized equation (2)) is the
potentially set-valued mapping S: P = X defined by

S:p—{z| f(p,x)+ F(x) 30} for peP. (4)

Graphical localization of S at p for Z, where € S(p) is a set-valued mapping
with its graph having the form (Q x U) Ngph S for some neighborhoods @ of
p and U of . The localization is single-valued when this mapping reduces to a
function for @) into U. If it is not only single-valued but Lipschitz continuous on
@, we speak of Lipschitz localization.

A function f: X — Y is said to be Lipschitz continuously relative to a set D,
if D C intdom f and there exists a constant k£ > 0 (a Lipschitz constant) such
that

I f(2") = f(@")]| < k|2’ — 2" for all 2’,2" € D. (5)
It is said to be a Lipschitz continuous around Z when this holds for some neigh-
borhood D of z. The Lipschitz modulus of f at Z, denoted lip(f;Z) is the

1087



DIANA KIRILOVA NEDELCHEVA

infimum of the set of values k for which there exists a neighborhood D of Z such
that ([B]) holds. Equivalently,

lip(f; ) := limsup 1 (") = f)Il

! _ //H
x’,x”—):f ||.’E €

.T,#I”

Further, a function f: Px X — Y is said to be Lipschitz continuous with respect
to x uniformly in p around (p,Z) € intdom f when there are neighborhoods @
of p and U of T along with a constant k£ and such that

lf(p,2') — f(p,2")| < k||z" — 2" forall z/,2” €U and pe€QqQ.

Accordingly, the partial uniform Lipschitz modulus has the form

l/ll\)z(f» (p, %)) := limsup 1f(p ") = f(p, = )”

! __ //||
x’,x”ﬁi ”x €

x’;«éz”
p—p

A mapping F: X =Y with (p,Z) € gph F is called strongly regular at & for
g if its inverse F'~! has a Lipschitz localization at ¢ for z.

For the convenience of the reader we repeat the relevant material from [4] and
[6] without proofs, thus making our exposition self-contained.

THEOREM 2.1 (Implicit function theorem). ([4]) For the generalized equation
@) and its solution mapping S in @), let p and T be such that T € S(p). Assume
that f is Lipschitz continuous with respect to p uniformly in x at (p, &), that is,

Bip, (f; (7, 7)) < o0,
and that the inverse G~' of the mapping
G(x)=f(p, %)+ Vo f(p,Z)(x — T) + F(x) for which G(z) >0, (6)

has a Lipschitz continuous localization o at 0 for .
Then the mapping S has a Lipschitz localization s at p for T with

lip(s; p) < lip(e;0).5ip,,(f; (7, 7).

In the case of the generalized equation ([2]) with P =Y and f(p,x) = g(z) —p
for a function g: X — Y, so that

Sp)={z|peglx)+F(x)}=(g+F)(p), (7)

the property of both the mapping GG in Theorem 2.1 as well as the mapping
g + F translates as strong regularity and the theorem may be transformed to
the following form.
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THEOREM 2.2 (Inverse version). ([4]) In the framework of the solution mapping
[@), consider any pair (p, %) with T € S(p). Then the mapping g+ F is strongly
reqular at T for p if and only if its partial linearization

x— G(z) =g() + Vg(z)(x — ) + F(x)

18 strongly reqular at p for . In addition, if s and o are the associated Lipschitz
localizations of (g + F)~ and G respectively, then

lip(s — o;p) = 0.
This implies in particular that lip(s; p) = lip(o; p).

THEOREM 2.3 (Stability of strong regularity under perturbation). ([4]) Consider
amappingT: X =Y and any (z,y) € gph T such that, for a positive constant k
and neighborhoods U of T and V of j, the mapping y — T~ (y)NU is a Lipschitz
continuous function on V with Lipschitz constant k. Then for every positive
constant p with ku < 1 there exists neighborhoods U' C U of T and V' C V of
y such that for every function h: X — Y which is Lipschitz continuous on U
with Lipschitz constant p the mapping (h+T)~Y(y)NU’ is Lipschitz continuous
function on h(z) + V' with Lipschitz constant k/(1 — k).

