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ABSTRACT. In 2006, P. J. Cameron and J. Neset#il introduced the following
variant of homogeneity: we say that a structure is homomorphism-homogeneous
if every homomorphism between finitely generated substructures of the struc-
ture extends to an endomorphism of the structure. In several recent papers
homomorphism-homogeneous objects in some well-known classes of algebras have
been investigated (e.g. lattices and semilattices), while finite homomorphism-
homogeneous groups were described in 1979 under the name of finite quasi-
injective groups. In this paper we characterize homomorphism-homogenous mo-
nounary algebras of arbitrary cardinalities.
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1. Introduction

In their paper [3], P. Cameron and J. NesSettil propose the study of homomor-
phism-homogeneous structures. This new property is closely related to, but is
not a generalization of, the model-theoretic notion of ultrahomogeneity. Recall
that a first-order structure A is called ultrahomogeneous if every isomorphism be-
tween finitely generated substructures of A extends to an automorphism of A.
As well, using the notion of isomorphism, several types of homogeneity were
studied for various algebraic structures; for monounary algebras see [6H8]. Anal-
ogously, we say that a first-order structure A is homomorphism-homogeneous [3)
if every homomorphism between finitely generated substructures of A extends
to an endomorphism of A.
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In several recent papers [2,[5,[10,12] homomorphism-homogeneous relational
structures such as graphs, tournaments and partially ordered sets have been
investigated. As far as algebras are concerned, [4] contains the description of
homomorphism-homogeneous lattices, together with some initial results con-
cerning homomorphism-homogeneous semilattices. Interestingly, finite homo-
morphism-homogeneous groups were described in 1979 in [I] under the name of
finite quasi-injective groups.

What makes the classification problem particularly interesting is a result pre-
sented in [12] where the authors show that deciding homomorphism-homogeneity
for finite graphs with loops allowed is coNP-complete. Hence, there exist classes
of finite structures where no feasible characterization of homomorphism-homo-
geneous objects is possible (unless P = coNP).

In this paper we characterize homomorphism-homogeneous monounary alge-
bras (of arbitrary cardinalities) and the effective classification we obtain ensures
that deciding homomorphism-homogeneity of finite monounary algebras is in P.
On the other hand, [I1] shows that deciding homomorphism-homogeneity for
finite algebras with finitely many fundamental operations and with at least one
at least binary fundamental operation is coNP-complete. Currently, we do not
know the status of the decision problem in case of finite unary algebras with at
least two unary operations. Our feeling is that the problem should be computa-
tionally hard.

2. Preliminaries

Let us recall some basic notions concerning monounary algebras (see [9]). For
a monounary algebra A = (A, a) and a,b € Alet a ~ b denote that a*(a) = b for
some k > 0. We define a binary relation ~ on A as follows: a ~ b if there exists
a ¢ € A such that a ~» c and b ~» c. It is easy to show that ~ is an equivalence
relation and elements of A/ ~ are referred to as connected components of A. An
a € A is cyclic if there exists a k > 1 such that o*(a) = a. Otherwise, a is said
to be acyclic. The set of all cyclic elements in a connected component S C A is
called the cycle of S. It may happen that a connected component does not have
a cycle. For an acyclic element a € A let ht(a), the height of a, denote the least
k > 1 such that o (a) is a cyclic element. If no such k exists, we set ht(a) = oo.
For a connected component S C A let cn(S), the cycle number of S, denote the
length of the cycle in S. If S does not have a cycle, we set cn(S) = oco.

Following [3], we say that a monounary algebra A = (A, «) is homomorphism-
homogeneous if every homomorphism f: B — A from a finitely generated sub-
algebra B of A into A extends to an endomorphism of A. On the other hand,
an algebra A = (A, «) is said to be quasi-injective if every homomorphism
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f: B — A from an arbitrary subalgebra B of A into A extends to an endomor-
phism of A. In case of monounary algebras these two notions coincide, as the
following lemma demonstrates.

LEMMA 1. Let A be a monounary algebra. The following are equivalent:

(1) A is homomorphism-homogeneous;

(2) for every homomorphism f: B — A from a proper subalgebra B of A into
A there is a subalgebra C of A and a homomorphism f1: C — A such that
C properly contains B and f, extends f;

(3) A is quasi-injective.

Proof.

(2) = (3) follows easily by transfinite induction, while (3) = (1) is trivial.

Let us show (1) = (2). Let A = (A, @) be a monounary algebra, let B =
(B,alp) be a proper subalgebra of A, that is B & A, and let f: A — B be a
homomorphism. Take any a € A\ B and let (a)4 = {a¥(a) : k > 0} be a
subalgebra of A generated by a.

If BN{a)x =0, take C = BU(a) 4 and let C = (C,a|¢c). Clearly, f1: C — A

defined by
f(x), z€B
fiw) = 47
x, z € (a)a
is a homomorphism from C to A which extends f.

