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EXTREMAL SOLUTIONS OF CAUCHY PROBLEMS
FOR ABSTRACT FRACTIONAL
DIFFERENTIAL EQUATIONS
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(Commaunicated by Michal Feékan)

ABSTRACT. In this paper, we study the extremal solutions of Cauchy prob-
lems for abstract fractional differential equations. Some definitions such as
L'-Lipschitz-like, L'-Carathéodory-like and L'-Chandrabhan-like are introduced.
By virtue of the singular integral inequalities with several nonlinearities due to
Medved, the properties of solutions are given. By using a hybrid fixed point
theorem due to Dhage, existence results for extremal solutions are established.
Finally, we present an example to illustrate our main results.
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1. Introduction

Throughout this paper, (X,| - ||) will be a Banach spaces, and T > 0,
J :=10,T]. Let C(J, X) be the Banach space of all continuous functions from .J
into X with the norm ||u||¢ := sup{||u(t)|| : t € J} for u € C(J, X).

We consider the following Cauchy problems of fractional differential equation

°D*u(t) = F(t,u(t)), ae.teJ,
{ u(0) = up, (1)
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where °D? is the Caputo fractional derivative of order o € (0,1), F(t,u(t)) =
Ftu(t)+g(t,u®)+h(tu®), f: IXxX =>X,g: IxX =X, h: IJxX = X
are given functions satisfying some assumptions that will be specified latter.

Fractional differential equations have been proved to be valuable tools in the
modelling of many phenomena in various fields of biomedical sciences, engineer-
ing, physics and economics. For more details, one can see the monographs of
Diethelm [§], Kilbas et al. [12], Lakshmikantham et al. [13], Miller and Ross [1§],
Podlubny [24] and Tarasov [25]. Moreover, fractional differential equations (in-
clusions) and optimal controls in Banach spaces are studied by Balachandran et
al. [213], Benchohra et al. [4.5], N’Guérékata [21,22], Mophou and N’Guérékata
[19], Wang et al. [26l27] and Zhou et al. [28430] and etc.

On the one hand, the existence of extremal solutions for integer differential
equations have been investigated by Aizicovici and Papageorgiou [1], Dhage [6],
Nieto and Rodriguez-Lépez [20] and references therein. On the other hand, the
existence results of extremal solutions for fractional differential equations with
deviating arguments involving Riemann-Liouville derivative has been reported
by Jankowski [I1]. To deal with the problem of the existence of extremal solu-
tions, Jankowski applied the well known monotone iterative technique. Recently,
Zhou and Jiao [28] discussed the existence of extremal solutions for discontinu-
ous fractional functional differential equations involving Caputo derivative and
applied the hybrid fixed point methods to study such problems. However, both
the results obtained in [I1] and [28] hold only in finite dimensional spaces.

To our knowledge, the problem of the extremal solutions for abstract frac-
tional differential equations has not been studied extensively. In the present
paper, we study the existence of the extremal solutions for system (1) in a Ba-
nach space X. Utilizing fractional calculus, the singular integral inequalities
with several nonlinearities (Lemma[6]) and fixed point method, existence results
for the system (l) are presented. Compared with the earlier results obtained in
[28], many more general definitions such as L!-Lipschitz-like, L!-Carathéodory-
like and L!'-Chandrabhan-like are introduced. We firstly give an important
result which display the equivalent relationship between the solution (in the
Carathéodory sense) for the system (1) and a Volterra fractional integral equa-
tion. Secondly, we study the properties of solutions for the system (). Then,
the existence results for extremal solutions are proved by applying the Dhage
hybrid fixed point theorem again.

The rest of this paper is organized as follows. In Section 2, we give some
notations and recall some concepts and preparation results. In Section 3, some
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definitions of solutions such as lower solution, supper solution, maximal solu-
tion, minimal solution and two important lemmas are given. In Section 4, the
existence results for extremal solutions are proved. Finally, we give an example
to illustrate the usefulness of our main results.

2. Preliminaries

In this section, we introduce notations, definitions, and preliminary facts
which are used throughout this paper.

Let us recall the following known definitions. For more details see [12].

DEFINITION 1. The fractional integral of order + with the lower limit zero for
a function f: [0,00) — R is defined as

t

f(s)

I

f@) FV/ sy ds, t>0, v>0,
0

provided the right side is point-wise defined on [0, c0), where I'(+) is the gamma
function.