The following property of Theorem 2.3 is utilized in the paper.

COROLLARY 2.4. ([4]) For mapping F: X =Y and point (%,y) € gph F, let F
be strongly reqular at T for § with associated Lipschitz localization s of F~'at i
for z. Consider also a function r: P x X —'Y such that r(p, ) is continuous
at p and N
lip(s; §).lip, (73 (P, 7)) < 1.

Then for each

lip(s; )
1 —Tlip(s; ) - lip,.(7; (P, 2))
there exist neighborhoods U of &, V of § and Q of p such that for every p € @
the mapping y — (r(p,-) + F)"'(y) N U is Lipschitz continuous function on
r(p,Z) + V with Lipschitz constant ~y.

v >

Throughout the paper we use the following result.

THEOREM 2.5 (Contraction mapping principle). ([2]) Let X be a complete met-
ric space with metric p. Consider a point T € X and a function ®: X — X for
which there exist scalars a > 0 and A € [0,1) such that:

(2) p(®(),7) < a(l - N);
(b) p(@(2’), ®(z")) < Ap(x',2")  for every a',x" € B,(Z).

Then there is a unique © € By (T) satisfying x = ®(x), that is, ® has a unique
fized point in B, ().
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3. Main result

In this section we study the iterative procedure (B) with given starting point
Zo, in order to approximate a solution to the generalized equation ([2). We
reconceive chords iteration as an inclusion, the solution of which gives an infinite
sequence & = {x1,Ta,...,Tk,...} of the Banach space [ (X) with elements
zr € X, k=1,2,..., instead of just an element in X. The norm on [, (X) is

[€]loc = sup ||z
k>1

Define a mapping =: X X P = [ (X) by

=Z: (u,p) —

o0

) 8

{f €lo(X) | N f(p,2k) + A(Tt1 — k) + F(2p41) 30 with 29 = u}, ®)
k=0

whose value for a given (u,p) is the set of all sequences {z1};>, generated by

chords iteration (3]) for p start from u. If 7 is a solution of (Z) for p, the constant

sequence § = {Z,Z,...,T,... | satisfies £ € E(p, T).

THEOREM 3.1 (Uniformly convergence of chords iteration). In the framework
of the generalized equation [2)) with solution mapping S in @), let T € S(p).
Assume that . .
lip,(f3 (P, @) + lip, (Vo f; (9, ) < 00

and the mapping G in (@) be strongly regular at T for 0 with associated Lipschitz
localization o of the inverse G=1 at 0 for ¥ and A € L(X,Y) is such that
8.1ip(0; 0)[| Vo f(p, ) — All < 1.

Then for every -, such that

3777 1= 21ip(0;0)|Vaf (5, 7) — A
there exist neighborhoods QQ of p and U of T such that for every p € Q and
u € U there is exactly one sequence &(u,p) with components x1,..., Tk, ..., all

belonging to U and generated by chords method [3) starting from u for the value
p of the parameter. This sequence is convergent to the value s(p) of the Lipschhiz
localization s of the solution mapping S at p for T whose existence is claimed in
Theorem 2.1; moreover the convergence is q-linear with constant vy, that is

[ehsr — s < Allew — sl for all k= 0. (10)

In other words, the mapping = in @) has a single valued graphical localization
¢ at (p, &) for &; moreover, for u close to T and p close to p the value &(u,p) of

this localization is sequence which converges to the associated solution s(p) for p
in the sense of (I0).
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Proof. Let A € L(X,Y) be such that 8.lip(c;0)|V.f(p,Z) — Al < 1 and
denote the constant w := 2|V, f(p,z) — A||. We choose v as in ([@). Let x >
lip(o;0) be such that "% <y < % and p > lip,(V,f; (P, Z)). Next we choose

€ > w such that ke < 1 and
Kw 1
<< o, 11
1 — ke K 3 (11)

