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A-STRONGLY SUMMABLE SEQUENCE SPACES
IN n-NORMED SPACES
DEFINED BY IDEAL CONVERGENCE
AND AN ORLICZ FUNCTION
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ABSTRACT. In this paper we introduce some certain new sequence spaces via
ideal convergence, A-sequence and an Orlicz function in n-normed spaces and
study different properties of these spaces and also establish some inclusion results
among them.
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1. Introduction

Recall in [2] that an Orlicz function M is continuous, convex, nondecreasing
function define for x > 0 such that M(0) = 0 and M (z) > 0. If convexity of
Orlicz function is replaced by M (z +y) < M (x) + M (y) then this function is
called the modulus function and characterized by Ruckle [5]. An Orlicz function
M is said to satisfy As-condition for all values wu, if there exists K > 0 such that
M(2u) < KM(u), u > 0.

LEMMA 1. Let M be an Orlicz function which satisfies Ag-condition and let
0 <& < 1. Then for each t > &, we have M(t) < K6~ M (2) for some constant
K >0.

A sequence space X is said to be solid or normal if (axxy) € X, and for all
double sequences a = (ay,) of scalars with |ag| < 1 for all k € N.

2010 Mathematics Subject Classification: Primary 40A99, 40A05.
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Let n € N and X be a real vector space of dimension d, where n < d. A

real-valued function ||-,...,|| on X satisfying the following four condition:
(i) ||z1,z2,...,z,|| = 0 if and only if x1, 9, ..., x, are linearly dependent,
(ii) ||z1,22,..., 2, is invariant under permutation,
(iii) ||ex1,x2, ..., x2nl = || |21, 22, .. ., 20|, @ € R,
(iv) ||z1 + 2, 2o, ..y xn|| < 21, 22, - - mn|| + |20, 22, - -0 20|
is called an n-norm on X, and the pair (X,|-,...,-||) is called an n-normed
space [I].

A trivial example of n-normed space is X = R equipped with the following
FEuclidean n-norm:

11 ..-T1n
|z1, 22, .., 2| p = abs
Tnl- - Tpn
where x; = (zi1,...,%in) € R” foreach i =1,2,...,n

In paper [4], Mursaleen and Noman introduced the notion of A-convergent
and A-bounded sequences as follows: let A = (\)r-, be a strictly increasing
sequence of positive real numbers tending to infinity, that is

O0<A <A <... and Ay — 00 as k— o

and said that a sequence x = (zj) € w is A-convergent to the number L, called
a the A\-limit of z, if A, (z) — L as n — oo, where

1 n
)\n Z (A — Ak—1)
k=1

The sequence x = (z) € w is A-bounded if sup |A, ()| < co. Tt is well known

[4] that if lim x,, = a in the ordinary sense of convergence, then
n

(1
hyl;n ()\nz )\k—)\k 1 |xk—a|> =0.
k=1
This implies that

1 n
)\nz )\k—)\k 1 (xk—a)
k=1

which yields that lim A, (z) = a and hence z = (z) € w is A-convergent to a.

lim [A,(z) — a| = lim =0
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2. Main Results

Let I be an ideal of 2N, M be an Orlicz function, p = (pi) be a bounded
sequence of strictly positive real numbers and (X,|-,...,||) be an n-normed
space. Further w (n — X) denotes X-valued sequence space. Now, we define the
following sequence spaces:

wf\[M,p,H-,...,-H]O:{xz(mk)Ew(n—X):
1 — Ay () P
Ve >0, <neN: E M y 21522,y Zn—1 >ep€el,
n p
k=1
for some p > 0 and for every z1,29,...,2n,—1 € X},
wf\[M,p,H-,...,-H]:{x:(xk)ew(n—X):
1 — Ap(z) — L P
Ve > 0, {nEN: E {M <‘ (z) 321529y o vy Zn—1 )} 26}6[,
n

k=1

for some p >0, L € X and for every 21,29,...,2np—1 € X},

wf\[M,p,H-,...,-H]OO:{x:(xk)ew(n—X):

1 — Ay () Pk
dK >0, {neN: Z M 3215 %2y e vy Zn—1 >epel,

n

k=1

for some p > 0 and for every z1,23,...,2p-1 € X}

and
wA[M,p,H-,...,-H]OO:{x:(xk)ew(n—X):

1 — A,
3K >0, [M (H @) e o
nk:l p

Pk
)] < K, for some p > 0

and for every z1,29,...,2n_1 € X}

The following well-known inequality will be used in this study:
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Ifo< ir]ifpk =H,<pp. <sup=H <00, D= max(l,QH’l), then
k

ek + ™ < D {Jael™ + |yel™}

for all k € N and z, yx € C. Also |x|"* < max (17 \xk\H> for all z;, € C.

