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ABSTRACT. In 2006, P. J. Cameron and J. Nešetřil introduced the following
variant of homogeneity: we say that a structure is homomorphism-homogeneous
if every homomorphism between finitely generated substructures of the struc-
ture extends to an endomorphism of the structure. In several recent papers
homomorphism-homogeneous objects in some well-known classes of algebras have
been investigated (e.g. lattices and semilattices), while finite homomorphism-

homogeneous groups were described in 1979 under the name of finite quasi-
injective groups. In this paper we characterize homomorphism-homogenous mo-
nounary algebras of arbitrary cardinalities.
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1. Introduction

In their paper [3], P. Cameron and J. Nešetřil propose the study of homomor-
phism-homogeneous structures. This new property is closely related to, but is
not a generalization of, the model-theoretic notion of ultrahomogeneity. Recall
that a first-order structure A is called ultrahomogeneous if every isomorphism be-
tween finitely generated substructures of A extends to an automorphism of A.
As well, using the notion of isomorphism, several types of homogeneity were
studied for various algebraic structures; for monounary algebras see [6–8]. Anal-
ogously, we say that a first-order structure A is homomorphism-homogeneous [3]
if every homomorphism between finitely generated substructures of A extends
to an endomorphism of A.
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In several recent papers [2, 5, 10, 12] homomorphism-homogeneous relational
structures such as graphs, tournaments and partially ordered sets have been
investigated. As far as algebras are concerned, [4] contains the description of
homomorphism-homogeneous lattices, together with some initial results con-
cerning homomorphism-homogeneous semilattices. Interestingly, finite homo-
morphism-homogeneous groups were described in 1979 in [1] under the name of
finite quasi-injective groups.

What makes the classification problem particularly interesting is a result pre-
sented in [12] where the authors show that deciding homomorphism-homogeneity
for finite graphs with loops allowed is coNP-complete. Hence, there exist classes
of finite structures where no feasible characterization of homomorphism-homo-
geneous objects is possible (unless P = coNP).

In this paper we characterize homomorphism-homogeneous monounary alge-
bras (of arbitrary cardinalities) and the effective classification we obtain ensures
that deciding homomorphism-homogeneity of finite monounary algebras is in P.
On the other hand, [11] shows that deciding homomorphism-homogeneity for
finite algebras with finitely many fundamental operations and with at least one
at least binary fundamental operation is coNP-complete. Currently, we do not
know the status of the decision problem in case of finite unary algebras with at
least two unary operations. Our feeling is that the problem should be computa-
tionally hard.

2. Preliminaries

Let us recall some basic notions concerning monounary algebras (see [9]). For
a monounary algebraA = (A,α) and a, b ∈ A let a� b denote that αk(a) = b for
some k � 0. We define a binary relation ∼ on A as follows: a ∼ b if there exists
a c ∈ A such that a� c and b� c. It is easy to show that ∼ is an equivalence
relation and elements of A/ ∼ are referred to as connected components of A. An
a ∈ A is cyclic if there exists a k � 1 such that αk(a) = a. Otherwise, a is said
to be acyclic. The set of all cyclic elements in a connected component S ⊆ A is
called the cycle of S. It may happen that a connected component does not have
a cycle. For an acyclic element a ∈ A let ht(a), the height of a, denote the least
k � 1 such that αk(a) is a cyclic element. If no such k exists, we set ht(a) = ∞.
For a connected component S ⊆ A let cn(S), the cycle number of S, denote the
length of the cycle in S. If S does not have a cycle, we set cn(S) = ∞.

Following [3], we say that a monounary algebra A = (A,α) is homomorphism-
homogeneous if every homomorphism f : B → A from a finitely generated sub-
algebra B of A into A extends to an endomorphism of A. On the other hand,
an algebra A = (A,α) is said to be quasi-injective if every homomorphism
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f : B → A from an arbitrary subalgebra B of A into A extends to an endomor-
phism of A. In case of monounary algebras these two notions coincide, as the
following lemma demonstrates.