Then the assumed strong regularity of the mapping G in (@) at Z for 0 and
the choice of x mean that there exist positive constants o/ and o’ such that
the mapping y — o(y) = G~1(y) N By (Z) is Lipschitz continuous function on
By (0) with Lipschitz constant k. Along with the mapping G in (@) consider the
parametrized mapping

x> Gp () = f(p,w) + Vi f(p,w)(z —w) + F(x).
Note that G, ., (z) = r(p,w; x) + G(x), where the function

is affine, and hence Lipschitz continuous, with Lipschitz constant

n(p,w) = [|Vaf(p,w) = Va f (D, )|
Now let x’ be such that x > £’ > lip(c;0) and let x > 0 satisfy

/i/

K <1 and < K.
1—x~r

Applying Corollary 2.4 to the mapping G, and noting that r(p,z;z) = 0,
we obtain that there are positive constants o < o/ and b < ¥ such that for p
and w satisfying 7(p,w) < x the mapping G, 1,(y) N B, (Z) is Lipschitz contin-
uous function on By(0) with Lipschitz constant x. We denote this function by
o(p, w;-).

By the continuity of V, f(p, ) near (p, ), there exist positive constants ¢ and
a such that

whenever p € B.(p). Make a and ¢ smaller if necessary so that a < a and

IVaf(p,2") = Vaf(p,a")| < plla’ —2"|], (12)

for 2/, 2" € B,(Z) and p € B.(p). Now we can apply Theorem 2.1 and further
adjust the constants a and ¢ so that the truncation S(p) NB,(Z) of the solution
mapping S in (@) is function s, which is Lipschitz continuous on B.(p).

Next, take a even smaller if necessary so that

43

1 7 1
3 pa? + 2aw < b, 2ua+w§5, 4/£,ua—|—/iw< 3(1—/{5). (13)
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The first and the third inequality in (I3]) allow us to choose ¢ > 0 satisfying
J+ ;u(f <b, K6 + 3/1;1(12 + raw < a(l — ke). (14)
Then make ¢ even smaller if necessary so that
Is)— @l <5 and ||f(p.2)~ [ <5 for peB.p).  (15)

Summarizing, we have found constants a,b and ¢ such that for each p € B.(p)
and w € B,(Z) the function ¢(p,w;-) is Lipschitz continuous on B,(0) with
constant x, and also the conditions (I2)—(I5]) are satisfied.

We frequently use an estimate for smooth functions obtained by simple cal-
culus. For the standard equality
1
£p0) = F0.0) = [ Vet oo+ tlu = o)) (u— v,
0
which yields

Hf(p7u) - f(p,U) - sz(p,’l))(u - ’U)”

= H jvzf(p,v—l-t(u—v))(u—v) dt — V. f(p,v)(u—v)

1

Sﬂ/tdtHU—UHQ;

0
we have from (I2)) that for all u,v € B,(Z) and p € B.(p)

1f (P u) = f(p,v) = Vo f(p,0)(u—0)| < ;ullu — | (16)
Moreover,
1f(p,w) — f(p,v) — A(u — )|

< f(p,u) = f(p,v) = Vo f(p, @) (u— )]
+ Ve f(p, ) (v —v) = A(u — v)|

< 1f(p,u) = f(p,v) = Vo f(p,v)(u—v)||
+IVaf(p,v)(u—v) = Vo f(p, 2)(u —v)||
+IVaf(p, 2) — Allllu — vl|.

Then for all u,v € B, (%) and p € B.(p) we have
1f(p;u) = fp,v) = A(u —v)]|

1 ) ~ (17)
< ghllu=ol” + pllo = Z[[[lu — vl + wllu — o]
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Fix p € B.(p) and w € B,(Z) and consider the function

z = g(p,w;z) = —f(p,w) = Alz—w)+f(p, s(p))+Va f(p, 5(p)) (x—5(p)). (18)
Recall that here s(p) = S(p) N B, (Z) for all p € B.(p). For any x € B,(Z) using