The
s Moo

Proof. We will prove only for wh [M,p, ||-,

THEOREM 1. sets

w/I\ [M,p,|,...

wjl\ [Mapv ||7

similarly. Let =,y € wl [M,p, |-,

e i,iMHA

for some p; > 0 and

frens LS (e

for some py > 0.
Since ||+, ...
equality holds:

[
& Letn S
|
[
[
-

1 n
n

k=1

An (ax + By)

L 21, 22, - .
ol pr+ |8l p2” T

16l

D
n loo] p1 + 18] p2

(|
Au(a)

y 1y 22y« -

IN

An(y)

where
o]
ol p1 + |8l p2

832

yR1y 22y e -

3 R1y Ry e o s

<y An—1

Ay ()
P1

An(y)

) R1y B2y« - -

).

7'”]07 w;& [M;I%H‘a 7”] and

are linear spaces over the complex field C.

, -/l and the others can be proved

,lll, and o, B € C.

.|| is a n-norm and M is an Orlicz function, the following in-

)|

y 1y 22y« o

y “n—1

)

) R1y B2y e s

i
)|

18
|| p1 + |B] p2

P2

y “n—1

y Zn—1

(i)
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From the above inequality we get

1 ¢ Ay (o + By) >'p"'
neN: M T2 - >e€
{ ”;{ ( @l py + 18l p2” /]
DA A, P
C ¢<neN: Z{M(‘ <I),z1,z2,...,zn_1 D} 26
n o= P1 2

DA Ay
UdneN: Z|:M <H (y),Zl,ZQ,...,Zn,1
no4 P2

)" =5}

Two sets on the right hand side belong to I and this completes the proof. O

It is also easy verify that the space wa [M,p, ||-,...,-||],, is also a linear space.

THEOREM 2. For fized n € N, wp [M,p,||-,..., ||l paranormed space with
respect to the paranorm defined by

1/H

)

for some p >0 and for every z1,22,...,2n_1 € X}.

1 — A,
h(x):inf{pp”/H>0: (Sup Z {M(H (x),zl,z2,...,zn_1
n M3 P

Proof. h(f) =0 and h(—z) = h(x) are easy to prove, so we omit them. Let

)]
I

833

us take z,y € wp [M,p, |- ..., |]]- Let

1 — A,
Ax) = {p>0: Vz € X, sup Z {M <H (x),zl,ZQ,...,zn,l
P

n
" k=1

and

1 — A,
A(y):{p>0: Vz € X, sup Z[M (H <y),z1,22,...,zn_1
[t P

Let p1 € A(z) and p2 € A(y). If p = p1 + p2, then we have
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S )

1 A (z
S pL sup Z |:M <H 7;(1 ),21722,...,271_1

p1t+p2 n nk 1
)

n(z+y)
) R15 22y« - o5 Zn—1

)

)|

p1+p2 n 2 21522y e oy Zn—1
Thus .
Suplz[M<H n(@+y) 2152y oy Zn—1 )rlﬂgl
n M= p1 + p2
and

h(x+y)= inf{(pl + p2)pn/H : p1 € A(z) and pg € A(y)}
<inf {(p)"/": pr€ A@)} +int {(p2) "1 po € Aly)}
= h(z) + h(y).

Now, let A} — X, where A\}}, \ € C and h (z}} — ;) = 0 as u — co. We have to
show that h (Afa} — Az) — 0 as u — oo. Let A\, — «, where A\;, A € C and
h(z} —xp) — 0 as u — oo. Let

A(x“):{pu>0: V21,22, .., 2n-1 € X,

1 A, (2
sup Z |:M <H n(x ),21722,...,271_1
n nk:l Pu

I

and

A(x“—x):{plu>0: V21,29, ..y 2n_1 € X,

1 ¢ A
s%p n Z {M <
k=1
If p, € A(z") and p!, € A (2" — x) then we observe that

M (‘ A, (u/\}jx}g—/\xk) ’
Pu [N = AL+ pi, (Al
<

x} — )
pl 3 R19R2y -y Rn—1
u

)

21982y 3 Rn—1

Ay (A — Ax)

pu X = A+ pr, [N F1 72
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)
Ap ()

yR1y 22y ¢+ vy 2n—1

A, Nzt — Axy)
pu | Ak = AL+ P A

= pulA = A+ gt A

+‘ yR13 225+« vy Bn—1

u

)
Ay (xf — o)

yR1y 225+ v vy 2n—1

)

pu | Al = Al + 4 Al P
From this inequality, it follows that
A, (A — A P
|:M <’ n(ukxk xk) yR1yR2y v+ 9 Zn—1 >:| S]-
pu [N = Al + L Al

and consequently
Bk = Aw) = inf { (pu N = Al A5 pu € Aa"), ple A" —a)}
< (AE =AD" it { (o)™ pue A)}
+ (AP e (s pl e At - w))
< max {AL (AP L (@ = ).