����� 1� Let A be a monounary algebra. The following are equivalent:

(1) A is homomorphism-homogeneous;

(2) for every homomorphism f : B → A from a proper subalgebra B of A into
A there is a subalgebra C of A and a homomorphism f1 : C → A such that
C properly contains B and f1 extends f ;

(3) A is quasi-injective.

P r o o f.

(2) =⇒ (3) follows easily by transfinite induction, while (3) =⇒ (1) is trivial.

Let us show (1) =⇒ (2). Let A = (A,α) be a monounary algebra, let B =
(B,α|B) be a proper subalgebra of A, that is B � A, and let f : A → B be a
homomorphism. Take any a ∈ A \ B and let 〈a〉A =

{
αk(a) : k � 0

}
be a

subalgebra of A generated by a.

If B ∩ 〈a〉A = ∅, take C = B ∪ 〈a〉A and let C = (C, α|C). Clearly, f1 : C → A
defined by

f1(x) =

{
f(x), x ∈ B

x, x ∈ 〈a〉A
is a homomorphism from C to A which extends f .

Assume, now, that B ∩ 〈a〉A �= ∅, and choose a b ∈ B in such a way that
〈b〉A = B ∩ 〈a〉A. Let g = f |〈b〉A . Since A is homomorphism-homogeneous and
〈b〉A is finitely generated, there is an endomorphism g∗ : A → A which extends g.
Take C = B ∪ 〈a〉A and let C = (C, α|C). It is easy to show that f1 : C → A
defined by

f1(x) =

{
f(x), x ∈ B

g∗(x), x ∈ 〈a〉A \B
is a homomorphism from C to A which extends f . �

3. The characterization

In order to present a characterization of homomorphism-homogeneous mo-
nounary algebras, we need a few more technical notions. We say that an a ∈ A
is a leaf in A = (A,α) if b � a implies b = a, or, equivalently, α−1(a) = ∅. A
branch in a monounary algebra A is a finite or infinite sequence a1, a2, a3, . . .
such that
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• ai = α(ai+1) for all i � 1,

• ai is acyclic for all i � 1, and

• if the branch is finite, that is if it has the form a1, a2, . . . , an, then an is a
leaf in A.

We say that the branch a1, a2, a3, . . . starts at a1. A connected component S ⊆ A
is said to be regular if

• the set of cyclic elements of S is nonempty, and

• either every branch in S is infinite, or every branch in S is finite and
ht(a) = ht(b) for all leaves a, b in S.

Note that a connected component consisting of cyclic elements only is regular.
If S ⊆ A is a regular connected component of A, then the height of S, denoted
by ht(S), is defined as follows:

• ht(S) = 0 if there are no acyclic elements in S;

• ht(S) = ∞ if every branch starting at a cyclic element of S is infinite;

• otherwise, ht(S) denotes the common height of all the leaves in S.

����� 2� Let A be a homomorphism-homogeneous monounary algebra with a
connected component in which every element is acyclic. Then every branch in
A is infinite.

P r o o f. Let S be a connected component of A in which every element is acyclic.
Let us first show that every branch in S is infinite. Assume that there is a fi-
nite branch (a1, . . . , an) in S. Then an must be a leaf in A. Let a0 = α(a1),
a−1 = α(a0), a−2 = α(a−1) etc. Since every element of S is acyclic, the map-
ping f : 〈an−1〉A → A: ak 
→ ak+1 is a homomorphism which, by the homogene-
ity of A, extends to an endomorphism f∗ of A. Then α(an) = an−1 implies
α(f∗(an)) = f∗(an−1) = an, which contradicts the fact that an is a leaf in A.

Assume now that there is a finite branch (a1, . . . , an) where a1, . . . , an ∈ A\S.
Again, an is a leaf in A. Let a0 = α(a1), a−1 = α(a0), a−2 = α(a−1) etc, let
(s1, s2, . . .) be an infinite branch in S and let s0 = α(s1), s−1 = α(s0), s−2 =
α(s−1) etc. Since every element of S is acyclic, the mapping f : 〈sn〉A → A:
sk 
→ ak is a homomorphism which, by the homogeneity of A, extends to an
endomorphism f∗ of A. Then α(sn+1) = sn implies α(f∗(sn+1)) = f∗(sn) = an,
which contradicts the fact that an is a leaf in A. �

����� 3� Let A = (A,α) be a monounary algebra such that every branch in A
is infinite. Then A is homomorphism-homogeneous.

