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ABSTRACT. The main purpose of this work is to extend the sequence spaces
which are defined in [KARAKAYA, V.—POLAT, H.: Some new paranormed
sequence spaces defined by FEuler and difference operators, Acta Sci. Math.
(Szeged) 76 (2010), 87-100] and [POLAT, H—BASAR, F.: Some Euler spaces
of difference sequences of order m, Acta Math. Sci. Ser. B Engl. Ed. 27 (2007),
254-266] by using difference operator of order m, and to give their alpha, beta and
gamma duals. Furthermore, we characterize some classes of the related matrix
transformations.
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1. Introduction

In studies on the sequence spaces, there are some basic approaches which are
determination of topologies, matrix mapping and inclusions of sequence spaces
(see [18]). These methods are applied to study the matrix domain A4 of an
infinite matrix A defined by Aa = {x = (z) € w: Ax € A}. Especially, the
Euler transformations and the difference operators which are special cases for
the matrix A have been studied extensively via the methods mentioned above.

In the literature, some new sequence spaces are defined by using the Euler
transformation and the difference operator or by combining both of them. For
example, in [I1], the difference sequence spaces are first defined by Kizmaz.
Further, the authors including Ahmad and Mursaleen [1], Colak and Et[8], Basar
and Altay [0], and the others have defined and studied new sequence spaces by
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considering matrices that represent difference operators. On the other hand, by
using Euler transformation, several authors defined some new sequence spaces
and studied some properties of these spaces. The articles concerning this work
can be found in the list of references [4], [5] and [14].

Recently, by combining the Euler transformation with difference operator or
difference operator of order m, various authors have constructed new sequence
spaces and studied some properties of these new sequence spaces. Some of them
are as follows: Polat and Bagar [I6] defined and studied some Euler spaces
of difference sequences of order m over the normed spaces, Altay and Polat
[2] studied the Euler difference sequence spaces. Altay et al [4] defined the
Euler sequence spaces which include the spaces £, and /. and examined some
properties of these spaces. Also in [10], Karakaya and Polat defined and studied
the paranormed Euler spaces of mth order difference sequences.

In this work, our purpose is to introduce new paranormed sequence spaces by
combining the Euler transformation and difference operator of order m and also
to investigate topological structure, the a-, 8-, - duals, some inclusion relations
and the bases of these sequence spaces. In addition, we characterize some matrix
mappings on these spaces. Also these new spaces are the generalization of the
sequence spaces defined in [10] and [16].

2. Preliminaries and notations

By w, we denote the set of all sequences z = (z). Any subspace of w is
called a sequence space. We shall write /., ¢, cg for the spaces of all bounded,
convergent and null sequences, respectively. Also by bs, cs and ¢1, we denote the
spaces of all bounded, convergent and absolutely convergent series, respectively.

A linear topological space X over the real field R is said to be a para-
normed space if there is a subadditive function h: X — R such that h(6) = 0,
h(z) = h(—z) and scalar multiplication is continuous, i.e., |, — a| — 0 and
h(z, —x) — 0 imply h(apz, —az) — 0 for all « in R and all z in X, where 6
is the zero vector in linear space X.

Throughout this paper, it is assumed that (pg) be a bounded sequence over
positive real numbers with suppy = H and M = max (1, H). The linear spaces
loo(p), c(p), co(p) were defined by Maddox [12], (see also Simons [19]) as follows:

loo(p) = {x = (zx) € w: sup|zg’* < oo};
k
clp) ={z=(zx) Ew: |z — " = 0as k — oo, for some | € R};
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co(p) = {z = (z1) Ew: |zx|™* — 0as k — oo}.

In the sequel of this work, we will need inequalities (see, [13]).

|k, + bi|PF < C (Jag[P* + |br[P*) (2.1)

|ak + bk|tk < \ak\t"‘ + |bk‘t"' (2.2)

where ¢ = ¥ <1 and C' = max (1,2771).