DEFINITION 2. The Riemann-Liouville derivative of order v with the lower limit
zero for a function f: [0,00) — R can be written as

t

LD'Yf(t) dt"/ t—5'7+1 ., ds, t>0, n—1<~vy<n.
0

DEeFINITION 3. The Caputo derivative of order v for a function f: [0,00) = R
can be written as

n—1
cDYf(t) = LD‘Y{f(t)—ZZf(’“)(O)}, t>0, n—1<y<n.
k)

Remark 1. (i) If f(t) € C"[0,00), then

D’Yf(t)zf(n—y)/(t—s)"ﬁl”dS:I Y@, t>0, n—1<~v<n.
0

(ii) The Caputo derivative of a constant is equal to zero.

(iii) If f is an abstract function with values in X, then integrals which appear
in Definitions [Il and 2] are taken in Bochner’s sense.
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Assume that 1 < p < oco. For measurable functions m: J — R, define the
norm

1
([Im@pd)’,  1<p<o,
Imlprs=q 7
inf { sup \m(t)\} p=00
u(J)=0 e g—J
where 41(J) is the Lebesgue measure on J. Let LP(J,R) be the Banach space of
all Lebesgue measurable functions m: J — R with ||m||rr; < co.

LEMMA 1 (Holder inequality). Assume that p,q > 1, and 11) + (11 =1. I

¢ € LP(J,R), ¢ € LI(J,R), then for 1 < q < oo, ¢ € L (J,R) and
l¢ellrs < lllzesllellLas-

LEMMA 2 (Bochner theorem). A measurable function f: J — X is Bochner
integrable if || f|| is Lebesgue integrable.

LEMMA 3 (Mazur lemma). If K is a compact subset of X, then its convex
closure convK is compact.

LEMMA 4 (Ascoli-Arzela theorem). Let W = {s(t)} be a function family of
continuous mappings s: J — X. If W is uniformly bounded and equicontinuous,
and for any t* € J, the set {s(t*)} is relatively compact, then there ezists a
uniformly convergent function sequence {s,(t)} (n=1,2,...,t€ J) in W.

DEFINITION 4. An operator S: X — X is called compact if S(X) is a compact
subset of X. S: X — X is called totally bounded if S maps the bounded
subsets of X into the relatively compact subsets of X. Finally, §: X — X is
called a completely continuous operator, if it is a continuous and totally bounded
operator on X.

It is clear that every compact operator is totally bounded, but the converse
may not be true. However, the two notions are equivalent on the bounded
subsets of X.

DEFINITION 5. A nonempty closed set K in a Banach space X is called a cone
if satisfies the following conditions
(i) K+ K CK,
(ii) AK C K for A€ R, A >0 and
(iii) {—K} N K = {0}, where 0 is the zero element of X.

We introduce an order relation “ < ” in X as follows. Let z,y € X. Then
z<yifand only ify — z € K.
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DEFINITION 6. A cone K is called normal if the norm || - || is semimonotone
increasing on K, that is, there is a constant N > 0 such that ||z|| < N|y|| for
all z,y € K with z <y.

It is known that if the cone K is normal in X, then every order-bounded
set in X is norm-bounded. Similarly, the cone K in X is called regular if
every monotone increasing (resp. decreasing) order bounded sequence in X
converges in norm. The details of cones and their properties appear in Heikkila
and Lakshmikantham [9].

For any a,b € X, a < b, the order interval [a,b] is a set in X given by
[a,b] ={z€ X : a<z<b}

DEFINITION 7. Let X and Y be two ordered Banach spaces. A mapping
S: X —Y is said to be nondecreasing or monotone increasing if z < y implies
Sz < Sy for all z,y € [a,b].

We use the following hybrid fixed point theorem of Dhage [7].

LEMMA 5 (Hybrid fixed point theorem). Let X be a Banach space and let
A, B,C: X — X be three monotone increasing operators such that

(i) A is a contraction with contraction constant { < 1,
(ii) B is completely continuous,
(iii) C is totally bounded, and
)

(iv) there exist elements a and b in X such that
a<Aa+Ba+Ca and b>Ab+ Bb+ Cb with a <b.

Further if the cone K in X is normal, then the operator equation Az + Bz +
Cz = z has a least and a greatest solution in the order interval [a,b).

To end this section, we recalled the following singular integral inequalities
with several nonlinearities which appeared in Medved [17].

