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MIXED-MEAN INEQUALITY FOR SUBMATRIX

LN S1* — SUYUN ZHAO**

(Communicated by Sylvia Pulmannovd)

ABSTRACT. For an m x n matrix B = (b;;)mxn with nonnegative entries b;;,
let B(k,l) denote the set of all k x | submatrices of B. For each A € B(k,),
let ag and g4 denote the arithmetic mean and geometric mean of elements of A
respectively. It is proved that if k is an integer in (7}, m] and [ is an integer in
(%] respectively, then
\ 1
H aA) (1) > (™) () ( Z gA),
A€B(k,l) k/\L) "AeB(k,l)
with equality if and only if b;; is a constant for every 1, j.
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1. Introduction

Let x1,...,x, be positive real numbers, then the arithmetic-geometric mean
inequality is
T+ -+
! . "> Yxy ... Tp,
with equality if and only if 1 =--+ = x,.

There are many research articles devoted to the classical arithmetic-geometric
mean inequality and its generalizations ([1], [2], [4], [9], [10]). The mixed-type
arithmetic-geometric mean inequalities ([3], [5], [6], [7], [8], [I1]) are one of the
most important branch in these generalizations.

In [6], Kedlaya established the following mixed mean inequality, which was
conjectured by F. Holland and whose inductive proof was given by T. Mat-
suda [§]:
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The arithmetic mean of the numbers

I, \/I1$2, \?’/I1132I3, ey {L/I1$2 eIy
does not exceed the geometric mean of the numbers
T1+T2 T1HT2H+T3 T A ToA Ty

2 7 3 ’ n ’
with equality if and only if x1 = -+ = xy,.

Z1,

In [3], Carlson established the following mixed mean inequality:

Let the arithmetic and geometric means of the real nonnegative num-
bers x1,...,x, taken n — 1 at a time be denoted by
1+ +xTy — T1...Tp\ n-1
a; = ) gi = ( ) .
n—1 T
Then for n > 3,
1 e
(al...an)"291+ +gn,
n
with equality if and only if x1 = -+ = x,,.
In [7], Leng, Si and Zhu generalized the above result to any subsets and
established another mixed arithmetic-geometric mean inequality:

Let X be a set of real nonnegative numbers x1,...,x,. For A C X,
let aq and ga denote the arithmetic mean and geometric mean of all
elements of A, respectively. If k is an integer in (1, n], then

(1 o) ® o (X ). (11)

|A|=Fk k A=k
ACX ACX
with equality if and only if x1 = -+ = xy,.

In this note, we established a new mixed arithmetic-geometric mean inequality
for submatrix, which was an extension of the Carlson inequality and also an
extension of (1.1).

Our main result is the following theorem.

THEOREM 1.1. For an m X n matric B = (bij)mxn with nonnegative entries
bij > 0, let B(k,l) denote the set of all k x | submatrices of B. For each
A € B(k,l), let ax and ga denote the arithmetic mean and geometric mean of
elements of A respectively. If k is an integer in ("), m] and [ is an integer in
(%, n] respectively, then

1 aA)wi(?) . (7:)1(”)( > aa). (1.2)

AcB(k,l) L) " AeB(k,l)

with equality if and only if b;; is a constant for every ¢, j.
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Remark 1. If £ <[], for the matrix B = (bij)mxn, taking b1y = bip = ---
=bip=byy =bypp=-=byy = =bp1 =bpa = =bpn, =1, b; =0 for
k+1 < i< m, then the right-hand side of (1.2) equals 1/(’}'), but the left-hand
side is zero. If [ < [J], by the same argument, one can get a contradiction.
Hence the statement of Theorem 1.1 fails for k < ['}] or [ < [}].

Remark 2. Taking Kk = m, I = n in Theorem 1.1, inequality (1.2) is just
the classical arithmetic-geometric mean inequality. For m = 1 or n = 1 in
Theorem 1.1, inequality (1.2) is just the inequality (1.1).

Remark 3. The condition of our theorem is weaker than the ones of (1.1),
because the infimum of k x is ([7]+1) x ([3]+41), which is less than ["}*] 41,
the half of the element number of the matrix B = (bi;)mxn-

2. Proof of main results

Let X denote the finite set with positive real numbers x1, zo,...,z, and let
A denote the subset of X with k elements x;,,...,z;, . The r power mean of the
elements of A is denoted by
1
1 s
m(A) = k(xfl ++x:k) , (2.1)
where r > 0 is some real number. If » = 1 in the above equality, we get a4,
the arithmetic mean of the elements of A. Let r — 0 in (2.1), we get ga, the
geometric mean of the elements of A.