Let A, 1 be any two sequence spaces and A = (a,x) be any infinite matrix
of real numbers a,x, where n,k € N with N = {0,1,2,...}. Then we say that
A defines a matrix mapping from A into p by writing A: A — p, if for every
sequence x = (z) € A, the sequence Az = ((Az),,), the A-transform of z, is in
1, where

(Ax), = Zankxk (n € N). (2.3)

By (A, ), we denote the class of all matrices A such that A: A — p. Thus,
A € (A, p) if and only if the series on the right hand side of ([2.3]) converges for
each n € N and every x € A, and we have Az = ((Az),en) € pforallz € A, A
sequence x is said to be A-summable to a if Az converges to a which is called
as the A-limit of x.

The Euler means of order r is defined by the matrix E™ =€, , (see, [17])
. {(Z)(l—r)"‘krk if 0<k<n
e = .
0 if k>n

where 0 < r < 1.

The difference operator of order m is defined by the matrix A™ = (A7),
(see [7]).

It is natural to expect that the sequence spaces efj(A™), el (A™) and el (A™)
can be extended to the paranormed sequence spaces efj(A™,p) el (A™, p) and
el (A™, p) just as ¢, co and £, were extended ¢(p), co(p) and £ (p) respectively.

3. The sequence spaces ej(A™, p), e.(A™, p) and e (A™,p)

We define the following new sequence spaces

eo(A™, p) = {x = (z1) €w: lim ’E (D) (1 = r)n=krk Amg, |Pr = O}

n—o0

ec(A™,p) = {x = (zx) €w: nlglolo ’ z ( ) — kR (Amg, — l)’p" —0
for somele]R}
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T m — _ . < n _ \n—k, .k AM Pn
e (A p) =<z = (z) €Ew: Sup|2(k)(1 ) ErEA xk| < 00
n k=0

where

A™y = (A™g), = i (—1)’ <T>xk_ = i (—1)F (kf Z)x

=0 i=max(0,k—m)

It is trivial that the sequence spaces e[ (A™, p), el (A™, p) and e/ (A™, p) may
be reduced to some sequence spaces in the special cases of the sequence (p)
and m € N. For instance, the sequence spaces ej(A,p), el (A,p) and el (A, p)
correspond in the case pp = 1 for all k¥ € N to the sequence spaces ej(A™),
el (A™) and el (A™) defined by Polat and Basar [16]. If takingm = 1 and p;, = 1
for all k € N, then it can obtain the spaces ej(A), el (A) and el (A) defined by
Altay and Polat [2] from the spaces ej(A™, p), er.(A™,p) and el (A™,p).

We should note that the new sequence spaces which are defined above can be
expressed by

eo(A™,p) = [coP)lgram s ec(A™,p) = [e(p)] gram
eoo(A™,p) = [loo(P)] pram

where E”A™ denotes the composition A™ with E”. Let us define the sequence
y = (yx) as E"A™-transform of the sequence x = (xy), that is;

yn(r) = (B"A™z) = zn: 2: C) <j Tk) (1) % = )iy, (3.0)

k=037

Throughout this work, we will use Az = v — Tp_1.

The following theorem gives inclusion relations among the spaces el.(A™,p)
and el (A", p). This is routine verification and therefore we omit the proof.

THEOREM 3.1. The sequence space el (A™,p) includes the sequence space
T Am
ec(A™,p).

After this, we would like to drive addition some inclusion relations concerning
the spaces ej(A™,p), eL(A™,p) and el (A™,p) with respect to r, m and the
sequence (pg). We shall prove them for the space efj(A™,p) in Theorems
and The proofs of the spaces e (A™,p) and el (A™,p) can be proved in
the similar manner.
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THEOREM 3.2. Let 0 < s <r < 1. Then the inclusions e((A™,p) C e§(A™,p),
eL(A™,p) C e2(A™,p) and el (A™,p) C e, (A™, p) hold.