P r o o f. By Lemma 1 it suffices to show that for every homomorphism f : B → A
from a proper subalgebra B of A into A there is a subalgebra C of A and a
homomorphism f1 : C → A such that C properly contains B and f1 extends f .
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Let B be a proper subalgebra of A, let B be the base set of B, and let
f : B → A be a homomorphism. Take any a ∈ A \B.

If B ∩ 〈a〉A = ∅, take C1 = B ∪ 〈a〉A and let C1 = (C1, α|C1
). Clearly,

f1 : C1 → A defined by

f1(x) =

{
f(x), x ∈ B

x, x ∈ 〈a〉A
is a homomorphism from C1 to A which extends f .

Assume, now, that B∩〈a〉A �= ∅. Let a1 = a, let ai+1 = α(ai) for i � 1, and let
k be the least integer j such that aj ∈ B. Then k � 2 and {a1, . . . , ak−1}∩B = ∅.
If f(ak) is a cyclic element, choose cyclic elements c1, . . . , ck1

in such a way that
α(ck−1) = f(ak) while α(ci) = ci+1 for i ∈ {1, . . . , k− 2}, let C2 = B∪〈a〉A and
let C2 = (C2, α|C2

). Clearly, f2 : C2 → A defined by

f2(x) =

{
f(x), x ∈ B

ci, x = ai for i ∈ {1, . . . , k − 1}
is a homomorphism from C2 to A which extends f .

Finally, if f(ak) is not a cyclic element, recall that every branch in A is infinite
and take any branch (b0, b1, b2, . . .) starting at b0 = f(ak). Let C3 = B ∪ 〈a〉A
and let C3 = (C3, α|C3

). Clearly, f3 : C3 → A defined by

f3(x) =

{
f(x), x ∈ B

bk−i, x = ai for i ∈ {1, . . . , k − 1}
is a homomorphism from C3 to A which extends f . �

����� 4� Let A be a monounary algebra in which every connected component
has a cyclic element. Then A is homomorphism-homogeneous if and only if

• every connected component in A is regular, and

• for any two connected components S1, S2 ⊆ A, if cn(S1)| cn(S2) then
ht(S1) � ht(S2) or ht(S1) = 0.

P r o o f.

(=⇒) Let S be a connected component in A and assume that there is an
infinite branch (a1, a2, . . .) in S. Let us show that in this case every branch
in S is infinite. Let a0 = α(a1), a−1 = α(a0), a−2 = α(a−1) etc, and let
k � 0 be the smallest nonnegative integer such that a−k is a cyclic element.
Assume that there is a finite branch (b1, . . . , bn) in S. Then bn must be a
leaf in A. Again, let b0 = α(b1), b−1 = α(b0) etc, and let m � 0 be the
smallest nonnegative integer such that b−m is a cyclic element. The mapping f :(
a−k a−k+1 . . . an−k+m

b−m b−m+1 . . . bn

)
can be extended to all the cyclic elements of S in
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an obvious way, and thus turned into a homomorphism f1 : 〈an−k+m〉A → 〈bn〉A.
By the homogeneity requirement, f1 then extends to an endomorphism f∗

1 of A.
Now, α(an−k+m+1) = an−k+m implies α(f∗

1 (an−k+m+1)) = f∗
1 (an−k+m) = bn,

which contradicts the fact that bn is a leaf in A.

If there are no infinite branches in S, we take two arbitrary leaves a and b and,
using essentially the same idea, show that ht(a) > ht(b) leads to a contradiction.

