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CEBYSEV-GRUSS-TYPE INEQUALITIES REVISITED
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ABSTRACT. We generalize and improve several inequalities of the Cebyéev—
Griiss-type using least concave majorants of the moduli of continuity of the func-
tions involved. Our focus is on normalized positive linear functionals. We discuss
a problem posed by the two Gavreas and also give the solution of a stronger
one. In a section about the non-multiplicativity of positive linear operators it
is demonstrated that the previous use of second moments is not quite the right
choice. This is documented in the case of the classical Hermite-Fejér and de La
Vallée Poussin convolution operators.
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1. Introduction

The present paper is motivated by two classical results which we cite below.

THEOREM 1.1. (Cebysev, 1882, see [2]) Let f,g: [a,b] — R be absolutely con-
tinuous functions. If ', g' € Loo([a, b)), then
b

b_a/f e, /f - bia/g(x)dm

a
< yb—ay 7l
We also mention:
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THEOREM 1.2. (Griiss, 1935, see [2]) Let f, g be integrable functions from |a, b]

into R, such that m < f(xz) < M, p < g(z) < o, for all z € [a,b], where
m, M, p,0 € R. Then

biajf@%gwﬁu—<bia/f@9m>-(biajg@ymﬂ

< (M —m)(p—o0).

Another related inequality of Cebysev is given as follows.

THEOREM 1.3. (see [8]) Let f,g: [a,b] — R be integrable functions, both in-
creasing or both decreasing. Furthermore, let p: [a,b] — Rg be an integrable
function. Then

b b b b

[p@)ds [p@)- f@)-g@)do = [ @) 1) de [ o) - gla) o (1)

a a a a

If one of the functions f or g is nonincreasing and the other nondecreasing, then
inequality (L)) is reversed.

If p(x) =1 for a < z <b, then inequality (II]) reduces to

bia/bf(:r)-g(x)dxz (b_1a>2/bf(g;)dx./bg(x)dx_

b
The functional L given by L(f) := ,' [ f(x)dz is a positive linear one satisfy-

ing L(eg) = 1; here we used the notation e;(z) = z%, i > 0.
In the present note we will deal with general positive linear functionals L
satisfying L(eg) = 1, give bounds for the quantities

T(f,g9):= L(f-g) — L(f) - L(g)

in terms of the least concave majorants of the moduli of continuity of the func-
tions in question and also include a detailed discussion of a problem posed earlier
by Bogdan and Ioan Gavrea.

We recall the following definition:
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DEFINITION 1.4. (see [1]) Let f € Cla,b]. If for t € [0,00) the quantity

w(fst) =sup{|f(z) = fF(W)| : o —yl <t}
is the usual modulus of continuity, its least concave majorant is given by

(2 HW=0() i 0 <t<h_q,

sup o

~ 0<z<t<y<b—
G(fsit) =9 " “ody

w(f,b—a) if t>b—a.

In [7] the following result for the least concave majorant is proved:

K (5o} = it (17 =gl 5 1o) = y3(550

g€Ca,b]
t>0.

If H: Cla,b] — Cla,b] is a positive linear operator reproducing linear func-
tions, then for = € [a, b] fixed the functional L given by

L(f)=H(f;z),  fe€Clab],
is of the above type. Hence in this special case one is lead to differences
D(f,9) = D(f,g;z) == H(f - g;2) — H(f;x) - H(g; x).
These explain the non-multiplicativity of H at the point z. A recent result is:

THEOREM 1.5. (see [9]) If f, g € Cla,b] and x € [a,b] is fized, then the inequality

DU ) < & (F2v/H((er —2)%0) ) - (2V/H((er —252)) (12)
holds.

The latter inequality can be generalized to the situation in which [a,d] is
replaced by a compact metric space (X, d) as shown in Rusu’s paper [9].

In the present note we will replace the second moments H((e; — z)?;z) by
the smaller quantity H(es;x) — H(eq;x)?, proving that the first approach is not
exactly the ideal choice. We then give two appropriate examples concerning
the classical Hermite-Fejér interpolation operator, as well as the de La Vallée
Poussin convolution operator.