Proof. Let z € ej(A™, p). We consider the equality

[ e ra- s

Pn
‘U’n‘pn —

Pn

n
Z nkYk

Hence we get (v,,) € co(p) whenever (y,,) € ¢o(p) which means that e (A", p) C
es(A™ p). O

THEOREM 3.3. The inclusions efj(A™,p) C e (A™TL p), eL(A™,p) C
el (A™* p) and el (A™,p) C e, (A™1,p) hold.

Proof. Let z € ef(A™,p). We consider (2.1]) and the following inequality
(BT A" g), [P
= [(E"A™ (Ax)),[""
= |(E"A™x), — (E"A™x),, ™"
<C((E"A™z), [ + [(E"A™x), ™)

It is easy to show that ([B.2) tends to zero as n — oco. So we obtain z €
eh (A™*L p). This shows that the inclusion ef(A™,p) C ef (A™T1, p). O

THEOREM 3.4. The sequence spaces ej(A™,p), eL(A™,p) and el (A™,p) are
complete linear metric space with paranorm defined by

i( ) — )Rk ATy " (3.3)

k=

= sup
neN

Proof. We shall give the proof for only the space ej(A™, p). The others can
be proved similarly.

The linearity of efj(A™,p) with respect to the coordinatewise addition and
scalar multiplication follows from the inequality (Z2]). Because for any A € R,
we have

IAP" < max (1, |)\|M) .
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It is clear that h(6) = 0, h(z) = h(—=z) for all z € e[(A™, p). Also it can be seen
that for A € R
h (Ax) < max{l, |\|}h(z).
Let (27) be any sequence of the points of the space efj(A™,p) such that
h (xj - x) — 0 and ();) also be any sequence of scalars such that A\; — A. Then
since the inequality h(z) < h (27 — x) + h(z7) holds and h is subadditive, the
sequence (h(xj))j cy is bounded and we have

Pn
n

S ()t (yaad - aam)

k=0
< |Aj = Alh(z?) + Al (27 —2).

h ()\jxj — Az) = sup

n

The last expression tends to zero as j — 0o, that is, the scalar multiplication is
continuous. Hence h is a paranorm on the space ej(A™, p).

Now let (z°) be any Cauchy sequence in the space efj(A™, p) where z = (z}) =
{z}, 2%, x%,...}. Then, for a given & > 0, there exists a positive integer Ny(e)
such that -

7
h(z' —a’) < 5
for every i,j > Ny(e). By using the definition of h, for each fixed k € N, we
obtain that

|(E7‘Amxz)n o (ETAmxj)nP)\?

< sup‘(ETAm:vi) — (ETAmxj) ’II)‘ZL < (3.4)
- n n n 2
for every 4,5 > Ny(¢) which leads us to the fact that {(E’"Amxo)n,
(E’"Amxl)n . } is a Cauchy sequence of real numbers for every fixed k € N.

Since R is complete,

(ETAmxj)n — (E"AMx),,
as j — oo. From ([34) with j — oo, we have
€
2
for every i > Ny(e). Since (z') = (z}) € ej(A™, p) for each i € N, there exists
no(e) € N such that ’(E’“Amxi)n’% < 5 for every ng(e) € N and for each
fixedi € N. Therefore taking a fixed i > Ny(g), we obtain by (B3] that

‘(ETAxi)n — (E"Az),| o < (3.5)

(ErA™2), | % < |(ErA™at) — (BTA™a), | M 4 |(Bramat) |V <e

-
for every n > ng(g). This shows that z € ¢f(A™,p). Since (2') is an arbitrary
Cauchy sequence, the space efj(A™,p) is complete. O
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THEOREM 3.5. The sequence spaces ej(A™,p), eL(A™,p) and el (A™,p) are
linearly isomorphic to the spaces co(p), c(p) and floo(p), respectively,
where 0 < pr < H < oo for all k € N.

