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ABSTRACT. In the present paper we construct ¢-Szdsz operators that preserve
the third test function ez. Rate of global convergence is obtained in the frame of
weighted spaces. Furthermore, we obtain a Voronovskaja type theorem for these

operators.
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1. Introduction
J. P. King [1] has presented an example of linear and positive operators
V,: C[0,1] — C|0, 1] given as follows

o =37 (F) (er@ra-nert. osest,

n

where 7} (x): [0,1] — [0, 1] are defined by

* = 1 1
ra(@) =94 _ TE R L, n=2,3,...
2(n—1) n—1 4(n—1)

This sequence preserves the test functions eg, e; and V,, (e1; ) = ) (x) holds.
Replacing r, by e1, we recover Bernstein polynomials. Further results regarding
V., operator have been recently obtained by H. Gonska and P. Pitul [2]. Ap-
proximation results on the Szasz-Mirakjan operators preserving es have been
investigated by O. Duman and M. A. Ozarslan [3]. In [4] O. Agratini indicated
a general technique to construct sequences of univariate operators of discrete
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type with the same property as in King’s example, i.e., their degree of exactness
is null, but they reproduce the third function of the celebrated criterion. This
way gives the modified variants of Szész, Baskakov and Bernstein-Chlodovsky
operators. L. Rempulska and K. Tomczak [5] studied certain operators preserv-
ing ey that include the Stancu operator. On the other hand, recently King type
g-Bernstein operators were studied by N. I. Mahmudov [6] and King type ¢-Szédsz
operators by O. Agratini and O. Dogru [7] and N. I. Mahmudov [8]. Notice that
different type ¢-Szdsz-Mirakjan operators were studied in [I1], [9], [10],

The goal of this article is to construct and investigate a variant of ¢-Szasz-
Mirakjan operators in the case ¢ > 1, studied in [I0], which preserve the functions
ep and eg. Constructed operator has a better rate of convergence than the
classical King type Szdsz-Mirakjan operators studied in [3].

The paper is organized as follows. In Section 2, we give standard notations
that will be used throughout the paper, introduce King type ¢-Szasz operators
and evaluate their moments. In Section 3, we study convergence properties of
our operators for functions with polynomial growth. The main tool is a weighted
modulus of smoothness. Furthemore we give a Voronovskaja-type asymptotic
formula.

2. Construction and estimation of moments

Throughout the paper we employ the standard notations of g-calculus.

g-integer and ¢-factorial are defined by

1—q¢" .
f R* 1
n, =4 1-¢ if g e BTN for ne N and [0], =0,
n if ¢g=1
[n],! = [1g[2lg...[nlg for neN and [0]4! = 1.

For integers 0 < k < n ¢-binomial is defined by

[Z} . mq;[ﬁ]qf k]!

q

If [¢| >1,0r 0<]|ql <1and|z| < liq, the g-exponential function e,(x) was
defined by Jackson, see [16],

eq(2) = Z ]! (1)

k=0
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If |q| > 1, e4(2) is an entire function and

W@ =TI (1+@=1 5 ). ld> @)

J=0

There is another g-exponential function which is entire when 0 < |¢| < 1 and

which converges when |z| < if |¢f > 1. To obtain it we must invert the

. . 1.
base in (), ie. ¢ — :

1
[1—q|

0 k(k—1)/2 k
q z
Ey(z) = el/q(Z) =

|
S L
We immediately obtain from (2)) that
Ey(z)=[[(1+(0-q2¢), 0<lgl<1.
j=0
We set
k_k
1 [y —k
STLk' (q7 x) = qk’(k*l)/Q [k, | eq (_[n}qq .T) ) n = 1, 27 o (3)

Let By, [0,00) be the set of all functions f satisfying the condition that |f(x)| <
My (1+2™), 2 € [0,00), m > 0 with some constant My depending on f. Let
us introduce

Cm [0,00) := B, [0,00) N C'[0, 00),

O [0, 00) = {fe Cpn [0,00) = 3 lim ) <oo}

Cp0,00) := {f € C[0,00) : f is bounded on [0,00)}.

