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EVERY SET IS “SYMMETRIC”
FOR SOME FUNCTION

ANDRZEJ NOWIK — MARCIN SZYSZKOWSKI

(Communicated by Jdn Borsik)

ABSTRACT. Let (hy) denote a sequence of positive real numbers. We show
that for every set A C R there exists a function f: R — w such that A = {:c eR:
(3(hn)) [hn (O & (Vn € N)(f(z — hn) = f(z+ hn) = f(z))]}. This solves a
problem of K. Ciesielski, K. Muthuvel and A. Nowik.
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1. Notations and definitions

1.1. Symmetric operations defined on sets

DEFINITION 1.1. For A C R a set of symmetric concentration is a set of points
x € R for which there exists a sequence of positive numbers (h,,) converging to
0 such that © — hy,,z + h,, € A. We denote this set by SC(A).

NoTATIONS. For A C R let
A°={zxeR:z¢ A} and SD(A)=SC(A)N A.

Notice that for every X C R there exists Z C R such that SC(Z) = X
([]). To the contrast, we will show that not every subset of the real line is
of the the form SD(A) for some A C R (Example ). But it turned out that
every set X C R is a countable union of sets of the form SD(A,,) for n € w

(Corollary B.1.1)).
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1.2. Symmetric operations defined on functions

The following definitions can be found in [1], [2] or [4]:

DEFINITION 1.2. A function f: R — R is weakly symmetrically continuous at a
point z if there exists a sequence (h,) of positive numbers converging to 0 such
that

lim f(z+ hy,) — f(x —hy,) =0.

n—oo

For f: R — R let S(f) denote the set of all points at which f is weakly
symmetrically continuous.
Let us formulate a stronger definition than Definition

DEFINITION 1.3. A function f: R — R is weakly symmetric at € R if there
exists a sequence (h,) of positive numbers converging to 0 such that

Y f@ =) = [0+ ha) = f(z).

Analogously, for f: R — R let T'(f) be the set of all x € R such that f is
weakly symmetric at x.

THEOREM 1.1. ([]) Any set A C R is the set of points of weakly symmetricaly
continuity for some function f: R — w, so using the previous notation we have:

Vv 3 S(f)=A

ACR f:R—w

Notice that for the sake of simplicity we abuse the notation from [I] and [2].

The aim of this paper is to prove an analogous result to Theorem 1] with
T(f) instead of S(f). This solves a problem from [2] and [3].

2. Examples

Ezxample 1. There exists a set A C R such that SC(A) = A° and A does not
contain an arithmetic progressions of length 3.

Proof. Let R ={z,: a < 2¥}. By induction on a we construct sets of reals
Al = |J Ap, B = |J Bg for a <2¥ and A,, B, for a < 2¥ such that
B<a B<a

(x) Bf C SC(AL), B = {zp: 8 < a} \ AL, = 0, and A}, does not contain
arithmetic progressions of length 3; hence A% NSC(A%) = 0.
Set Ag = {Io + i}, A = @, BS = {%0}, By = 0. If To € AZ, we let A, = AZ,
B, = B}. If x, ¢ A, by induction on n we select a sequence h,, N\, 0 such that
Toth, ¢ BoU{z: B2)3y)[(z="1Y Vv z=2+2(y—1))
& z,y€ AL, U{za £ he: k <n}]}
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(such sequence h,, can be found since |A%|,|B%| < 2¥). We set A, = A} U
{xq £ hy: n€w}and B, = B U{z,}. Let us define A = Aj... O

Ezample 2. There exists a set A C R such that there is no Z C R such that
SD(Z) = A.

Proof. The set A from Example [I] has this property. To see this it is enough
to verify that if SC(A) = A° and A C SD(Z), then SC(Z) = R.

If A C SD(Z), then A C Z, by definition of SD. Then A C SC(Z) and
A¢ =SC(A) CSC(Z). Therefore SC(Z) = R. O

On the other hand, let us recall the following result, which shows that in the
case of SC the situation is different:

THEOREM 2.1. ([4 Lemma 8|) For every X C R there exists Z C R such that
SC(Z2) =X.

3. Main result

Our main result is Theorem B.Il To prove it we prove the following two
lemmas.

LEMMA 3.1. For each a € R and every X C Q + a there exists a function
f:Q+a— w such that T(f) = X.

Proof. Without loss of generality we can assume that a = 0.
Let us define a partially ordered set P as the set of all functions s: A — w
such that
(1) ACQ is a finite set,
(2) if z € Aand h > 0 are such that z+h € A and s(x —h) = s(z) = s(x+ h)
then x € X
ordered by s < tif t C s.