Hence by our assumption the right hand side tends to zero as u — oco. This

completes the proof. O

COROLLARY 1. [t can be noted that g = ingh also gives a paranorm on the above
ne

sequence spaces. However if one consider the sequence space wa [M,p, ||, ..., ||l

which is larger space than the space wi [M,p, |-, ....||]., the construction of the
paranorm is not clear and we leave it as an open problem. However it should be
noted that for a fived F' € I, the space

wh [M,p, ||yl = {x:(xk)ew(n—X): JK >0,

1 n Pk
neN: sup Z{M(‘ >} >Kjel,
neN/F 03—

for some p > 0 and for every z1,22,...,2n_1 € X}

Ay ()

yR1y 22y ¢+ vy Bn—1

which is subspace of the space wl [M,p,|-,...,||]

the paranorms h forn ¢ F and g = inf h.
neN/F

o 18 a paranormed space with
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THEOREM 3. Let M, My and My be Orlicz functions. Then we have

(i) wi [My,p, |-, 11, € wh [MoMy,p, ||-..., |}, provided that p = (pi) is
such that H, > 0.
(ii) w/I\ [Mlapv ||7 R '”]omwll\ [M%pa ||a EE) '”]o C w/I\ [Ml + Mvaa ”7 ceey 'H]o'
Proof.

(i) For given ¢ > 0, we first choose £, > 0 such that max {e efle} < e.
Now using the continuity of M, choose 0 < § < 1 such that 0 < ¢ < § implies
M (t) < g,. Let & € wh [My,p,||,...,-]|],- Now from the definition of the space

wh [My,p, |- ..., for some p >0
1 — A, Pk
A(&):{’I’LER E |:M1 (H p(x),zl,ZQ,...,Zn_l >:| ZéH}GI
n
k=1

)
£l

An Pk
<I>7Z17227"'7zn—1 >:| <5H

k=1

n An Pk
— Z My <H (x),zl,ZQ,...,zn,1 )] <n5H,

k=1 p

An Pk,

= {Ml <‘ (x),zl,ZQ,...,zn,l >} <6 forallneN,

A
— M1 <H n(x),Zl,Zg,...,Zn_l
P

) <6 forallméeN.
Hence from above inequality and using continuity of M, we must have

M <M1 < Ap(2)

3 R15 B2+ - vy Rn—1
which consequently implies that

n An Pk
Z[M <M1 <’ (x),zl,z%...,znlwﬂ <nmax{eOH,€f°}<ne,
P

_ N <

= [ (o (47
))]m > e} C A(5)

>><60 foralln e N

This shows that

1 & A (x
{HGNZ nZ|:M<M1 (H p(),Zl,ZQ,...,Zn_l

k=1
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and so belongs to I. This completes the proof.

(ii) Let z € wl [My,p,||,..., ], Nwh [Ma,p, |-, ...,||],- Then the fact that
1 A, (z Pk
|:(M1+M2) (‘ ( >7217227"'7ZTL—1 >:|

Pk
|:M1 <H ) R1yR2y ¢+ - o5 Zn—1 >:|

D
+ |:M2 <H n ,21722,...,271_1
n p

"

gives us the result. (I

THEOREM 4.

(i) If0 < Ho < pp <1, then wi [M,p, [|-,....-[[], € wi [M, -, [l],-

(i) If 1 <pp < H <oo, then wf [M,||-,.... [, Cwi [M,p, -, ],

(iii) If 0 < pr < qr < o0 and Zi is bounded, then wi [M,p,|-,..., |,

cwj [M,q. |- Ill,-

Proof. The proof is standard, so we omit it. O
THEOREM 5. The sequence spaces wh [M,p,||,..., |, wi[M.p, |- ...,
wh [M,p, |||l and wy [M,p, ||, ...,|]]l., are solid.
Proof. We give the proof for only wi [M,p,||,...,-|]],- The others can be
proved similarly. Let z € w} [M1,p,],...,||], and @ = (a) be a sequence of

scalars such that || <1 for all £ € N. Then we have

1 — A, (ax) P
: <
{HEN. ’I’LZ|:M< 3215292y 0oy Zn—1 >:| <eg
k=1
T n Pk
C eN: s 22y ey B < el,
e L ()]
where T' = max {1, |ak|H} Hence ax € wh [M,p,|-,...,||], for all double se-
quences a = (ay) with |ag| < 1 for all k € N whenever z € wh [M,p,[-,..., ],
g
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