Proof. We only prove for the space ej(A,p). Since the isomorphism of the
spaces el.(A,p) and el (A, p) can be proved by the same way, so we omit them.
Firstly, we should show the existence of a linear bijection between the spaces
ep(A™, p) and co(p). According to the notation (B.I), we define the transfor-
mation T from ef(A™,p) to co(p) such that x — y = Tx. Since, for every
x,z € ef(A™,p) and for all @ € R, T (ax + z) = aTz + Tz, the transformation
T is linear. Further, it is obvious that x = # whenever Tx = 6 and T is injective.
Lety € co(p) and define the sequencer = (xy) by

() = zn: [zn: (m +:__; - 1) <;> (r—1)"* w’] ve (meN). (3.6)

k=0 Li=k
Then, from (B.6]), we have

Pn

lim [(E"A™z),|’" = lim

Z <Z> (1 —r)"krk Amgy
k=0

= lim |yn (m7r)|pn =0
n—oo

Thus, we obtain that z € ej(A™, p). Therefore, it is obtained that 7" is surjective.
Hence since T is linear bijection, the spaces ef(A™,p) and co(p) are linearly
isomorphic. O

We now give a theorem about the Schauder bases of the sequence spaces
es(A™,p) and el (A™,p). If a sequence space A paranormed by h contains a
sequence (b, ) with the property that for every z € A, there is a unique sequence
of scalar (o) such that

lim h (:v - Zakbk> =0,
k=0
then (b,) is called a Schauder basis for A.
THEOREM 3.6. Define the sequence b%) (m,r) = {bF (m,7)}ren of the elements
of the space ej(A™,p) by

) 0 if 0<k
bn (m, 1) = ;e ("N (= D =i if k>n

for every fixed k € N. Then,

855



VATAN KARAKAYA — EKREM SAVAS — HARUN POLAT

a) The sequence{b* (m,r)}ren is a basis for the space ef(A™,p) and any
0
x € e(A™,p) has a unique representation of the form

z = A (m,r)b" (m,r) (3.7)
k

where A\, (m,r) = (E"A™x), for all k € N.

(b) The set {e,b (m,r)} is a basis for the space eL(A™,p) and any
x € el (A™,p) has a unique representation of the form

r=le+ Z e (m,r) —1]bF (m,r); (3.8)
k
where
l= kli)nolo ((E"A™x),) . (3.9)
Proof.

(a) It is clear that {b% (m,r)} C ef(A™, p), since E"A™YF) (m,r) = ek
€ ¢o(p) where e(®) is the sequence whose only non-zero term is a 1 in k** place
for each k € N.

Let x € ¢o(p) be given. For every non-negative integer s, we put

ls) = Z A (m, ) bF (m, 7). (3.10)
k=0
Then, by applying (E"A™) to BI0) with [B.7), we get that

S

ETA™ gl = Z A (m,7) E"A™b* (m,r)

k=0
= Z A (m,r) e®) = Z (E"A™x), e
k=0 k=0

and for i,s € N.
0 if 0<i<s
{E"A™ (x - x[s}> b=
(E"A™zx); if i>s
Given € > 0, then there is an integer sy such that |(ETAmxi)s|pI‘r4n < § for all
s > sg. Hence, we have

h (=) = sup |(B"A™) ¥ < sup |(B7A™a), | ¥ <

n>s n>so

for all s > s9. So we get that = € ef(A™, p) is represented as in ([B.7).
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Let us show the uniqueness of the representation for z € ej(A™,p) given
by 7). On the contrary, suppose that there exists a representation z =
S

kz pr (m,7)b* (m,r). Since the linear transformation 7', from ejj(A™,p) to
=0
¢o(p), used in the proof of Theorem 3.5 is continuous we have

(B"A™z), = 3 i (m,r) (B"A™ (7)),
k

=" e (myr) el = (m,r)
k

which contradicts the fact that (E"A™x), = A, (m,r) for all n € N. Hence the
representation ([B.7) of x € efj(A™,p) is unique.