For each ¢ € Q, the set D, = {s € P:q e dom(s)} is a dense subset
of P. Indeed, if ¢ ¢ dom(s), choose n € w \ ran(s) and consider the extension
t=s5U{(q,n)} of s. Thent € D,.

For each ¢ € X and m > 0, the set

E;”:{SGIP’: Tg 0<r<) & q+rqcdom(s) & s(qir):s(q)}

is a dense subset of P. To see this let s € D, be arbitrary, i.e., ¢ € dom(s).
Choose r € Q such that 0 < r < ﬁl and

(2") q+r ¢ dom(s)U{"¥: 2,y € dom(s)} U{22 —y: 2,y € dom(s)},
(2") 2(q+7r) — (¢ F h) ¢ dom(s).
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Let t = sU{(q —r,5(q)), (¢ + 7 5(q))}. The conditions (2') and (2”) guarantee
that the extension ¢ of s is a member of " and hence ¢ € E".
By Rasiowa-Sikorski theorem there is a generic filter G C P for {D,: ¢ € Q}
U{ES:m>0 & g€ X}ie,
(i) if s€e Gand s <t €P, thent € G;
(ii) if s,t € G, then there is u € G such that u < s and u < t;
iii) V. GND ;
(i) ¥, GAD, £
(iv) V mV>0 GNE; #0.

q€X
Let f = [JG. Then f is a function by (), dom(f) = Q by (), X C T(f)
by (2), and T(f) C X by (). 0

LEMMA 3.2. There exists a function p: R — w such that
(1) Vv x-yeQ = plx)=py);
z,yeER

(2) If x —y ¢ Q then we do not have p(x;ry) =p(z) =p(y).

Proof. As R/Q and R are isomorphic linear spaces over Q (both bases have
cardinality ¢), let L: R/Q — R be any such isomorphism. Let {P, : n € w} be
a partition of R such that no P, contains an arithmetic progression of length 3
(see for example the partition from [I} Thm 1.1]) and define a function f: R — w
by f(x) =n <= =z € P,. The function f has the property that if x # y then
we do not have f(z) = f(*$¥) = f(y). We define p(z) = f(L([z]g)), where [z]g
is a class of = in the quotient space R/Q. O

Next theorem gives a solution to [2: Problem 6] and [3: Problem 2.6].

THEOREM 3.1. For every X C R there exists a function f: R — w such that
T(f) = X.

Proof. We construct a function f from R to w x w instead of w. Let us choose
for every [z]gp = B € R/Q by virtue of Lemma 3.1 a function fp: B — w such
that T'(fp) = BNX. Define a function: f: R — wxw by f(z) = (fi1,(®),p(x)),
where p is from Lemma We verify that f is a desired function. Combining
Lemma [3.1] and condition (1) in Lemma 3.2 we see that X C T'(f) (X N [z]g C
T(f) for all z € R) and condition (2) of Lemma B.2] gives T'(f) C X. O

COROLLARY 3.1.1. For every set X C R there is a countable partition of R into
sets A,, such that X = |J SD(A,).

new
Proof. Let f: R — w be such that T(f) = X and let A, = f~1({n}). O
Acknowledgement. The authors wish to express their gratitude to the referees

for their revisions of some proofs.

900



EVERY SET IS “SYMMETRIC" FOR SOME FUNCTION

REFERENCES

(1] CIESIELSKI, K.—LARSON, L.: Uniformly antisymmetric functions, Real Anal. Ex-
change 19 (1993-94), 226-235.

[2] CIESIELSKI, K.—MUTHUVEL, K.—NOWIK, A.: On nowhere weakly symmetric func-
tions and functions with two-element range, Fund. Math. 168 (2001), 119-130.

[3] NOWIK, A.—SZYSZKOWSKI, M.: Points of weak symmetry, Real Anal. Exchange 32
(2007), 563-568.

[4] SZYSZKOWSKI, M.: Points of weak symmetric continuity, Real Anal. Exchange 24
(1998-99), 807-813.

Received 18. 1. 2011 Institute of Mathematics

Accepted 8. 7. 2011 University of Gdansk
Wita Stwosza 57
PL-80-952 Gdansk
POLAND

E-mail: andrzej@mat.ug.edu.pl
fox@mat.ug.edu.pl

901



	Abstract
	1. Notations and definitions
	1.1. Symmetric operations defined on sets
	1.2. Symmetric operations defined on functions

	2. Examples
	3. Main result
	REFERENCES


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts false
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings true
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldMT
    /ArialMT
    /Times
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /ENU <>
    /DEU <>
    /CZE ()
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [498.898 708.661]
>> setpagedevice