([I2), (I5) and (I6), we have
lg(p,w;z)|| < [ f(p, s(p)) — f(psw) — Vaf(p,w)(s(p) — w)||
+ Ve f(p,w)(x — w) + Vu f(p,w)(s(p) — z)
+ Va f(p, s(p))(z — s(p)) — A(z — w)]|

< o lls(®) — wl? + Ve f(p,w) — Al — w]
+IVaf(p, 5(p)) = Vaf(p, w)|lllz — s(p)]|

< yulls(e) = vl + 1z = wll 192/ () = Vo f 0, 2)]
V7 (,2) ~ Al + pls() — wl |z - s(p)]

1 a? 4 2a(ulw — 7| +w) + poa
a a U/—l’ w a _a
oty H Fotq

43
= 3 pa’ + 2aw.

Then from the first inequality in (I3]),
lg(p, w; )| <b. (19)
Using (I5) and ([I8) we come to
1 (2, 2) = f(p,5(p)) = Vaf(p, s(p))(Z — s(p))
<|lf(@.z) = fle. 2)| + 1/ (P, Z) — (P, 5(p)) = Vaf(p, s(p))(Z — s(p)l

1 1
<ot ulz—s@)* <6+ gpa®,

IN

Then using the first inequality in (I4]), we have

1f(P,2) = f(p,5(p)) = Vuf (p,s(p))(Z — s(p))I| <. (20)
Hence, remembering that p € B.(p) and s(p) € B,(Z), both g(p,w;z) and

f(p,%) = f(p,s(p)) — Vaf(p,s(p))(T — 5(p)) are in the domain of ¢ (p, s(p);-)
where this function is Lipschitz continuous with Lipschitz constant k.

We now choose p € B.(p) and u € B,(Z), and construct a sequence &(u,p)
generated by iteration ([3) starting from u for the value p of the parameter,
whose existence, uniqueness and convergence is claimed in the statement of the
theorem.

If uw = s(p) there is nothing to prove, so assume u # s(p). Our first step is to
show that, for the function g defined in (I§]), the mapping

Qg x> @(p,s(p); g(p, us x)),
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has a unique fixed point in B, (Z). Using the equality

z = ¢(p,s(p); —f(0: @) + f(p,s(p)) + Vauf(p, s(p)(Z — s(p))),

(@), (20), the Lipschitz continuity of ¢(p, s(p);-) in By(0) with constant x, (I5])
and (I’), we have

|2 — ®o(2)||
= [le(p, s(p); =f (D, )+ f (P, s(p)) + Va f(p, s(p)) (Z—s(p))) —¢(p, 5(p); 9(p, u; )|
<kl = f(P,2) + f(p,s(p)) + Vaf(p,s())(T — 5(p))

+ f(p,u) + A(Z —u) — f(p,5(p)) — Vo f(p,s())(T — s(p))l
<kl f(psu) = f(p,T) + AT — )|
<&l f(p,z) — (@, 2)| + £l f(p, 7) — f(psu) — A(Z —u)|

1
< R0+ ko pll@ = ull* + wpllu = 2|17 - ull + xwllz - ull

(p,
(p,

3
< ki + 2/i,ua2 + kwa.

Now using the second inequality in ([I4]), we come to
|z — @o(Z)]| < a(l — ke). (21)

Further, for any ', v" € B, (z), by (I2), (IT), (I8) and the Lipschitz continuity
of ¢(p, s(p);-), we obtain

[@o(v") — @o(v")]]
= [lo(p, 5(p); g(p, u; V")) —o(p, s(p); g(p, u; V")

< kllg(p,u;v") — g(p, u; v")||
= k[|Vof(p,s(p) (v —v") = A(v" ="
< K|V f(p,s(p)) — Allllv" ="

< &(IVaf(p:5(p)) = Vo f (0, 2| + | Vaf (0, 7) — Al IV ="
< r(ul@) = all + )’ =" < (a1 o],
By the second inequality in (I3))
120 (0") = o(v")]| < Kef|v” —0"|]. (22)

Now utilizing (2I) and (22)) to the contraction mapping principle, we con-
clude that there exists a fixed point 21 € ®g(x1) N B, (%) which translates to
9(p,u; 1) € Gy, 5y (1) or, equivalently,

0€ f(p,u)+ A(zy —u) + F(xy)
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meaning that x; is obtained by iteration () from u for p, and there is no more
than just one such iterate in B, (Z).