LEMMA 6. We make the following assumptions:

(C1): the functions w;: Ry := [0,00) = R, i = 1,2,...,n are continuous and
positive on (0,00) such that w;, X w;, X -+ X w;, for someiy,ia,..., i, €
{1,2,...,n} simultaneously different, where w;, o< w;,_ ., denotes wl:il 18
nondecreasing on (0,00), k=1,2,... n.

(C2): the functions v, X\;: [0,T] — (0,00), i = 1,2,...,N, o0 > T > 0, are
continuous, nonnegative, and a is a positive constant.

(C3): 0<Bi<l,i=1,2,...,n, B; # B; fori #j.
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Ife > 0, k > 1 and the function v(t) satisfies the following inequality

then

in

v(t) < [ W1 lW (ci,—1) + /XZ (s) ds] , teJ=1[0,T],

where
rood
O- —
Wm0 = / w @by U E O =Wl >0
Vin tm

1

r=r(e) = qq2, -, qN, Qz’:ﬁ"i‘& >0,
1

1 .
5’:1+z,-’ >0, i=1,2,...,N,

Wi:nl is the inverse function of W; , co = (n+1)""1a",

T
Ci,, = Wi:nl lWim (Cz’mq) + /sz (S) ds] , m=1,2,...,n
0

N qi—1 _ _ —~
X)) =T (n+1)"Tdle "N (1), 0 = q1q2 - .- Gi-1Gi+1 - - - 4N,
1 o~ —
di=crel, i=1,2... N, N =T "+ 1) (s),
. 1+2z+¢
J=N+1,...,n, pi = ’ ) c:=c; = ci(ag,pi) >0
2 +¢€

satisfies the following inequality
t
/(t — 5)"iPiehis g < CePit, t>0, C=C(api, Bi)>0,
0
with a; = 1 — B; and the number T € [0,T] is the largest number such that

T o9

< d
/Aim(S)dSS / 7 m=12...n
J ety
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Remark 2. This lemma is a generalization of the Henry-Gronwall lemma (see
[10]) and the Pinto integral inequality (see [23]). Its proof is based on a desin-
gularization method developed in the paper [14] (for applications of this method

see [I5L[16]). We remark that C = C(ap;, 5i) = P=ap) Gince a;p; = 1 for

1—agp;
€ = 0, it is necessary to assume € > 0. For any ¢ > 0 the argument 1 — ay;p; of
the Gamma function is positive and thus C' = C(a;p;, 5;) is a positive number.

3. Some definitions and important lemmas

We give the following definitions in the sequel.

DEFINITION 8 (L!-Lipschitz-like). A mapping f: J x X — X is called L!-Lip-
schitz-like if

(i) f(-,u) is Lebesgue measurable for all u € X

(ii) there exist functions l; and w1, l1: J — R4 is continuous, nonnegative,
wy : [0,00) — R is continuous, positive and nondecreasing such that

[t u) = FE )| < h@uwi(lu—of)),  teJ
for all u,v € X, where w1 (|lu —vl|) = [Ju —v]|.

DEFINITION 9 (L!-Carathéodory-like). A mapping g: J x X — X is said to be
Carathéodory if

(i) g(-,u) is Lebesgue measurable for all u € X,

(ii) g(t,u) is continuous with respect to u for any u € X and almost all t € J.
Furthermore, a Carathéodory function g(t,u) is called L!-Carathéodory-like if

(iii) there exist functions ly and wy, l2: J — Ry are continuous and nonnega-
tive, wo: [0,00) — R is continuous, positive and nondecreasing such that

lgt, W)l < l@w(l[ull), teJ
for all u € X.

DEFINITION 10 (L!-Chandrabhan-like). A mapping h: J x X — X is said to
be Chandrabhan if

(i) h(-,u) is Lebesgue measurable for all u € X,

(ii) h(t,u) is nondecreasing with respect to u for any v € X and almost all
telJ.

Furthermore, a Chandrabhan function h(t,u) is called L'-Chandrabhan-like if
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(iii) there exist functions l3 and ws, l3: J — Ry are continuous and nonnega-
tive, and ws: [0,00) — R is continuous, positive and nondecreasing such
that

[A(t, W[ < ls(@)ws(||lull),  teJ,
for all u € X.