1009



HEINER GONSKA — IOAN RASA — MARIA-DANIELA RUSU
2. On Cebysev’s inequality

In this section we generalize the second of Cebysev’s inequalities from above
and first give bounds for T'(f,g) for continuously differentiable functions. Al-
though the proposition below appears to be well-known, we were unable to locate
a reference.

PRrOPOSITION 2.1. Let L: Cla,b] — R be a positive linear functional with
L(eg) = 1. If f,g € Cla,b] are both increasing (decreasing) functions, then
the inequality

L(f -g) > L(f) - L(g)
holds.

Proof. From the monotonicity of f and g we have

[f(@) = f(y)] - [9(x) — 9(y)] = 0,
for all z,y € [a,b], i.e.,
f(@)-g(x) = f(x)-g(y) = f(y) - 9(x) + f(y) - 9(y) = 0.
Applying L with respect to the variable = to this last inequality gives

LE(f-g) —g(y) - L*(f) = f(y)- L"(g9) + f(y) - g(y) > 0,

for all y € [a,b]. Here we used that L(ep) = 1. If we now use L with respect to
the variable y, we get

L*(f-9) = L(g) - L*(f) = LY(f) - L*(9) + LY ([ - 9) = 0,

and this is equivalent to
L(f-g) = L(f) - L(9)- O

Using the above proposition we give a Griiss-type inequality for the func-
tional L, so we now prove the following theorem (for a different proof, see [It
Theorem 12]):

THEOREM 2.2. If L given as above is a positive linear functional with L(eg) =1,
then for the bilinear functional

T(f,g) = L(f-g)— L(f) - L(g)

/

we have the inequality
f g
re-al< || |8

where f,g,h € Ca,b] and I (t) # 0 for each t € [a,b].

| T(h, bl

oo ‘ oo

1010



CEBYSEV-GRUSS-TYPE INEQUALITIES REVISITED

Proof. We may suppose that h'(t) > 0, ¢ € [a,b].
Let F := H i: , G = H }gL: H . Then all four functions Fh + f, Gh + g are

increasing. According to CebysSev’s inequality, we have

LI(Fh+ f) - (Gh+ g)] = L(Fh + f) - L(Gh + g).
L{(Fh — f)- (Gh— g)] > L(Fh — f) - L(Gh — g).

Adding these two inequalities yields

L((Fh+ f) - (Gh+g)]+ L[(Fh — f) - (Gh — g)]
> L(Fh+ f) - L(Gh + g) + L(Fh — f) - L(Gh — g)

< L(FGh®+ Fgh+Gfh+ fg) + L(FGh® — Fgh— Gfh+ fg)
> [L(Fh) + L(f)] - [L(Gh) + L(g)] + [L(F'h) — L(f)] - [L(Gh) — L(g)]

< FG-L(h*)+F-L(gh) + G- L(fh) + L(fg) + FG - L(h?)
— - L(gh) = G- L(fh) + L(fg)
> FG - [L(h)]* + L(Fh) - L(g) + L(f) - L(Gh) + L(f) - L(g)
+FG - [L(R)]* = L(Fh) - L(g) — L(f) - L(Gh) + L(f) - L(g)
<~ 2-FG-Lh*)+2-L(f-g)>2-FG-[L(h)*+2-L(f) L(g)
and dividing both sides by 2, we get
FG-[L(h*) = (Lh)*] = (Lf) - (Lg) — L(f - 9)- (2.1)
Changing now g by —g in (Z1)) yields
FG-[L(h*) = (Lh)?] = —(Lf) - (Lg) + L(f - g). (2.2)
From (21)) and ([2.2)) we derive
IL(f - 9) = (Lf) - (Lg)| < FG - (L(h?) — (Lh)?),

ie.,
!/

e
o0 h/

f/
h/

| T(h,h)[,

o0

IT(f-g)| <

and this is the desired inequality. O
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3. A new Cebysev-Griiss-type inequality

Next we will give a new upper bound for |T'(f, ¢g)| involving w.

THEOREM 3.1. If L: Cla,b] — R is a positive linear functional with L(eg) =1,
then for f,g € Cla,b] we have

1 ~
T(fg)l < @ (fi2- VTleren) )& (952 VT(ersen) ).
where W is the least concave majorant of the modulus of continuity, w, and

T(e1,e1) = L(ea) — [L(en)]*.

e —a e;—a 1
T <
<b—a’ b—(JL>_47
with equality holding if and only if L = ; - (eq + €p), where ex(f) = f(x),
x € {a,b}.