Assume, now, that BN (a)4 # 0, and choose a b € B in such a way that
(b)a = BN{a)a. Let g = fl),. Since A is homomorphism-homogeneous and
(b) 4 is finitely generated, there is an endomorphism ¢g*: A — A which extends g.
Take C' = B U (a)4 and let C = (C,alc). It is easy to show that f1: C — A

defined by
x), x€B
g*(x), z€{aya\ B
is & homomorphism from C to A which extends f. O

3. The characterization

In order to present a characterization of homomorphism-homogeneous mo-
nounary algebras, we need a few more technical notions. We say that an a € A
is a leaf in A = (A, ) if b ~ a implies b = a, or, equivalently, a=(a) = 0. A
branch in a monounary algebra A is a finite or infinite sequence ai,as,as, ...
such that
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e a; =afa;yq1) forall i > 1,
e q; is acyclic for all ¢ > 1, and
e if the branch is finite, that is if it has the form aq, as,...,a,, then a, is a
leaf in A.
We say that the branch ay, as, as, . .. starts at a;. A connected component S C A

is said to be regular if
e the set of cyclic elements of S is nonempty, and

e cither every branch in S is infinite, or every branch in S is finite and
ht(a) = ht(b) for all leaves a, b in S.

Note that a connected component consisting of cyclic elements only is regular.
If S C A is a regular connected component of A, then the height of S, denoted
by ht(.S), is defined as follows:

e ht(S) = 0 if there are no acyclic elements in S;
e ht(S) = oo if every branch starting at a cyclic element of S is infinite;

e otherwise, ht(S) denotes the common height of all the leaves in S.

LEMMA 2. Let A be a homomorphism-homogeneous monounary algebra with a
connected component in which every element is acyclic. Then every branch in
A is infinite.

Proof. Let S be a connected component of A in which every element is acyclic.
Let us first show that every branch in S is infinite. Assume that there is a fi-
nite branch (aq,...,ay) in S. Then a, must be a leaf in A. Let ag = a(aq),
a—1 = afag), a—y = afa_1) etc. Since every element of S is acyclic, the map-
ping f: (an—1)a4 — A: ag +— ap4+1 is a homomorphism which, by the homogene-
ity of A, extends to an endomorphism f* of A. Then a(a,) = a,—1 implies
a(f*(an)) = f*(an—1) = ay,, which contradicts the fact that a, is a leaf in A.
Assume now that there is a finite branch (a1, ..., a,) where ay, ..., a, € A\S.
Again, a,, is a leaf in A. Let ag = a(a1), a—1 = afag), a—2 = a(a_1) etc, let
(s1, 82,...) be an infinite branch in S and let so = a(s1), s—1 = a(sp), s—2 =
a(s_1) etc. Since every element of S is acyclic, the mapping f: (s,)4 — A:
Sk — aj is a homomorphism which, by the homogeneity of A, extends to an
endomorphism f* of A. Then a(sp+1) = s, implies a(f*(sp41)) = f*(sn) = an,
which contradicts the fact that a,, is a leaf in A. O

LEMMA 3. Let A= (A,«) be a monounary algebra such that every branch in A
is infinite. Then A is homomorphism-homogeneous.

Proof. By Lemmalflit suffices to show that for every homomorphism f: B — A
from a proper subalgebra B of A into A there is a subalgebra C of A and a
homomorphism f;: C — A such that C properly contains B and f; extends f.
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Let B be a proper subalgebra of A, let B be the base set of B, and let
f: B — A be a homomorphism. Take any a € A\ B.
If BN {a)a = 0, take C; = B U (a)4 and let C; = (C1,alc,). Clearly,

f1: C1 — A defined by
o) = f(z), z€B
fi(z) {m, x € (a)a

is & homomorphism from C; to A which extends f.

Assume, now, that BN(a) 4 # 0. Let a; = a, let a;11 = a(a;) fori > 1, and let
k be the least integer j such that a; € B. Then k > 2 and {a1,...,ap_1}NB = 0.
If f(ay) is a cyclic element, choose cyclic elements ¢y, .. ., ¢k, in such a way that
a(ck—1) = f(ax) while o(c;) = ¢ipq fori € {1,...,k—2}, let Co = BU(a) 4 and
let Co = (Cy,alc,). Clearly, fo: Co — A defined by

fola) = {f(x), r € B

¢, x=ua; for ie{l,....k—1}

is a homomorphism from Cs to A which extends f.

Finally, if f(ax) is not a cyclic element, recall that every branch in A is infinite
and take any branch (bg, b1, ba, .. .) starting at by = f(ax). Let C3 = BU {a)4
and let C3 = (Cs5, |, ). Clearly, f3: C3 — A defined by

_Jf(®), zeB
f3(x)_{bk“ T = a; fOI‘Ze{lavk_l}

is & homomorphism from Cs to A which extends f. (]

LEMMA 4. Let A be a monounary algebra in which every connected component
has a cyclic element. Then A is homomorphism-homogeneous if and only if

e cvery connected component in A is reqular, and

e for any two connected components S1,S5 C A, if cn(S1)|cen(S2) then

ht(Sl) 2 ht(Sg) or ht(Sl) = 0.