DEFINITION 11. A function u € C(J, X) is called a solution of system (1) on J
if

(i) the function u(t) is absolutely continuous on J,
(i) u(0) = up, and
(iii) u satisfies the equation in ().

We need the following hypotheses in the sequel.

(H) f, 9, h: Jx X = X,

(f1) f is L'-Lipschitz-like, and there exists a n € [0,«) such that || f(,0)| €
LY(JR,),

(g91) g is L'-Carathéodory-like,

(h1) h is L*-Chandrabhan-like.

For any positive constant p > 0, let B, = {u € C(J,X) : |lu||c < p}. For
brevity, set

Li = I}lea}({ll(t)}, 1= 1,2,3,
oa—1
w=_ €10, F =IO,

LEMMA 7. Assume that the hypotheses (H1), (f1), (g1) and (h1) hold. A func-
tion uw € C(J, X) is a solution of the fractional integral equation

1 / a—1
u(t) = uo + I'(a) O/(t —8)* 7 [f(s,u(s)) + g(s,uls)) + h(s,u(s))]ds,  (2)
if and only if u is a solution of the system ().

Proof. For any constants p > 0, set u € B,. According to (f1), (g1), (h1),
ft,u(t)), g(t,u(t)), h(t,u(t)) are measurable functions for ¢ € J. Further, we
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have
[l =57 s uteDlds < [ (6= )" 0 )uts)] + 15,0 ds
’ - OLlpTa FT(+a)(1-n)
T a (I+q)t=n "’
Sl =gt utslids < [0 9 a(s)ua(lul)]) ds
0 0
< L2w2(P)T°‘7
Jle= 2 thtsu)lds < [ 92 a(sus(lu)l) ds
< stB(P)TO‘.

It comes from the well known Bochner theorem that (¢t — s)*~1f(s,u(s)),
(t — s)* tg(s,u(s)) and (t — s)* *h(s,u(s)) are Lebesgue integrable with re-
spect to s € [0,t] for all t € J and u € B,,.

As aresult, (t—s)*1[f(s,u(s))+g(s,u(s))+h(s,u(s))]is Lebesgue integrable
with respect to s € [0,¢] for all t € J and u € B,.

Let G(1,8) = (- — 1)~ %7 — s|*"!. Since G(, s) is a nonnegative, measurable
function on D = [0,¢] x [0,¢] for ¢t € J, we have

[[ [ et ar= [ ctmasar= [[ [t a

IN
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Since G1(T,5) = (- — 7)~%(7 — 8)* 1g(s,u(s)) is a Lebesgue integrable function
on D = [0,t] x [0, ], we have

t T t t
/dT/Gl(T, s) ds:/ds/Gl(T, s)dr
0 0 0 s

Similarly, Ga(7,s) = (- — 7)~%(7 — 5)* !h(s,u(s)) is a Lebesgue integrable
function on D = [0,¢] x [0, t], we also have

t T t t
/dT/GQ(T, s)ds = / dS/GQ(T, s)dr
0 0 0 s

We now prove that

ED(I[f(t,ult)) + g(t,u(t)) + At u(t))])

— [t u(t) + gt ul®)) + hit, u())], ®)

for t € (0,7T], where £ D is Riemann-Liouville fractional derivative.

First, one can verify that

t

/t(t — 7)1 —s)* tdr = /(7’ — ) Nt —T1)"*dr

s
0

- —/<T—s>a-1<t—7>-adt—7= [ teay ey =)

t—s

- Jusa e e

Second, note that G1(7,s) = (- — 7)"%(7 — 8)* 1g(s,u(s)) and one can derive
the following equality

EDo(1%g(t,u(t)) = F(l—a dt/ (t—71)" l/T—S (s,u(s))ds|dr

0
:F(l—a / /G17’8d8
0
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t t
1 d
= Tl - a)T(a) dt/dS/Gl(T,S)dT
0

S

1_@ t/gsu </t—7-) O‘(T—s)o‘_ldr>

s
t

= [ ot as

= g(t,u(t)).

Similarly, we can get LD*(I*f(t,u(t)) = f(t,u(t)), LD*(I*h(t, u(t)) =h(t, u(t)),
for ¢ € (0, 7] which implies that (3] holds.