Moreover,

Proof. First we use the Cauchy-Schwarz inequality for positive linear function-
als:

L(f) < LU < VE(f?) - Lieo) = VI(f?),
so we have
T(f.f)=L(f*) = L(f)* > 0,
for all f € Cla,b]. Hence, T is a positive bilinear form on C|a, b]. Using Cauchy-
Schwarz for T, for all f, g € Cl[a, b] we get

T(f,9)| < VT 1) T(9:9) < 1 Flloo - 191l
For f,g € Cla,b] fixed and 7, s € C''[a, b] arbitrary, we decompose as follows:
T(f, 9 =T(f—r+r,g—s+s)|
< ‘T(f -rg— S)‘ + ‘T(f - S)| + |T(T,g - S)' + |T(T7 8)| :
Now f —r,g—s € Cla,b], so that
T(f =rg =) <IIf =7l - l9 = sl
For the second summand we have
|T(f—7‘,8)‘ < \/T( —T,f—T) (S S)
< f =7l - VT(s,9)
<N =7l 15l - VT (er, 1),
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where the last step follows from Theorem with f = g = s and h = e;.
Likewise,

T(r,9 = 8)| < llg = slloe 17"l - VT (er, e0).
Finally,

T(r, )| < V/T(r.r) - T(s,8) < 1o - 15l - Tlensen),
by taking f =r, g = s and h = e; in Theorem Hence,
T(f.9)]
1F =7l - Nlg = sllo + 1 = 7lloo - 15"l - VT (e1, 1)
9 =8l I lloo - VT (er,e1) + 17| o - 18" - T(er en)
(1 = 7ls + Il - V/Tlersen) ) - (g = sllo + 15/l - v/ T(ersen) )
Passing to the infimum over r and s yields

T(f,9)| < K (V/T(er,e0), f;C°,C") - K (VT (er,e1), g5 C°,CY)

= i ~c~u(f;2-\/T(61,61)) -07(9;2~ \/T(ehel))-

Furthermore we have

2
€L —a e —a o e —a . €1 —a ) €1 —a
T<b—a’b—a>_L<<b—a>> L<b—a> L(b—a)

IN

IN

<o(yon) (6o ()
() [ (20)]

— 4

since 0 < L (ebl:a“) < 1. Equality holds if and only if
e1—a 1
L = .
<b—a> 2
2
Clearly, if L ((?;) ) =L (?:;) = 5, then
e1—a e;—a 1
T = .
< b—a’' b—a > 4
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Assume now that the latter inequality holds and that

(5 < (5.

Then

which is a contradiction. Thus
2
e —a e —a
L =L
() == (0): o
2
e —a e —a _1 e —a _1
L(b—a) [ (b—aﬂ _4<:>L<b—a>_2'
Now, if L =} - (g, + &), then
2 2
e1—a e1—a 11 1 e —a e;—a
L((b—a) >_{L<b—a>] 2 4_4_T<b—a’b—a>'
If the latter inequality holds, then we saw above that
€1 —a 2 €1 —a
L =L
((b—a)) (b—a)’

which is equivalent to

The function in the argument is strictly positive in (a, b). So the above inequality
is equivalent to L being supported by {a, b}, i.e.,

L=«a-e,+(1—a)-ep
for some a € [0, 1]. On the other hand,
2
€1 —a €1 —a 1
L =T =
((b—a)) <b—a> 2’
and so o = and L= (sa + &p). This concludes the proof. O

1014



CEBYSEV-GRUSS-TYPE INEQUALITIES REVISITED

Ezample 3.2. If the functional L: C[a,b] — R is again given by

:bia/bf(m)dx

then the inequality in Theorem [3.I] holds with

L b 2 b ay?
T(el,el):b_a/dex— /xdx 19

This means that

\bia/bfmg( - Q/bf / ) da

a

1 <f, (\/1;)) <9, \/12 ) f.g € Cla,b).