These spaces are endowed with the norm

Tl 2= sup 7

z€[0,00) 14 am’

In order to introduce a King type ¢-Szdsz-Mirakjan operators, we present a
construction due to N. I. Mahmudov [10].

DEFINITION 1. Let ¢ > 1 and n € N. For f: [0,00) — R we define the Szasz-
Mirakjan operator based on the ¢-integers

My, q(f;) Zf < > qk(k:)/z [?i,‘];jk eq (— [n}qq_kx) . (4)
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Moments M, 4 (em;x) are of particular importance in the theory of approxi-
mation by positive operators. From (H]) we easily derive the following recurrence
formula and explicit formulas for moments M, 4 (€,,; ), m =0,1,2,3,4.

LeEMMA 2. ([10]) Let ¢ > 1. The following recurrence formula holds

My g (emir; @ —:UZ( ) na (5307 ). (5)

LemMA 3. ([10]) Let ¢ > 1. We have

M, 4 (e0;z) =1, M, 4 (e1;2) =z, M, 4 (e2;2) = 2 + [1} )
Nq
2 1
M, 4 (e3;7) = 23 + +q:v2 + . 5,7,
[nlq [n]3
Mg (es32) = 2* + (3 +2¢ + ¢°) =y (3+3q+4?) =yl
oo o w3 " ol

Now we give an explicit formula for the moments M, , (ex; x), as a g-analogue
of a result of Becker, see [13: Lemma 3].

LEMMA 4. ([10]) For ¢ > 1, m € N there holds

(em; ZS m,j) ]m i (6)

where
Sq(m+17]):[J]qu(m7])+Sq(m7]_1)7 m207 lea (7)
Sq(0,0) =1, Sq (m,0) =0, m >0, Sq(m,j)=0, m<j.

In particular My, 4 (t"; ) is a polynomial of degree m without a constant term.

We transform the operators defined at () in order to preserve the quadratic
function e;. Defining the functions

14 \/1 + 4[n]22?

2[”](1 ’ v=0 <8)

Upq(T) =

we consider the linear and positive operators

(fv )': nq(f 'Un,q(x))

Ko\ 1 (Ilgvng(@)” . o)
:,gf([n]q) =02 k]! eq (—[nlgq " vnq(2)) -
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LEMMA 5. The operators defined at (@) verify the following identities
M, (eosz) =1, M (e1;x) = vy q4(2), M (e;x) = 22,

n7q n7q
24+q 4 1
M, (es;2) = vy, 4(2) + U q(T) 1y Vng(@)
. S g, Pt g
. 3+ 2q + ¢? 3+ 3q+ ¢* 1
My, (eam) =vp,(@)+ 0 00l @)+ 7T T2 @)+ o (@),
], nj2 n]?
Proof. The proof is based on the formulas of Lemma [3l O

LEMMA 6. Let v, 4, n € N be defined by (), where ¢ > 1. The following
statements are true.

(i) vnq (0) = 0;
(i) 0 <wvpgq(z) <

(i) @ — vn,q(x) is strictly increasing in x and

1
7Tl S o,
M;:’q((el — aceo)2 ;:Jc) < [éq

Proof. For proving (iii) we can consider the function h: [0,00) — R, h(z) =
T — Up,q(x). It is clear that h is strictly increasing and

0 < h(z) = 2;% (2[n]qx r1- \/1 n 4[n}3x2)
1 4[n]qz

20a 2fn],w + 14 \/1+ 430
2z _ 1
2[n]qx + \/4[n}2x2 2[nly

IN

It follows that

M) q((61 — xeo)2 ;x) =22 (x — vy q(x)) < o 0
7 [n]q
LEMMA 7. Assume that ¢ > 1. For every x € [0,00) there hold
M;:’q (e1 — xep; ) = vy q(x) — z, (10)
M o ((ex = weo)” ;) = 22 (2 — vn g (1)) (11)
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1