If u satisfies the relation (2)), then we get that u(t) is absolutely continuous

on J. In fact, for any disjoint family of open intervals {(a;,

n

> (bi—a;

=1

IN

;) — 0, we have

IN
M-
4
Q [l
\D‘
@‘
|
CIJ
Q
E
+
=
»
=

2(S)w2(||U(S)|I)+ls(8)w3(IIU(S)||)] s

n

+la(s)wa([lu(s)l]) + L (s)ws([luls)|)] ds

+ X_: F(la) /((ai —8)* = (b — $)* D[l (s)|uls)]| + | £(s,0)]]

bi)}1<i<n on J with
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" (Lip(bi — a;)®  F(b; — a;)Fa)=m
SZ( Ta+1) © T(a)(1+g)= )

Lowa(p)(bi — ai)® | Lawsz(p)(b; — a;)®
Ta+1) = T(a+1) )

<Lll)(a§" — 0 A (b —ai)) F(a; ™™ —b2+Q1+(bz‘—ai)(1+q”(177)))

P I(a+1) [(a)(1+q1)t=
N i Lowa(p)(aif = b7 + (bi —ai)®) | Lsws(p)(af’ — b + (bi — a:)%)
P MNa+1) MNa+1)
"\ Lip(b; — a;) b — q;)(ta)(-n)
<2 +2
= ; F(a+1 Z a)(1+qu)t="

19 an Lawa(e)(bi ~ a")a + 22 LBW’F((po)f—bi: 1_) RN

Therefore, u(t) is absolutely continuous on J which implies that wu(t) is dif-
ferentiable for almost all ¢ € J.

According to the argument above and Remark [I] for almost all ¢ € (0,77, we
have
t

CDauu):cm 05 p ] ()" () + g () + s >>st]

Oé
0

_epe Fl JEE ul(s)) + g(s,u(s)) + h(s, u(s))] ds]

(@)

= DI (6 u(t)) + gl u(t)) + h{t,u(®)]

= LD [f(t ult)) + g(t, u(®)) + h(t,u(®)

— (I ult) + gt u0) + Ao
We need to prove

(I%[f (s, u(s)) + g(s,u(s)) + h(s, u(s))])i=0 = 0. (4)

In other word, we need to prove

|- sissna

0, as t—0. (5)
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Hj@—ﬁ“b@m@ﬁﬁ

H/ Y2 h(s, u(s)) ds

— 0, as t— 0. (6)

as t—0. (7

Using our assumptions (f1), (g1), (h1), we have
t

o</n 9 (s u) s < [ 9 ) uls)]| + 17(,0) ) ds

0
a (144q1)(1—n)
< Lapt r —0, ast—0.
! (1+q)t-m
t t
o</wu—ﬁawwmwMMss/u—@awﬂ@wmwﬁmm
0 0
L «
< 2w2(p)t — 0, as t—0.
(87
t t
o</wu—w*%@w@MMss/u—@“HA@mmwﬁmm
0 0
< Laws(p)t — 0, as t—0.
(87

Thus, (B)—(7) hold. This yields that () holds.

Since (t—s)*1[f(s,u(s))+g(s,u(s))+h(s,u(s))] is Lebesgue integrable with
respect to s € [0,¢] for all ¢ € J, we known that (I*[f(s,u(s)) + g(s,u(s)) +
h(s,u(s))])t=0 = 0 which implies that

‘Du(t) = f(t,u(t)) + g(t,u(t)) + h(t,u(t)), ae. t e J

Moreover, u(0) = ug. Thus, u € C(J,X) is a solution of system (I). On the
other hand, if u € C(J, X) is a solution of system (I), then u satisfies the integral
equation (2)). O

We apply Lemma [6 to study the properties of solutions for the system ().

LEMMA 8. Let the functions wy,ws,ws: [0,00) — R be as in Lemmal@ for n = 3.
Assume the hypothesis (H1), (f1), (g1) and (h1) hold and there exists an € > 0
such that

[ee]

Sr—l

/ ds = o0, i=1,2,3,
w;(s)"

0
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where r =1(e) := q1q2q3, G = (i +e, O<a<l, i=1,2,3. Then

lim sup ||u(t)|| < oo,
t—T

for any solution w: [0,T) — X of the system ([l) with 0 < T < oo, that is, there
exists a constant p >0 and T € (0,T") such that

[u(®)] < p, t €[0,T].