We first established the following lemma.

LEMMA 2.1. For any m x n matric X = (zij)mxn with nonnegative entries
z;; > 0. Denote by Xl,...,X(m)(n) its all k x l-submatrices of X. If k is
k l

m
2

n

5,1 respectively, then for any

an integer in (',m| and | is an integer in (

L<i< ()

me(X;) = { ml . [(mr(Xi NX1)) + (me(XiNXa)) + -
(%) (7) 29

o (e (X “Xm(?)))rﬂ E

Here the intersection of X; N X;, j = 1,..., () (), is just the general set
intersection.
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Proof. It suffices to prove the equality
1

(M (X)) =y [ (Xs 0 X0+ (e (X 0 X)) + -
() () (2.3)
o (e (X X)) |
Assume that X; = {z;,,...,2;,,, }, then the left hand of (2.3) is that
T 1 T '
(mT(Xl)) = k% l(xh +o Tt xikxl)'

Now we need show that the right hand of (2.3) is also the mean of {«7 ,...,z} }
with the same coefficient klx L

Assume that the right hand of (2.3) is ¢;, 2, + -+ + ¢, @] . By the arbi-
trariness of X;, we get that ¢;; =+ =¢;, ;-

Since k£ > "} and [ > 7, we have
XinX;#e,  j=12....(0)0).

Then the sum of all coefficients in (m,(X; N X;))"is 1, j =1,2,..., () (}). As
a result, the sum of all coefficients in the right hand of (2.3) is

1

+1+---+1) =1,
W~ ~ 7
()
ie, ¢, + - +¢,, =1 Thereforec;, =---=c¢;,, = klxl. U

Remark 4. (2.2) is the generalization of related result in [7]. But the condition
in Lemma is weaker, because the infimum of k x Lis ([]+1) x ([%]+1), which is
less than [")"] + 1, the half of the element number of the matrix X = (Zi;)mxn-
Remark 5. In (2.2), if » = 1, we have
1
aX; = (m n<aXiX+aXiX+'“+aXiXm n>~ 24
() () " T ROGVEE
In (2.2), if » — 0, we have

i) (2.5)

9x; = <9XiﬁX1 TIXinXp gXiﬁX<m)<7)> ()

2.1. Proof of Theorem

For an m xn matrix B = (b;j)mxn» With nonnegative entries b;; > 0, let B(k, 1)
denote the set of all k£ x [ submatrices of B. For each element of B(k,[), which
is composed by the rows (i1,is2,...,i;) of B and by the columns (j1,j2,...,71)
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of B, by the partial order of (i1,12,...,i) and (j1, j2,. - - ,jl)ﬂ we could get a

sequence of submatrices By, Ba, . .. ,B(Tg)(7,).

In Lemma 2.1, let X; be B; and X;, j = 1,2,..., (T,?) (7), be corresponding
to By, B, ..., B(Zb)(”, then (2.4) is

1
aB, = n(aBiB+aBiB+"'+aBiBm n) 2.6
() () \"enen T "B 20
and (2.5) is
9gB; = (gBiﬂBl *9gB;,NBy " " 9B;NB/m\ (n )(72)(?) . (27)
()
By the arithmetic-geometric inequality, it follows that
aB,NB; > 9B;NB;y), j = 17 27 sy (7]?) (7) (28)
From (2.6) and (2.8), we infer that
1
AB; 2y (n (gBi B: T 9B;nBy T " T 9B:NB/ 1y )
(k:)(l) " " i (%) (%)
Therefore
. (%)) ol
AeB(k,l) i=1

—_

(%)
> () ( I (

On the other hand, using the discrete case of Holder’s inequality in the form

i(ﬁ xﬂ{)é < (ﬁ(é%k)) T}]}

k=1 j=1 j=
where n, m are positive integers and x;, > 0 (j,k =1,2,...,m), we obtain
()7, () ey @0 )
1T < > gBmBj> > Y ( 11 gBmBj> S0 2.0
i=1 j=1 i=1 j=1
1If we consider two elements of B(k,l), By, composed by the rows (1,42, ...,i;) of B and by
the columns (j1,72,...,71) of B and B, composed by the rows (i1’,i2,...,4;’) of B and by
the columns (j1/,72’,...,7;’) of B, then here the partial order B,, < B,, means that i5 < is’

for some 1 < s<koris =15 foralll <s<kandj: <j forsomel <t<I.
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Combining (2.7), (2.9) and (2.10), it follows that

. () ) 1
aa) (D0 > 1 ) )
(1 a) @0 > ) > (11 non )
()()
1 1
= 2 = el 2 )
which is just the inequality (1.2).
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