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CHARACTERIZATION
OF SUMMABILITY METHODS
WITH HIGH INDICES
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(Communicated by Jan Borsik)

ABSTRACT. In this paper we establish a set of necessary and sufficient con-
ditions in order that |C,0|x = |R,pn|s and |R,pn|r = |C,0|s for the case
1 < k < s < oo. As a corollary, we obtain that a crucial assumption of [BOR, H.:
A new result on the high indices theorem, Analysis 29 (2009), 403—405] is omitted
and that the other one is not only sufficient but also necessary for his consequence
to hold.
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1. Introduction

Let > a, be a given infinite series with partial sums (s;,). By ¢% we denote
n-th Cesaro means of order o, a« > —1, of the sequences (s, ). The series > a, is
said to be absolutely summable (C, «) with index k, or simply summable |C, a|,
k>1if

o0
an_l\az‘ — 0% ,|F < . (1.1)
n=1

[7]. Since ¢ = s, the summability |C, Oxis equivalent to

oo
> 0 a,|F < 0. (1.2)
n=1
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Let (pn) be a sequence of positive real constants with P, = po+p1+---+pp, — o0
as n — 0o. The sequence-to-sequence transformation

1 n
tn = Pn ;pvsv (13)

defines the sequence (t,) of the (R, p,) Riesz means of the sequence (s, ), gen-
erated by the sequence of coefficients (p,,). The series Y a, is then said to be
summable |R, p, |k, k > 1, if

oo
> 0ty =t P < o0 (1.4)
n=1

(see [13]).

If A and B are methods of summability, B is said to include A (written
A = B) if every series summable by the method A is also summable by the
method B. A and B said to be equivalent (written A <= B) if each methods
includes the other.

Problems on inclusion dealing absolute Cesaro and absolute weighted mean
summabilities have been examined by many authors ([3HI4]).

More recently, Bor [2] proved sufficient conditions for |R, p,| < |C,0| as
follows.

THEOREM 1.1. Let k > 1 and

i ”Z_lpﬁ =0 <vk_1kp51> : (1.5)
< PEP, Pk,

If
Poy1 > dP,. (1.6)

where d is a constant such that d > 1, then |R,p,|r <= |C,0]%.

2. Main results

In this paper we establish a set of necessary and sufficient conditions in order
that |R,pnlk = |C,0|s and |C,0|, = |R,pnl|s for the case 1 < k < s < o0.
As a corollary, we obtain that a crucial assumption (L) is omitted, and (0]
is not only sufficient but also necessary for Theorem [L.T] to hold. We make use
of a result of Bennett [I], who has obtained necessary and sufficient conditions
for factorable matrix to map T': £¥ — ¢5. A factorable matrix T is one in which
each entry t,, = bpc,. A Riesz mean matrix is factorable.
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It may be remarked that it will not be possible to extended our result by
replacing (R, p,) by a triangular matrix T, since necessary and sufficient condi-
tions are not known for an arbitrary triangular matrix to map T': /¥ — £°,

Our theorems read as follows.

THEOREM 2.1. Let 1 < k < s <oo. Then |R,pylr = |C,0ls if and only if
m w\ 1/k* m+1 1/s
1 PUPU1>k sl
= 0(1), 2.1
[ o) TO0 0
where k* denotes the conjugate index of k, i.e., }C + kl* =1.
THEOREM 2.2. Let 1 < k < s <oo. Then |C,0|, = |R,pnls if and only if
. 1/k* s\ 1/s
v, Pk 1 & nl—l/sp
" " =0(1 2.2
(%) (ZChnm) o e

where k* denotes the conjugate index of k.

If k = s, then it is clear that (2] is equivalent to (L6), and also (I.6]) implies
22). In fact, (21 is satisfied if and only if

* w\ 1/kx .
mel Pm72 i Pm i ml/k
=0(1) <= P, =0(pm),
ml/k* ((pm1> + <pm> P, . (1) (Pm)
and P,, = O(py,) is equivalent to (L6 as well. On the other hand, if P,, =
O(pm), i.e., (6] holds, then

i(nll/kpn>k_o 1 i nk—1
PnPn—l B Pf:ll — Pn—l

1 e nk’fl
:O< k )Z n—uv
Pon/ 5= d (2.3)
_of" i(un/v)“
N PF,) &= dn
Uk—l
~0(5,)
Py

and .
" Pk, — PF pE pPE
m— — O 1 m— v— — O v—
’mZ:I m <)<mz_1m(m—f—1)+ v v
by Abel partial summation. Thus one can show that (2.2) is verified. Therefore

we promptly get Theorem [[LT] under necessary and sufficient conditions in the
following way.
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COROLLARY 2.3. Letk > 1. Then, |C,0y < |R,pnlk if and only if condition
([I6) is satisfied.

Now, if one takes p,, = 1 in Theorem 1] and Theorem 2.2 then condition
[22) is satisfied by [12: Lemma 4.1], but condition (2.1J), and so we get the
following result of Flett [7].

COROLLARY 2.4. Let1 <k <s<oo. Then
|C, 0], = |C,1]s but |C, 1|x,==1C, 0.

We can easily provide an example of Riesz mean satisfying Corollary 23l In
fact, choose p,, = 2™ for n = 0,1,... where z > 1. A few calculations reveal
that P,/py, — x/(x — 1) as v — 00, and so the condition of Corollary 23] holds.

Proof of Theorem 2.1. It follows from (L2) and (3] that
Pn N
T, =1ty —th-1 = P,_1ay. 2.4
' PnPnfl ; L ( )

Solving ([24]) for a,, gives

P T, = ipvflav

Pn v=1
and
n—1
P, 1P,_
! 2Tn,1 = Z Pv,lav (25)
Pn—1 o—1

which implies that

an = < tp, -t 2Tn1>.
Pnfl Pn Pn—1
Define a} = n'~1/%a, and T} = n'~Y/*T,,. Then
n'=s [ P,P,_ P, 1P,_ -
a;kl = 1-1/k ' T;: - 11,1/k 2 T;—l = Ztan:-
Py \n Dn (n—1) Pr—1 1
where
0, v<n—1 v>n
nl—l/s PvPv—l B )
by = - Pn,1 Ul_l/kpvfl ’ v=n-= (26)
nl—l/s PvPv—l
V= n.
pni1 Ul_l/kpv,l ’
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Then, |R,pn|r = |C,0]s is equivalent to
oo oo
SN ITiF <00 = > aj|* <o,  de, T:ff 0,
n=1 n=1
where T is the matrix whose entries are defined by (2.6]). From [I: Theorem 2(ii)],

a factorable matrix with nonegative entrice b,c, is a bounded operator from ¢*
to £9 iff

m 1/k* 0o 1/s
> > b =0(1). (2.7)
v=1 n=m
Applying [Z7) to the matrix T, we have that T': £ — ¢ iff the condition (ZI))
holds, which completes the proof. O

Proof of Theorem 2.2. Let a = n'~'*qa, and T = n'~'/*T,,. Then, by

24), we have

nl—l/spn n a* n
* v o *
I, = P,P, Z Poy ol-1/k — Z hnvay (2.8)
v=1 v=1
where .y
_1/s P
n Pn v—1 7 1 S v S n
Iy = PP, vl=1/k
0, v > n.
The reminder is similar to the above, so is omitted. O
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