Proof. Assume that u: [0,7) — X is a continuous solution of the system (TI),
where 0 < T < co with lim sup ||u(t)|| = co. By Lemma [7] the solution u of
t—T

the system () is given by the following fractional integral equation

1 / a—1
u(t) = up + I'(a) O/(t —8)7 [ f(s,u(s)) + g(s,u(s)) + h(s,u(s))]ds.

The hypothesis (f1), (g1) and (hy) yield that

o) < ol + 1y = )75, (5) + s, () + s ) s
0
< ol + gy [ (=7 Bas)on () + w1 (5. 0] s
ray [ =9 Taua(lu(e) ) + s (shws(uts) )] ds
(1+41)(1-n) 3 !
< ol + 1) 1 4 gy Z/ i) (u(s)]) ds.

=1

Applying Lemma [6] we obtain

t

Wi (lu(t)7) < Wiy (3,) + / T (s) ds,

0
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where
1 3
Ko =4""1n", r=r(e):= < +€> )
«
(14q1)(1-n) z
FT ~
= ||ug|| + 5 Kj :W-_lwi Iii_+/li8d8,
m= Tl + )1 gyt o= W Wi Gt 1) + [ Tan(9) ]
0
[lvll
Wi, ([[v]]) = vy doy ol 2 lomll = Wi L (lom-1ll),
J (o)
™ Tim—1 1 o ~ ~
L, (t) =TT 47 1d] 1; (b), Q1 = 142, G2 = q143,
1
43 = q142; d;,, = C;:Lm e,

¢i,.,Di,, are constants from Lemma [0l with m = 1,2,3 and the functions W;
are also as Lemma [0l with m = 1,2, 3. This yields that

lw()I” T
do ~
L < Wig(kiy) + /li3 (s)ds < oo. (8)
[wiy (o))"
flu(O)lI” 0
However,
lu() I o0
) o Srfl
lim sup / L :r/ . ds =00
t=T [wi3 (o-r)]T Wiy (5)
lw(0)II"
and this is a contradiction. The proof is completed. O

4. Existence results of extremal solutions

Define the order relation “<” by the cone K in C(J, X), given by
K={2€C(J,X): 2(t)>0 forall t e J}.
Clearly, the cone K is normal in C(J, X).

DEFINITION 12. A function a € C(J, X) is called a lower solution of system ()
on J if the function a(t) is absolutely continuous on J, and

{CDO‘a(t) < F(t,a(t)), ae teJ
a(0) < up.
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DEFINITION 13. A function b € C(J, X) is called a upper solution of system ()
on J if the function b(t) is absolutely continuous on J, and

cDob(t) > F(t,b(t)), ae. teJ

DEFINITION 14. A function v € C(J, X) is a solution of system () on J if it is
a lower as well as a upper solution of system () on J.

DEFINITION 15. A solution uyax of system () is said to be maximal if for any
other solution u to system (), one has u(t) < umax(t) for all ¢t € J.

DEFINITION 16. A solution uy,, of system () is said to be minimal if if for any
other solution u to system ([IJ), one has umy(t) < u(t) for all t € J.

In addition to the hypotheses in Section 3, we introduce the following hy-
potheses.

(H3) system () has a lower solution a and an upper solution b with a < b.
(Hy) lim inf ) 25 < oo, iz 23
p—oo P

(f2) f(t,u) is nondecreasing with respect to u for any v € X and almost all
teld.

(92) g(t,u) is nondecreasing with respect to u for any v € X and almost all
telJ.

(93) foreveryt € J, theset Sy = {(t—s)*"tg(s,u(s)) : ue C(J,X), s€[0,t]}
is relatively compact.

(ha) foreveryt € J, theset Sy, = {(t—s)*"th(s,u(s)) : ue C(J,X), s €[0,t]}
is relatively compact.

THEOREM 1. Suppose all conditions in Lemmal8 are satisfied and the hypotheses
(Hz), (Hs), (f2), (g2), (93), (h2) hold. Then system () has a minimal and a
mazimal solution in the order interval [a,b] provided that

LlTa LQT(X(SQ LgTOé(S;g

Ma+1) " Tla+1) "Tat+n) < )

Proof. By Lemmalll system () is equivalent to the fractional integral equation
(). Consider the order interval [a,b] in C(J, X) which is well defined in view of
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hypothesis (Hz). Define three operators A, B and C on C(J, X) as follows

t

(Au)(t) = up + F(la) /(t —8)* (s, u(s))ds,

0
(Bu)(t) = F(la) /(t — ) Tg(s, u(s)) ds, for teJ,
(OO0 = pgy [ (=97 hs,u(s) s,

where u € X. Clearly the operators A, B, C are well defined on [a,b] in view of
hypotheses (f1), (g1) and (h1). Then fractional integral equation (2) is equivalent
to the operator equation Au(t) + Bu(t) + Cu(t) = u(t), t € J. We shall show
that A, B and C satisfy the conditions of Lemma/[0 on [a, b].