M;:,q((el - x60)4 ;x) = [n]3vn7q(3ﬁ) + [nl]g ((3 +3q + q2) vi’q(x) - 4xvn7q(x))

+ L ((3+2q+q2)v,3l7q(1:)—4(2+q)mv,2%q(x))

+ (zevn,q@)) + (v — ”n,q(x))4 .
(12)
Proof. Let us prove the explicit formula (I2)) for M;’q((el — :veo)4 ; :v)
My ((ex — :veo)4 ;)
=M,, (eq;2) — da M, (es;x) + 61:2M:{’q (eg; ) — 4:v3M:{’q (e1;x) + xt

3+ 2q + ¢? 3+ 3q+ ¢? 1
4 3 2
=v,q,T)+ vy o) + Uy, o\ T) + Un,q(T
7‘1( ) [n}q uQ< ) [n]g ,q( ) [n}g q( )
2+4q , 1
—dx (03 (x)+ vs (z)+ Un, (x))
< " (g ™1 [z

1
+ 622 <UT2L () +
’q [n]q
1

= [n]vaq(x) + [711]2 ((3 +3q + q2) Ui,q(x) - 4xvn7q(x))

+ [nl] ((3 + 2q + q2) vf’%q(x) —4(24q) xvi’q(x) + 6x2vn’q(x))

+ (vth(x) — 4901);2’(1(3;) + 690211,217(1(35) — 4x3vn’q(x) + x4) ) O

vnyq(:v)> — 4:v31)n’q(:v) + 2t

COROLLARY 8. Assume that q, > 1, ¢, — 1 as n — oco. We have

lim [n)2 M ((e1 — weg)t;2) = 322,

oo Man Mg,
Proof. The proof is based on the limit lim 2[n],, ( — vp,q,(z)) = 1 and on
n—00

the formula (I2). If A, 4, (x), Bn.q,(2), Cn.q,(z), Dy g4, (z) first, second, third
and fourth terms of the formula (I2]), respectively, then

lim [n)2 M. ((e1 — zeg)! ;)

n—oo qu, n’(In

= nli_{lgo[n]?,n (An.q, (@) + Bn g, (2) + Ch g, (%) + Dy g, (2))

=0+43224+040 =322 O

LEMMA 9. Let m € NU {0} and ¢ > 1 be fized. Then there exists a positive
constant K, (q) such that

My, (L4 em;2)|| < Ko (q), n e N. (13)
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Moreover for every f € C}, [0,00) we have

1M (D, < Kon @ 11l 2 €N (14)
Thus M , is a linear positive operator from Cy;, [0,00) into C;, [0,00) for any
m € N U{0}.

Proof. The inequality (I3]) is obvious for m = 0. Let m > 1. Then by (@) and
Lemma [4] we have

v O R N
1+ gm n,q(60+emvx)— 1+ gm + 1+.’Em]z_:1 q(m,]) [’I’L}m_j
m S 2
<1
m
j=1

K, (¢) is a positive constant depending on m and ¢. From this follows (I3)). On
the other hand

Mg (D)L < Wl V5 (1 ),
for every f € C [0,00). By applying (I3), we obtain (I4]). O

3. Better error estimation

In this section we compute the rate of convergence of the operators My .
Then, we show that the operator M , has better error estimation than that of
the King type Szasz-Mirakjan operators.