Now we will show that x; satisfies the estimate
[z1 = sl < yllw—s)l.
Using (1)), we can take a smaller if necessary so that
7
Kua 4+ Kw 1
4t <v<,-
1 — ke 3

Let wy = |lu — s(p)||. Then wy > 0 and wy < 3(a+ ) = %, hence By, (s(p)) C
B.(Z). We apply again the contraction mapping principle to the mapping ®g

but now on B, (s(p)). Noting that s(p) = ¢(p, s(p);0) and using (I7) and (1)),
we have

s(p) — o(s(p))ll
= |le(p, 5(p); 0) — w(p, s(p); g(p, u; s(p))) ||
= k[ f(p,s(p)) — f(p,u) — A(s(p) — v

1
o ftlls(p) = ull® + kpllu = z[lls(p) — ull + £ Vaf (v, 2) = Alllls(p) — ull

(e + o) 1) ul.

(23)

IN

IN

Then from (23]), we come to

[5(p) = @o(s(P)Il < lls(p) = ull(1 = re) = wo(l — ke). (24)
Since By, (s(p)) C Bo(Z), from (22)) we obtain
[Bo()) — o)  welle! — o, forany 0" € Buy(s(p)).  (25)

Hence the contraction mapping principle applied to the function ®y on the ball
By, (s(p)) yields that there exists 2} in this ball such that 2} = ®¢(z}). But
the fixed point z} of ®¢ in B,,, (s(p)) must then coincide with the unique fixed
point x1 of @ in the larger set B, (Z). Hence, the fixed point 2} of ®y on B,(Z)
satisfies

[z1 = sl < 7llu—s)ll
which for zp = u means that (I0) holds for k = 0.

We now proceed by induction. If the claim holds for k = 1,2,...,n, we define
D,z — o(p,s(p); g(p,zn;x)) and replace u by x, we will obtain again (21
and (22). In this way we have that the function ®,, has a unique fixed point
Zpy1 in B, (Z). This means that g(p, zn; Zny1) € Gpz, (€n+1) and hence x,,41
is the unique iterate from x,, for p which is in B,(%). Next by employing again
the contraction mapping principle as in (24) and (23) to ®,, but now on the

1095



DIANA KIRILOVA NEDELCHEVA

ball B, (s(p)) for w, = v||z, — s(p)|| we obtain that z,4, is at distance wy,
from s(p).

Now we may conclude that for any starting point u € B,(Z) and any p €
B.(p), there is a unique sequence &(u, p) starting from u and generated by chords
method (B]) for p whose components are contained in B, (Z). g

Next we will proof that the single valued localization £ of the mapping = at
(p, z) for & is Lipschitz continuous near (p, ).
THEOREM 3.2 (Implicit function theorem). In addition to the assumptions of
Theorem 3.1 suppose that A € L(X,Y) is such that

28 -1ip(0; 0) |V f(p, 7) — Al < 1.

Then the single valued localization & of the mapping = at (p,x) for € is Lips-
chitz continuous near (p, ), moreover having

lip, (& (z,p)) =0 and  lip,(& (2, p)) < 2lip(0;0) - lip,(f; (P, 2)).  (26)
Proof. Let A € L(X,Y) be such that 28.lip(c;0)||V,f(p,z) — Al| < 1 and
w:=2||V.f(p, &) — A|. Let k > 2lip(c;0) be such that 7Tkw < 1.

Along with the mapping G in (@) consider the parametrized mapping

x— Hy(z) = f(p,w) + Az —w) + F(x).
For the function
= rpw;z) =Alx —w) — V. f(p,z)(x — ) + f(p,w) — f(P,T)
we have r(p, ;) = 0 and
Ir(p, wi ') — r(p,w;2”)|| = |A(z" — ") = Vo f(p, 2) (" — 2"
_ w
<A =Vaf B @)ll2" — 2" < lla" = 2.