If f is absolutely continuous with f’ € L. ([a,b]), then for any difference
|f(z) — f(y)|, y < , figuring in the definition of w(f;t) we observe that

|f(z) = fy)l = ‘/xf/(t)dt—/yf’(t)dt‘
z‘/xf’(t)dt‘ gif’(t) dt

Sz fae)y - (& = 9)
<N e (o)) -

As a consequence, for any expression figuring in the sup defining w(f;t) we have,
for z < y,

(t—z) w(fiy)+y—1t) wf;z)

y—x
=) e aup ¥+ @=8) 1L o) - ®
< Y-z
= 1N p s ())&
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So, for f', g’ € L ([a,b]) we obtain
1. 2b—a)\ - .2(b—a)>
e (f’ V12 ) w<g’ V12
1 4b
<A gl
b
_ ) AN Mg

Hence our result from Theorem 3T is best possible since we rediscovered the

Cebysev-Griiss inequality for the integration functional in which the constant

(bzg * is best possible.

4. On the Gavrea problem

In [5] B. Gavrea and I. Gavrea raised the following problem:

PROBLEM 4.1. Let L be a linear positive functional defined on C]0, 1] with
L(ep) = 1 and f,g € C[0,1]. Do positive numbers §; = 61(f) < 1 and d2 =
d2(f) < 1 exist such that

(7 9) ~ D) - Llo)| < -B(f581) - B(F:62)7

In [1] it was shown that the answer is negative. Indeed, for
1 1
L =B (£5y) = 5 (FO) + 7). £ € Cl.1)

where B is the first Bernstein operator, it was shown that

L(es) — L(e1) - L(er)| = and

1
4
~ ~ 1,
4 ~w(epst) - wlepst) = 4 T < 4
for 0 <t < 1. So in this particular case the numbers d; and d, do not exist.
The counter-example from above is a very singular one in the sense that in
all other cases of L the answer is in the affirmative. As a consequence of the
second statement in Theorem [B.I] we have the following:

COROLLARY 4.2 (The “positive answer” to the Gavrea problem).
Let L: C[0,1] = R be a positive linear functional, L(eg) =1, L # } - (c0 + £1).
Denote § := 2 - \/L62 — (Le1)?. Then 0 <6 <1 and for all f,g € C[0,1],

L(F )~ LU) - Lio)| < ,3(:9) - B(g: ).
Here § is independent of f and g.
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Proof. As we showed in Theorem [B.1]
IT(f,9)| = |L(f - 9) — L(f) - L(9)|
@(f;2~ \/T(€1,€1)> ~L~u<g;2- \/T(61,61)>

=ii-@(f;2~0)-@(9;2~0)

with ¢ < ; because L # ;(60 + £1). Clearly c is independent of f and g. O

IN

The following result solves a problem which is stronger than that posed by
the two Gavreas, in the sense that the least concave majorant w is now replaced
by w itself.

THEOREM 4.3 (A strong form of Gavrea’s problem). Let A: C[0,1] — R be a
positive linear functional, A(eg) =1, A # % -(eo+e€1). Let f,g € C[0,1]. Then
there exist 61 = 01(f) < 1 and d3 = 02(g) < 1 such that

1
A(F-9) — AF) - Alg)] < b - (301) - wlgs ). (4.)
Proof. Suppose that there exist f,g € C’[O 1] such that

[A(f - g) — A(f) - Alg)] > w(f;01) - w(g; d2), (4.2)
for all d1,d2 < 1. Without loss of generahty we may suppose that
min f = ming = 0; max f = maxg = 1. (4.3)

We can do this, because if min f # 0 and/or ming # 0, we replace f by f=
f —min f and/or g by § := g — min g and notice that

A(f-g) = A(f) - Alg)
A[(f +min f) - (§ + ming)] — A(f + min f) - A(§ + min g)
= A(f g+ f-ming+ §-min f + min f - min g)
— [A(f) + A(min f)] - [A(g) + A(min g)]
= A(f-§) + A(f - ming) + A( - min ) + A(min f - min g)
A(f) - A(g) — A(f - ming) — A(7 - min f) — A(min f - min g)
= A(f-9)— A(f) - Ad).