THEOREM 10. For every f € Cp[0,00), n € N and ¢ > 1, we have
M (fi ) — F(x)] < 2w <f; V22 (2 - vn’q(x))> .
Proof. The proof is standard one, therefore we omit it. 0
It is known that
D3 (i) = (@) < 20 (f: /20 (@ = va(a) )
where D is the King type Szdsz-Mirakjan defined in [3] and

B —14+ 1+ 4n2a2

> 0.
2n ’ =

v ()
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It is clear that
2z

xr — Un,Q(-T) — 2[n] o . . \/1 . 4[’”}2‘%2
q q

2z
< -
onx + 1+ 1+ 4n2z2
This guarantees that 2z (z — vy, ¢(z)) < 22 (x — v, (2)) for z > 0, which cor-

— vp(z).

rects our claim.

4. Convergence of modified ¢-Szasz operators

In this section we study the approximation properties of modified ¢-Szasz
operators.

The following result is a g-analogue of [I4t Theorem 1]. It shows that M,  (f; )
converges to f uniformly on [0, 00) as n — oo, whenever f*(z) := f (xQ) is uni-
formly continuous.

THEOREM 11. Let f € C}, [0,00) and let
f*(z):f(z2), z €10,00).
We have, for all x > 0,

| M;; 4 (f52) = f(a)] < 2w (f*; \/[nl]q ) : (15)

Therefore, My; , (f;x) converges to f uniformly on [0,00) as n — oo, whenever
f* is uniformly continuous.

Proof. Let x € [0,00), and f € C;;, [0,00) be fixed. Then M (f;0) = f(0)
in view of Lemma[@l By the definition of f* we have
M (frx) =M (fF (Ver) ;o).
Thus we can write
|My o (f;2) = f(=)|
= M, (f* (Ver) ;o) = £ (V)|

s k
I \/[ ]q - f (\/x) Sn,k (Q; 'Un,q(x))

P [nlq
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<3 (f* <\/ M) 0 ) e
< ;w (f*; \/gjz -V ) Sk (@5 Un,q(T))

[/ - va

< w f*; M:; e —\/xe -
k:go M;Lk,q (|\/€1 - \/er| ;x) »q (‘\/ 1 0‘ )

X Snk (€5 Un,q(2)) -
Finally, from the inequality
w(ffa6) <(1+a)w(f0),  @d=0,
we obtain

|M;; o (f;2) = f(2)]
< w(f M, (IVer — Vreol;z))

(o, -
[n]q
X 1+
kz_o My (|v/er = Ve

. .’L‘) Sn,k (Q; ’Un,q(x))

=2w (f* M, (|Ver — Vaeo|;)) .

In order to complete the proof we need to show that we have for all z > 0,

1
’x) = \/[n}q.

Indeed we obtain from the Cauchy-Schwarz and Lemma [0l inequality

M (|ver — Vaeo

M (|Ver = Vaeol i) = 3 \/ 0 Va5 50 (2)
k=0 q
o [t
— MHa Sk (Q; Ung(2))
k=0 \/[[f’j]q + vV e
< \}x > Ejz — x| Sp i (43 Vn,g())
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2
Sn,ke (45 Unq (7))

100
SWJZ

k=0

= \}x \/M;;’q ((61 - xeo)2 ;x)
1

= \/[n]q7

showing (I&]), and completing the proof. O

[k
n

o,
l

Next, we obtain a direct approximation theorem in C7, [0, c0) and an estima-
tion in terms of the weighted modulus of continuity. It is known that, if f is
not uniformly continuous on the interval [0, 00), then the usual first modulus of
continuity w (f, ) does not tend to zero, as 6 — 0. For every f € C [0, 00) the
weighted modulus of continuity is defined as follows

_ |f (x+h) = f(z)
Qm (f, 5)—x20§131<>h§6 L4t B)™

LeMMA 12. ([15]) Let f € C}, [0,00), m € N. Then
(1) Q, (f,9) is a monotone increasing function of 0,
2) lim Q,,(f,0) =0,
(2) lim € (f,6)=0
(3) for any a € [0,00), QU (f, ad) < (1 + a) U (f,0).