(b) Since bk (m,r)} C ef(A™,p) and e € ¢, the inclusion {e,b* (m,r)} C
el (A™,p) trivially holds. Let us take z €el(A™, p). Then, there uniquely exists
an [ satisfying ([3.9). We thus have the fact that u € ef{(A™, p) whenever we set
u = x—le. Therefore, we deduce by the Part (a) of the present theorem that the
representation of u is unique. This leads us to the fact that the representation
of = given by (B.8) is unique and this step concludes the proof. O

4. The a-, -, y-duals of the spaces ¢[(A™,p), e (A™, p)
and e’ _(A™,p)

In this section, we prove the theorems determining the a-, 5- and ~- duals
of the sequence spaces efj(A™,p), eL(A™,p) and e, (A™, p). For the sequence
spaces A and p, define the set S (A, ) by

S\ p) = ﬂxil*,u: {a=(ar) ew: az € p forall z €} (4.1)
TEN
is called the multiplier space of A and p. With the notation of (1), a-, f- and
v-duals of a sequence space A, which are respectively denote by A*, \? and \?
are defined by

A =8(\),  M=SM\es), N =S(\bs).

We now give some lemmas which are needed for the proofs of the theorems given
in sequel.

LEMMA 4.1. ([9 Theorem 5.1.1]) A € (co(p),4(q)) if and only if

1 |9n
lim sup > ’ S amM | =0, 49
M— oo Kp - hek k ( )
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LEMMA 4.2. ([9t Theorem 5.1.9]) A € (¢o(p), c(q)) if and only if, for (ay) C R,

_ 1
2 Sgp; k| M =0; (4.3)
L\ In
hm su (Z |ane — | M Pr ) =0; (4.4)
—00 n ©
lim |, — g™ =0 forall k. (4.5)
n—oo

LEMMA 4.3. ([9 Theorem 5.1.13]) A € (co(p), loo(q)) if and only if
L\ I
sup <Z || M—m> < oo0. (4.6)
TNk

In the following theorems, by K, we denote the finite subset of N and also M
is a positive integer.
THEOREM 4.1. Let us define the following sets for a-duals of the spaces ef(A™, p),
ec(A™,p) and el (A™,p).

dﬂp) = {a = (ak) cw: hm sup‘ E dpe M~ pk ‘ — 0}
=X K keK

{a: (ag) € w: zn: |2k:dnk| <oo}

ds(p) = {a =(ag) Ew: supd> | 3 e M | < oo for every M € N}
K n keK

dy

where

o (meAn—i=1y (§) (o _ 1)i—k =i < k<
g:k (MY () r =) ey, if 0< k<, (47
0 if k>n.

Thus, [e5(A,p)]* = di(p), [ez(A,p)]" = [eG(A,p)]" Nd5, [e5.(A,p)]* = di(p).

Proof. We only give the proof for the space e{;(A™,p). Since the proof may be
obtained by the same way for the spaces el.(A™, p) and el (A™,p), so we omit
them.

Let us define the matrix D whose rows are the product of the rows of the
matrix (E"A™)”" and the sequence a = (a,). By &), we derive that

[~ mAn—i—1\ (i ik
Wn_z[z( S [ [

k=0 “i=k

anyk—Dy

k=0

858



SOME PARANORMED EULER SEQUENCE SPACES OF DIFFERENCE SEQUENCES

Also since y € co(p), there exists M > 1 such that |yx|"" < Therefore
we observe that (a,x,) € ¢1 whenever z € ef(A™,p) if and only if Dy € ¢,
whenever y € ¢o(p). By using Lemma 4.1 with ¢, = 1 for every n € N we get