The proof is divided into several steps.
Step 1. Au+ Bu + Cu € B, for every u € B,.

For any u € B, and ¢ > 0, by using Holder inequality, we get
[(Au)(t +0) — (Au)(®)]]

)
1 a-l_ —s)o ! s,u(s s
)O/«t—s) (t 46— )™ ) f(s,u(s)] d

= I
t+6
1 a—1
() / (t+8 =) DIIf (s, u(s))]| ds
< F(la) O/((t —8)7 = (t 46 — 5) (11 (s)||uls)]| + || f(5,0)]) ds
t+4
1 a—1
"I /(t+ 6 = 5)*(L(s)[uls)[ + [ f(s,0)[]) ds
Lip o N .
= T(a+1) (t% = (E+0)% +6%)
F 1+q1 _ 1+q1 14q1\1=n
D)1 4 gy (1 T EHOTR I
Lip o F (14a1)(1=n)
"I+ 1)(S T+ ql)lw‘S
2L1p 5o 1 2F s(+a)(i—n)

~T(a+1) I'(a)(1+q1)t—n
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It is easy to see that the right-hand side of the above inequality tends to zero as
0 — 0. Therefore Au € C(J,X). Using the similar argument, we can get that
Bu e C(J,X), Cu e C(J,X). Therefore Au+ Bu+ Cu € C(J, X).

Moreover, we claim that (A+ B + C)(B,) C B,. If it is not true, then for
each p > 0, there would exist u, € B, and t, € J such that |(Au,+ Bu, +
Cu,)(ty)]| > p. Thus,

p < |l Au, + Bu, + Cu, |
tp
[t =5 s u(s)) + g, u(s)) + s, uo)) ds
0

tp

< luall+ gy [t =9 B )]+ 17,0l

< lwoll +

1
I(a)

+ la(s)wa([lu(s)]]) + Is(s)ws([luls)|)] ds

LlpTa FT(1+111)(1—T]) L2w2 (p)Ta L3’U}3(p)Ta
S ||UO|| + T + 1— .
(a+1)  T(a)(1+4g1)tm I'a+1) I'a+1)
Dividing both sides by p and taking the lower limit as p — oo, we obtain
LT LT LT
< 2 537
MNa+1) TI'(a+1) INa+1)

which is a contradictions with (9). Thus, Au + Bu+ Cu € B,.

From Lemmal [7] we get that system ([I)) is equivalent to the operator equation
(Au)(t) + (Bu)(t) + (Cu)(t) = u(t) for t € J. Now we show that the operator
equation Au + Bu + Cu = u has a least and a greatest solution in [a, b].

Step 2. A is a contraction in B,,.
For any u,v € B, and t € J, according to (f1), we have

t

1 a—1
e e O/<t—8) 1f (s, u(s)) = f(s,v(s))ll ds

t

1
< by [ =" ) = o(s)] ds
0
A el
>~ F(Oé+ 1) u v,
which implies that
LT*
Axr — A < — .
4z = Aylle < L lu=vle
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Therefore, A is a contraction in B, according to the condition ().

Step 3. B is a completely continuous operator and C is a totally bounded
operator.

For any v € B,, Let {u,} be a sequence of B, such that u, — u in B,.
Then, g(s,un(s)) = g(s,u(s)) as n — oo due to the hypotheses (g1). Moreover,
for all t € J, we have ||g(s,un(s)) — g(s,u(s))| < 2lz2(s)wz(p). Note that the
functions s — (t — s)*~12l5(s)wa(p) is integrable on J, and ||u,(s) —u(s)| — 0,
llg(s,un(s)) — g(s,u(s))|| = 0 a.e. s € J as n — oo. By means of the Lebesgue
Dominated Convergence Theorem,

[(Bun)(t) = (Bu) @) / (t =) lg(s, un(s)) — g(s,u(s))|l ds

Therefore, Bu,, — Bu as n — oo which implies that B is continuous.