The following is the main convergence result of the paper. In Theorem [[3] we

give an expression of the approximation error with the operators My, , by means
of Q.

THEOREM 13. If f € C} [0,00) then the inequality

1854 (F) = Fll 1 < F2m (f ; \/ [nl}q )

holds, where k is a constant independent of f and n.

Proof. From the definition of Q,, (f,d) and Lemma [[2, with o = |t — |51,
considering the cases t > x > 0 and x >t > 0 separately, we may write
If () = f@) < L+ (@ + [t —2)™) Qm (f, [t = z])
m t—
<@+ rle-a™ (57 41 o (10
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<(14+Q2z+t)™) <|t;x| +1> QO (f,0)

|t — 2]

e (" 1) 20 (10,
Then
M3 (i)~ (@)
< (70) (M s 052 + 017, (10 01 700) )

Applying the Cauchy-Schwartz inequality to the second term, we get

. e, — xe
My, (Mm () les 5 o §=’E>
| |2 1/2
. 1/2 . el — xe

Consequently

1/2

| My o(f32) = f(2)| < Qun (f,9) (Mi{,q (hz ()52) + (M 4 (12 ()3 2))

1/2
% |61 —I€0|2. /
x|\ My, 52 ;T .

Notice that by Lemmas [ and M there are positive constants K, (¢) and K}, (q)
such that
My (g ();2) < Ko (@) (1+2™),

N 1/2 m
(M (12 ()32))""* < K (q) (14 2™).
Notice that, the second inequality follows from the first and p2(t) <
2 (1 + (22 + t)2m>. Further, by Lemma [, we get

5 1/2
« [ ler —weo|” 1 /z
(MM( . m)) < \/ s (18)

Now from (I6]), (I7) and (I8) we have
M, o (f;2) = f ()]

< O (1, 6) <Km(q)(1+xm)+Kﬂn(Q)§\/[

(17)
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< Qi (£,9) (Km (¢) (1 +2™) + Ky, (9) Kl(ls\/[nl} (1+xm+1)> )

where

e 14+z2™+ g+ amt!
=su
1 acpo 1+ rm+l

If we take § = \/ L then from the above inequality we obtain the desired

[nlq?

result. O

Next we prove Voronovskaja type result for My
THEOREM 14. Assume that ¢, > 1, ¢, — 1 asn — oco. For any f € Cp|0,00)

such that f', f"" € Cp[0,00) the following equality holds

n—00

tim [n, (M, () — F(@) = ) (&f"(@) (@)

uniformly on any [0, A], A > 0.

Proof. Let f, f', f” € Cp[0,00) and = € [0, 00) be fixed. By the Taylor formula
we may write

F(0) = 5@+ F@) (= 2) + /@) (=2 (52 - o), (19)

where r (t;x) is the Peano form of the remainder, r(-;2) € C3[0,00) and
lim 7 (¢; ) = 0. Applying M,; , to (IT) we obtain

t—w
an (M o, (fi2) = f(2)) = f'(2)[n]g, M, 4, (1 — weo; )
@l M, (6 = ae0)? )
+ [n}an:{’qn (r (-;2)(e1 — xeo)2 ;x) .
By the Cauchy-Schwartz inequality, we have
M .. (r (-;2) (e1 — zeg)” ;x)

< \/M;;’qn (r2 (-; ) ;x)\/M;;’qn ((61 — xeo)4;x).
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Observe that 72 (x;2) = 0 and 72 (- ;) € C3 [0,00). Then it follows from Theo-
rem [0 and Lemma [@ that

lim M (r?(;2);2) =1 (z;2) =0 (21)

n—o00 :qn

uniformly with respect to = € [0, A]. Now from (20)), (2I) and Corollary [§ we
get immediately

lim [n],, M, (T (-;2) (e1 — zeg)” ;m) =0.

n—o0

Finally, using Lemma [7, we obtain the assertion of our theorem. O
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