This means that the function r(p, w; x) is Lipschitz continuous with Lipschitz
constant 3. Note that

Hyw(2) = r(p,w;2) + G().
Now let x" = § > lip(c;0). As we have already mentioned in the proof of
Theorem 3.1 the assumed strong regularity of the mapping G in () at Z for 0
and the choice of k¥’ mean that there exist positive constants o’ and b such that

the mapping y — o(y) = G~ 1(y) N B, (Z) is Lipschitz continuous function on
By (0) with Lipschitz constant . It is easy to see that

2k -
K.
2 — wk!

Applying Corollary 2.4 to the mapping H,, ., we obtain that there are positive
constants a < o/, b < b’ and ¢ such that for p € B.(p) and w € B, (), the
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mapping y — H,} (y) N Bo(Z) is Lipschitz continuous function on By (0) with
Lipschitz constant x. We denote this function by ¢(p, w;-).

Then from the proof of Theorem 3.1 the truncation S(p)NB,, (%) of the solution
mapping in () is Lipschitz continuous function on B.(p) and its values are
in Ba/2(f).

For any positive a’ < a, by adjusting the size of the constant ¢ and take a
starting point u € B,/ (Z) so we can arrange that, for any p € B.(p) all elements
xy, of the sequence &(u,v) are in B,/ (Z). Indeed, by taking 6 > 0 to satisfy (4]
with a replaced by ¢’ and then choosing ¢ so that (I3 holds for the new ¢ and
for a’ we are sure that all requirements for a will hold for a’ as well and hence
all chords iterates z; will be at distance a’ from 7.

Let .

v > lip, (f; (P, 2)).
Choose a positive d < a/2 and make ¢ smaller if necessary, so that for every
p, 0" € B.(p) and w € B,4(Z) we have

1f (P, w) = f(", w)]| < wllp =l (27)

Using ([I6), (I7) and (5] we obtain that for every x € By(z), every p,p’ € B.(p)
and every u,u’ € By(Z), we have

Hf(p,aul) + A($ - ul) - f(pa u) - vzf<p7u)(x - U)H
< |lf('u) = f(' @) + A =) [+ [ £, 2) = f(p,2)]
+ ||f(p,$) - f(pau) - vzf(pa u)(m - u)”

1 _ 1

<l =P+ ple =zl =l + wlz =l 46+ plle — ol
3

< 2ua2 + aw + 6.

Using the first inequality in (I4]), we come to

1f(0,u) + Az — ') = f(p,u) = Vo f(p,u)(@ —u)|| <D. (28)
Choose 7 > w such that k7 < % Make d smaller if necessary so that
2ud +w < T (29)
Since
KT < 1
11—kt 6

we can take ¢ smaller in order to have
KT(2d) + 2(kv(2¢) 4 2kdT)
1— kT

<d. (30)

We have already proved that there is a unique sequence &(u, p) = (z1,..., Tk, ...)
for p,p’ € B.(p), u,u’ € By(z), (p,u) # (p',u’), generated by chords iteration
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@) starting from u whose components are all in B4(Z) and hence in B, o(Z).
For this sequence, taking xq = u, we have that for all £ > 0

zhi1 = @(p, 2k 0) := (f(p, 2x) + A(- — zx) + F(-))71(0) N By (2). (31)
Let

B KT||lu — || + kv|p — || + 2kdT

o= 11—kt

By @B0) we get that 79 < d and then B, (z1) C B,(z). Consider the function
Wo: @ (p, s — (0, o) — Alw — o) + [(p,u) + Vo S (o u)(z — ),