Let S1 and S2 be two connected components of A such that cn(S1)| cn(S2),
and assume that 0 < ht(S1) < ht(S2). There exists a leaf a ∈ S1 such that
ht(a) = ht(S1). Since ht(S2) � ht(S1)+1 = ht(a)+1 there is a b ∈ S2 such that
ht(b) = ht(a) + 1. The condition cn(S1)| cn(S2) yields that there exists a homo-
morphism f : 〈α(b)〉A → 〈a〉A that takes α(b) to a. By the homogeneity require-
ment, f extends to an endomorphism f∗ of A. Now, α(f∗(b)) = f∗(α(b)) = a,
which contradicts the fact that a is a leaf in A.

(⇐=) Again, we use Lemma 1. Let B be a proper subalgebra of A, let B be
the base set of B, and let f : B → A be a homomorphism. Take any a ∈ A \B.
If B∩〈a〉A = ∅, take C1 = B∪〈a〉A and note that f1 constructed as in the proof
of Lemma 3 is a homomorphism from C1 to A which extends f .

Assume, next, that B ∩ 〈a〉A �= ∅. Let a1 = a, let ai+1 = α(ai) for i � 1, and
let k be the least integer j such that aj ∈ B. Then k � 2 and {a1, . . . , ak−1}∩B
= ∅. If f(ak) is a cyclic element, then f2 : C2 → A constructed as in the proof
of Lemma 3 is a homomorphism from C2 to A which extends f .

Finally, assume that f(ak) is not a cyclic element and take any branch β =
(b0, b1, b2, . . .) starting at b0 = f(ak). Let S1 be the connected component of A
that contains b0 and S2 the connected component of A that contains ak. Note
that ht(S1) �= 0 because f(ak) ∈ S1 is not a cyclic element. Since f maps
homomorphically 〈ak〉A ⊆ S2 into 〈b0〉A ⊆ S1, it follows that cn(S1)| cn(S2),
hence ht(S2) � ht(S1) according to the assumption. Consequently, there are at
least k elements in the sequence β. This ensures that f3 : C3 → A constructed as
in the proof of Lemma 3 is a homomorphism from C3 to A which extends f . �

Finally, we have the following characterization of homomorphsim-homogen-
eous monounary algebras:

������� 5� Let A be a monounary algebra. Then A is homomorphism-homo-
geneous if and only if A belongs to one of the following classes:

(1) every branch in A is infinite;

(2) every connected component in A is regular, and for any two connected com-
ponents S1, S2 ⊆ A, if cn(S1)| cn(S2) then ht(S1) � ht(S2) or ht(S1) = 0.
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P r o o f.

(⇐=) Follows from Lemmas 3 and 4.

(=⇒) Let A be a homomorphism-homogeneous monounary algebra. If A has
a connected component in which every element is acyclic, then every branch in
A is infinite by Lemma 2 and we have case (1). If, however, every connected
component of A has a cyclic element, then by Lemma 4 we have case (2). �

4. Concluding remarks

Let ∆ = (r1, r2, . . . , rn) be a finite algebraic type, where r1, r2, . . . , rn � 0 are
nonnegative integers. We say that ∆ is at least binary if ri � 2 for some i ∈
{1, . . . , n}. Let HH-FINALG(∆) denote the following decision problem: given a
finite algebra A of type ∆, decide whether A is homomorphism-homogeneous.

From the explicit description of homomorphism-homogeneous monounary al-
gebras (Theorem 5) it easily follows that HH-FINALG(1) is in P. On the other
hand, it was shown in [11] that HH-FINALG(∆) is coNP-complete whenever ∆
is at least binary. Currently, we do not know the status of HH-FINALG(1, . . . , 1,
0, . . . , 0), where at least two unary operations appear in the signature. Our feel-
ing is that the problem should be computationally hard.
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21000 Novi Sad
SERBIA

E-mail : eva.jungabel@dmi.uns.ac.rs
dragan.masulovic@dmi.uns.ac.rs

1000


	Abstract
	1. Introduction
	2. Preliminaries
	3. The characterization
	4. Concluding remarks
	REFERENCES


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts false
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings true
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldMT
    /ArialMT
    /Times
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /ENU <>
    /DEU <>
    /CZE ()
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [498.898 708.661]
>> setpagedevice