So we may assume that f,g > 0 with min f = ming = 0. Now replace f by
f = H}c” and g by g := Hi\l’ assuming that ||f]| # 0 # ||g|, since otherwise the

)
9) —
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inequality (4J]) holds trivially. Then from the inequality
|A(f-9) — A(f) - A(g)|

1
=l loll |A(f - g9) = A(f) - Al9)|

< le cw(f;61) - w(g;d2)

1 1
- . ol £ 8 - wla: s
AT gl W0 wlgide)

we again arrive at inequality (£I). We may thus asssume that ||f]| = ||g]| = 1
with min f = ming = 0, hence f,g > 0. From ([£2) and ([@3)) it follows:

A 9) = A Alg)| = | - Jim w(Fi81) - Jim w(gs02)

1 1
Thus

AG) = 220 [A?) - 22(0)] 2 (AU - 9) — AU AP = |

By Griiss’ inequality we know that

A(f?) - A2 < !

p Al = A%9) <
so that
[A(f?) — A%()) = [A(¢®) — A%(9)] = |A(S - 9) — A(f) - A(9)]
Now f-(1—f)>0,so
0<A(f- (1))
= A(f) = A(f?)
a0 - [#0)+,] oy

= Alf)- (- AD) -

which is equivalent to

I
—

S

W~
~—

LA (1-A) < .

since 0 < A(f) < 1. It follows that

A1 - A =,
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ie.,

and

A(f-(1=1))

=0
AGf) = AU =

and similarly for g.

From A(f-(1—f))=0and f-(1— f) > 0 we infer that f(x) € {0,1} for all
x € supp A4, and similarly g(z) € {0,1} for all z € supp A.

We shall prove that supp A C {0,1}. Indeed, let z € supp A4, 0 < z < 1.
Then f(z),g(z) € {0,1}. Let us remark that there exists y € supp A such that
|f(x) = f(y)| = 1. Indeed, otherwise f = const. on supp A, and since A(f) = 3,
it follows that f = ; on supp A, which is a contradiction.

Similarly, there exists z € supp A such that |g(x) — g(z)] = 1. Now define
=z —yl <1, d:=|r—2| <1 Then w(f;d) =1, w(g;d2) =1. By (@2 it
follows: )

A -9) — AU - Alg)| > .
which contradicts (£4]). So we have supp A C {0, 1}, i.e.,

A=(1—-a)-eg+a-eq,

for some 0 < a < 1. From (@) we know that A(f?) — A%(f) = }, which leads

to
a-(l—a) - [f(1) - FOP = .
>

Since [f(1) — f(0)]* <1, wehavea- (1 —a) > },ie,a=1. So

1 1
A= _-¢ €1,
g f0t A
a contradiction. Our proof is complete. (]

5. On the non-multiplicativity of positive linear operators

Next we present some consequences concerning the non-multiplicativity of
positive linear operators reproducing constant functions. As an immediate corol-
lary of Theorem [B.1] we get:

COROLLARY 5.1. If H: Cla,b] — Cla,b] is a positive linear operator which
reproduces constant functions, then for f,g € Cla,b] and x € [a,b] fized we have
the tnequalities:
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(f:9)l = [H(f - g;2) = H(f; ) - H(g; )|
(f 2. /H(eg; x H(el;x)2> -@(9;2-\/H(eg;m)—H(el;x)Q)
& (f:2- VH((er —2)%2) ) -5 (952 VH((e2r —2)%2) ).

Proof. Clearly

D(ey,e1) = H(eg; ) — H(ey; z)?
(e2;2) —2 - - H(ey;z) + 2% - H(eg; )
((er — 2)% ),

and the statement in the corollary follows from the monotonicity of w with

|D
_1
=4
_1

IN

H
H

respect to the real variable. O

Remark 5.2. If H(e;;z) = z, then the equality
D(ey,e1) = H(eg; x) — 2°
= H((e; — z)%2)

holds. Thus, there is no improvement of [0 Theorem 4.1]. If however H (ey; z) #x,
then

D(e1,e1) = H((ex — 2)*2) = (H(er;2) — 2)?

8

and vice versa.
Two examples for the latter situation are given next.