Proof.

(=) Let S be a connected component in A and assume that there is an
infinite branch (aj,asz,...) in S. Let us show that in this case every branch
in S is infinite. Let ag = a(a1), a_1 = alap), a—2 = a(a_1) etc, and let
k > 0 be the smallest nonnegative integer such that a_j is a cyclic element.
Assume that there is a finite branch (bq,...,b,) in S. Then b, must be a
leaf in A. Again, let by = «(by), b1 = a(by) etc, and let m > 0 be the
smallest nonnegative integer such that b_,, is a cyclic element. The mapping f:
<a_k Akl v An—kim

b b > can be extended to all the cyclic elements of S in
—m -m4+1 - n
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an obvious way, and thus turned into a homomorphism f1: (@n—k+m)a = (bn) 4.
By the homogeneity requirement, f; then extends to an endomorphism f; of A.
NOWa O‘(anfk+m+1) = An—k+m implieS a(ff(anfk%»m%»l)) = ff(ankarm) = bna
which contradicts the fact that b,, is a leaf in A.

If there are no infinite branches in S, we take two arbitrary leaves a and b and,
using essentially the same idea, show that ht(a) > ht(b) leads to a contradiction.

Let Sy and S2 be two connected components of A such that cn(Sy)|cn(S2),
and assume that 0 < ht(S7) < ht(S2). There exists a leaf a € S; such that
ht(a) = ht(S1). Since ht(S3) > ht(S1)+1 = ht(a) + 1 there is a b € Sy such that
ht(b) = ht(a) + 1. The condition cn(S7)| cn(Ss2) yields that there exists a homo-
morphism f: {«(b)) 4 — (a).4 that takes a(b) to a. By the homogeneity require-
ment, f extends to an endomorphism f* of A. Now, a(f*(b)) = f*(a(b)) = a,
which contradicts the fact that a is a leaf in A.

(<=) Again, we use Lemmal[ll Let B be a proper subalgebra of A, let B be
the base set of B, and let f: B — A be a homomorphism. Take any a € A\ B.
If BN{a)4 = 0, take C; = BU/{(a) 4 and note that f; constructed as in the proof
of Lemma [Blis a homomorphism from C; to A which extends f.

Assume, next, that BN {a)4 # 0. Let a1 = a, let a;11 = a(a;) for i > 1, and
let k be the least integer j such that a; € B. Then k > 2 and {a1,...,ap-1}NB
= (. If f(ag) is a cyclic element, then fo: Co — A constructed as in the proof
of Lemma [Blis a homomorphism from Cs to A which extends f.

Finally, assume that f(ax) is not a cyclic element and take any branch § =
(bo, b1, ba, . ..) starting at by = f(ax). Let S7 be the connected component of A
that contains by and S5 the connected component of A that contains ay. Note
that ht(S1) # 0 because f(ar) € Si is not a cyclic element. Since f maps
homomorphically {(ax)4 C So into (bg)4 C 57, it follows that cn(S7)|cn(Ss),
hence ht(S2) < ht(S7) according to the assumption. Consequently, there are at
least k elements in the sequence 8. This ensures that f3: C3 — A constructed as
in the proof of Lemma [3is a homomorphism from Cs to A which extends f. O

Finally, we have the following characterization of homomorphsim-homogen-
eous monounary algebras:

THEOREM 5. Let A be a monounary algebra. Then A is homomorphism-homo-
geneous if and only if A belongs to one of the following classes:
(1) every branch in A is infinite;

(2) every connected component in A is reqular, and for any two connected com-
ponents S1,5 C A, if ecn(S1)|en(S2) then ht(S7) = ht(S2) or ht(S;) = 0.
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Proof.

(<=) Follows from Lemmas [3] and £l

(=) Let A be a homomorphism-homogeneous monounary algebra. If A has
a connected component in which every element is acyclic, then every branch in
A is infinite by Lemma 2] and we have case (1). If, however, every connected
component of A4 has a cyclic element, then by Lemma [l we have case (2). O

4. Concluding remarks

Let A = (r1,79,...,7,) be a finite algebraic type, where r1,79,...,7, > 0 are
nonnegative integers. We say that A is at least binary if r; > 2 for some i €
{1,...,n}. Let HH-FINALG(A) denote the following decision problem: given a
finite algebra A of type A, decide whether A is homomorphism-homogeneous.

From the explicit description of homomorphism-homogeneous monounary al-
gebras (Theorem []) it easily follows that HH-FINALG(1) is in P. On the other
hand, it was shown in [I1] that HH-FINALG(A) is coNP-complete whenever A
is at least binary. Currently, we do not know the status of HH-FINALG(1,...,1,
0,...,0), where at least two unary operations appear in the signature. Our feel-
ing is that the problem should be computationally hard.
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