Applying (28), the Lipschitz continuity of ¢(p, u; -) on By (0), (I7), (29) and 27]),
we obtain

l1 — Wo(z1)]
= [lo(p, u; 0) — (p,us — f(p',u') — A1 — ) + f(p,u) + Vo f(p, u)(z1 — )|
< &lf(p,u) = f(p' u) — A(u — ') — A(z1 —u) + Vo f (p, w) (21 — v) ||
<Kl f(p,u) = fp,u') = Alu — )| + &l f(p,u) = (', )]
+ 6 Vef(pu) (@1 —u) — Az — u)|
1
< kg puflu— u'|IF 4 mpllu’ = | flu = || + wwllu — o
+rvlp =2l + sl — ull[Vaf(p,u) — Al
1
< =o'l (gn2d 4+ ) + vl |
+26d(||Vaf(p, ) — Al + | Vaf (p,u) = Vo f(p, 7))
< (26pd + kw) lu —'|| + sv|lp — Pl + 2kd(w + pd)
< kTllu — || + kv||p — P'|| + 2KdT.
Now using the assumption for vy we come to
[#1 = Wo(z1)]] < 0(1 — k7). (32)
For v,v" € B, (z1), using (I2)) we have
[Wo(v) = To ()| < Vaf(p,u)(v—0)—Alv = V)| < K[ Vaf(p,u) — All[lv— |
< K(IVaf(p,u) = Vaf (0, D) + Vo f (0, T) = Al])[lo =o'
< k(pd +w)[v =o'
Using ([29) we come to
[Wo(v) = To(v')]| < Krflv =o' (33)
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Hence, by [32), (33) and the contraction mapping principle, there is a unique
x} in B, (x1) such that

zy = p(p,w;—f(p',u') — A(@) — ') + fp,u) + Vo f(p,u)(2} —u))
which means
f' u')— A(z] —u') + F(x]) 30,
that is, z} is the unique chords iterate from u’ for p’ satisfying
I} = z1]l < 0.

Since vy < d, we obtain that =} € B,(Z) and then z} is the unique chords
iteration from u’ for p’ which is in B, (Z).

By induction, we construct a sequence ¢’ = {z/,...,z},...} € E(p/,u’) such
that the distance from z) to the corresponding component x; of £ satisfies for
k=2,3,... the estimate

T2y = 2p—a|| 4 wvllp = Pl + 2kdT

2}, — 2kll < e = (34)

1— kT
Suppose that for some n > 1 we have found x4, z}, ...z, with this property.
First observe that

k+1 / k i
KT kv||p —p'l| + 2kdT KT
< !
%_L—/{T] lu =l + 11—kt ; 11—kt

from which we get the estimate that, for all k =0,2,...,n — 1,
kv||p —p'l| + 2kdT
1—2kT ’
We obtain through (B0) that v, < d for all k and consequently z}, € Bg(xy) C
B, (Z).
To show that ], , is chords iterate from z;, for p’, we proceed in the same
way as in obtaining z from u’ for p’. Consider the function

Uy e (p, ap; —f(0 2)) — Alx — 2)) + f(p, k) + Vo f(p, 1) (x — 2)).

By replacing ¥y by ¥y, u by z, v’ by =}, and z1 by 41 in (31) and [B2), we
get

KT
< — 35
< U e+ (35)

leks1 — Wr(@re1) || < m7llu—u'|| + svllp — p'l| + 2kdT < (1 — K7)
and
19 (0) — O < ko — o forany v, € By, (2s1).
Then, by the contraction mapping principle there is a unique fixed point z7 _;
in By, (xpy1) with 2, = Wp(x)_ ), which gives us
f@',ah) — Ay — 23) + F(241) 3 0.
Moreover, since v, < d, we have that z}_ , € B,(Z).
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We have constructed a sequence =, 5, ..., 2}, ..., generated by chords iter-
ation for p, starting from u/, and whose components are in B, (Z). This sequence
is the value {(u', p’) of the single-valued localization £ whose value £(u, p) is the
sequence ri,Ts,...,Tk,.... laking into account (BZI) and (BB]), we come to the
estimate

1€(u, p) = E(@ ) oo < O(T)[|u = '] + wv|lp = Pl + O(7).
Since 7 can be chosen arbitrarily small, this yields (26]). O
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