U S ST

n keK

1
M-

Consequently, we write that [ef(A™, p)]” = dj(p). This completes the proof. O

THEOREM 4.2. Suppose that the matriz D = (dnx) given with (A1) and define
the following sets:

w(p) = {a = (ar) € w: hinoosupz |dp| M~ Pk — ()}

a=(ag) Ew: lim supz|dnk—ak\M7Pk :0};
M —00 n k

a=(ag) Ew: lm |dx —ag| =0 for all kEN};
n—oo

d?z{a:(ak)ew: lim > |dpk —ax| =0 for all kEN};
n—oo k
{a:(ak)Ew: supZ\dnk\Mplk < oo for every MGN};
n 'k
{a:(ak) €w: lim Z|dnk—ak\Mplk =0 for every MEN};
n—oo k
{a:(ak)ew: supZ\dnk\M_Plk < oo for some MEN};
n 'k

di, = {a: (ak) € w: sup’Zdnk‘ < oo}.
n ok

les(A™,p))” = dj(p) N d(p) N de; len(A™ ,p)]" = dio(p);
en(A™ p))® = dy(p) Nds(p) Nds Ndy;  [e(A™, )] = dio(p) N dfy;
e (A™, p))? = di(p) N dy(p); [ehe (A™, p)]" = di(p).

Proof. We only give the proof for the space ef(A™,p). We consider the fol-
lowing equation

ol ol T e [ T

k=0 k=0 -j=0 i1=j
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n n J . . .
m4j—i—1\ (1 ik s
S [ (M) v

k—
where D = (d,,x;) defined by ([@1). Therefore it is easy to see from Lemma 4.2.
with ¢, = 1 that ax = (a,x,) € cs whenever x € e[ (A™,p) if and only if Dy € ¢
whenever y € ¢o(p). This shows that

len(A™, p))” = di(p) N d5(p) N d.

By the same way, we can show that ax = (a,x,) € bs whenever z € ej(A™, p)
if and only if Dy € ¢, whenever y € ¢o(p). By Lemma 4.3 with ¢, = 1 for all
n € N, we obtain that

e}

[ea(A™,p)]" = dio(p)-
This completes the proof. O

5. Some matrix mappings on the sequence space ej(A,p)

In this section, our demand is to characterize the matrix transformations from
the sequence space efj(A™, p) into any given sequence space. Define the infinite
matrix B = (by;,) via an infinite matrix A = (an) by B = A (E"A™) 7' ie.,

(m+n—j—1\/(j ik
) = ]z—;c < n—j ) <k> (r=10""r"a,;  (n,keN) (5.1)
and (E’“Am)_1 is the inverse of products of the matrices A™ and E".

‘We now record our basic theorem for this section.

THEOREM 5.1. Let u be any given sequence space and the entries of the matrices
A = (ang) and B = (b,) are connected with the relation ([B1). Then A €
(e6(A™, p); p) if and only if B € (co(p); p)-
Proof. Suppose that (5.I) holds and p be any given sequence space. Let
A € (eg(A™,p); p) and take any y € co(p). Then since (ank) ey € [eg(Am,p)}ﬁ,
A-transform of x € ej(A™,p) exists. Also since for every x € ef(A™,p),
zp (m,r) = ((Am)_lEi) yr (m,r), we have that Az = A ((Am)_lEi> y = By,
which leads us to the consequence B € (co(p); p)-

Conversely, let B € (co(p); ) and (5] holds. Since for every y € co(p),
yr (r,m) = (E"A™x), whenever x € ep(A™, p) and (buk)en € £1, B-transform
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ofy exists. Then we have that By = B(E"A™)xz = Az and this shows that
A € (ej(A,p); ). This completes the proof. O

We give some corollaries by combining Theorem 5.1 with Lemmas 4.1-4.3.

COROLLARY 5.1.1. A € (e{(A,p); ¥ (q)) if and only if [@6) holds with b,y in
place of any for alln,k € N.

COROLLARY 5.1.2. A € (e((A,p);c(q)) if and only if [E3)-ED) hold with by
in place of ank for all n,k € N.

COROLLARY 5.1.3. A € (ej(A,p);co(q)) if and only if @A), ET) hold with
ar =0 and by in place of any for all n,k € N.
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