5.1. A new Cebysev-Griiss-type inequality
for the classical Hermite-Fejér interpolation operator

The classical Hermite-Fejér interpolation operator is a positive linear operator
and can be written as

L . — - 1 Tn(I) ’ 5.1
0 =X g e (, 00 ) 6
where f € C[-1,1] and z} = cos(% 17r), 1 < k < n, are the zeros of

T, (x) = cos(n - arccos(x)), the n-th Cebysev polynomial of the first kind. For
this operator we have

Lo((er —2)%50) = - TE(@).
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It was shown in DeVore’s book ([4: p. 43]) that for x € [—1, 1] the following
holds:

Laler =il = | = Ly (L= 2%) Tu(o) Thte) | -2 T300)
= @ | (=) T o T
1 —1 2 . 1
= | T ()] - ‘n -(1—=2%)-n-sin(n - arccos(x)) - V- a2
+ x - cos(n - arccos(x)) ‘
= TIL T ()] ~‘\/1—:v2 -sin(n - arccos(x)) 4 - cos(n - arccos(x))
= TIL T ()] - ‘sin(arccos(:v)) - gin(n - arccos(x))
+ cos(arccos(z)) - cos(n - arccos(z)) |
= 111 | T ()] - | cos((n — 1) - arccos(x)) |
@) T @)
Hence
Lnler =z =, T2,(0) - T2()
So we have
Dieryer) = -T2(2)— ) - T2(x) - T2, (x)

and we arrive at

|Ln(f - gi2) — Ln(f;2) - Ln(g; )]

<)@ <f; 1T Jl— ! ~T31<x>>

N 2 1,
‘W (9; n | T ()] - \/1 o 'Tn1($)> :

This improves [I} Remark 7, Inequality (14)].
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5.2. A new Cebysev-Griiss-type inequality
for convolution-type operators

For the case X = [—1,1], a function f € C[—1,1] and any natural number n,
the convolution operator G, (,) is given by

G (frz) == 71r . / f(cos(arccos(z) +v)) - Kpy(n)(v) dv,

where the kernel K, (,,) is a positive and even trigonometric polynomial of degree
m(n) satisfying

/Km(n) (v)dv =,

meaning that G, (1,2) =1 for z € [-1,1].
It is clear that G, () (f, ) is an algebraic polynomial of degree m(n) and the
kernel K, (,) has the following form:

1
Km(n)(”) = 9 + Z Pk,m(n) COS(]{JU%
k=1

for v € [—m, 7).
We also need a result that goes back to H. G. Lehnhoff [6]:

LEMMA 5.3. For x € X the equality
G(ny((e1 — z)? x)

3 1 1 1
2 2
=T - {2 _2'p1,m(n) + 9 'p2,m(n)} +(1—$ ) {2 - 9 'p2,m(n)}
holds.
The first moment of the convolution-type operator (see [3]) is given by:
Gm(n)(el - x;:r) =T [pl,m(n) - 1]

The lemma gives the second moment of the convolution-type operator which,
along with the first moment, will be needed in the sequel.
For the special case m(n) = n € Ny we consider the de La Vallée Poussin

i = G0 (s (3))”
n (n—1)n
PR T i (o)

kernel given by

with
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Using Lemma [5.3] we have for the second moment:

Gn ((e1 — x)Z;x)

3 2n 1 n(n —1) 1 n(n —1)

2 12 (n+1)(n+2)‘ 2‘ T (4 D)(n+2)
< 3 n 2n+1
“m+1)(n+2) (n+1)(n+2)

2
“n41

We also know n
Gpler;x) =p1p-o = nt1 -,

which implies that
n n 1
G T) — T = r—r=ux- —-1)=—-x- .
n(er;x) —x npl TTE=E <n+1 > T

So we have
D(e1,e1) = Gn((e1 — 2)%2) — (Guler; x) — )2
2 22 1
“n+1 (n+1)%

Taking this into account, we give the following Griiss-type inequality for the

convolution operator with de La Vallée Poussin kernel:

THEOREM 5.4. For the convolution-type operator with the de La Vallée Poussin
kernel, we have

ID(f,9)] = |Gn(f - g;7) = Gu(f;2) - Gnlg; )]
< i - (f;2- \/D(61,61)> - (g;2- \/D(el,el))

2 2
1~ f2 \/2_nm+1 .9 \/2_nm+1

g
g NES!

IN
S

This result is a slight improvement of [9: Theorem 5.5].
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