Now we only need to check that {Bu : u € B,} is relatively compact. For
any u € B, and t € J, we have

[(Bu) (@) < [luoll + (t=5)"""llg(s, u(s))ll ds

1
['(«)

L O Y——

< lluoll + /t—s )* o (s)wa(Jlu(s)]]) ds
Lyws (p)T

< .
< lluoll + T(a+1)

Thus {Bu: v € B,} is uniformly bounded.

In the following, we will show that { Bu : u € B, } is a family of equicontinuous
functions.

For any u € B, and 0 <ty <ty < T, we get

I(Bu)(t2) ~ (Bu)t)| < H / b2 — )71 = (tr — 87 V)g(s, u(s)) ds
+ F(loz) /(tg — S)a_lg(s,u(s))ds

t1
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1 o a—1
<t / 12— )°™" = (81 — )* Vg (s, uls))] ds
+ ey / I(t2 — )™ g(s,u(s))| ds
1 y; a—1 a—1
<t / ((tr — )" = (ta — ) H)la(s)wa(f|u(s)]) ds
1 7 a—1
* ey / (t2 — ) a(s)wa([[u(s)])) ds
Lng(p) o e « L2w2<p) «@
S pas T Bl =00+ L ()
2L2w2<p) «
= I(a+1) (b2 = #2)".

As ty — t; — 0, the right-hand side of the above inequality tends to zero inde-
pendently of u € B,. We get that {Bu : u € B,} is a family of equicontinuous
functions.

In view of the condition (g3) and the Lemma [B] we know that convS, is
compact.

For any t* € J,

Bu) = ) [ (=9 gl ds

P it* ittt
_ li * a—1 "
o) i 2 (= )" a0y vun )
t*
where
k . .
L P RO it*

Since convS, is convex and compact, we know that ¢, € convS,. Hence, for
any t* € J, the set {Bu,}, (n =1,2,...) is relatively compact.
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From Ascoli-Arzela theorem every {Bu,(t)} contains a uniformly convergent
subsequence {Bu,, (t)}, (k =1,2,...) on J. Thus, the set {Bu : w € B,} is
relatively compact.

Step 4. C'is a totally bounded operator.

Since C' is a continuous operator, using the similar argument in Step 3, we
can get that {Cu : u € B,} is also relatively compact, which means that C is
totally bounded. Therefore, C' is a totally bounded operator.

Step 5. A, B and C' are three monotone increasing operators.
Since u,v € C(J, X) with u < v for ¢ € J, according to (f2), we have

t

W) = o [E= 97 Fsu(e) ds

0
1 / a—1 _
< / (- 5)* " f(s,0(s)) ds = (Av)(8).

Hence A is a monotone increasing operator. Similarly, we can conclude that B
and C' are also monotone increasing operators according to (g2) and (hy).

Clearly, K is a normal cone. From (H3) and Definition [[2] we have that
a < Aa+ Ba+ Ca and b > Ab+ Bb+ Cb with a < b. Thus the operators A, B
and C satisfy all the conditions of Lemma [l and hence the operator equation
Au+ Bu+ Cu = u has a least and a greatest solution in [a, b]. Therefore, system
(@) has a minimal and a maximal solution on J. This completes the proof. [J

5. Example

In this section we give an example to illustrate the usefulness of our main
results.

Consider the following the model governed by fractional partial differential
equations:

g; u(t,y) = p(t,ult,y)), a.e. te(0,7T],
u(t,0) = u(t,1) =0, t>0, (10)
U(O, y) = u0(07 y)v Yy e [07 1]7

where g; denotes fractional partial derivative of order o € (0,1), u(t, u(t,y)) =
Ml(ta ’U,(t, y)) + 2 (ta U(t, y)) + p3 (ta ’U,(t, y))

Take X = L2[0,1]. Let u(t)(y) = u(t,y), D u(t)(y) = g; u(t,y). Suppose
that F'(¢,u(t))(y) = u(t, u(t,y)) with f(t u(t))(y) = pa(t,ut,y)), g9(tu(@))(y)
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= pa(t,u(t,y)), h(t,u(t))(y) = us(t,u(t,y)). Then, the system () is the ab-
stract formulation of the model (I0).

We make the following assumptions:

(Ap) the model (I0) has a lower solution u and an upper solution u with u < w.

(A1) p1: J x X — X satisfies the following conditions:
(i) p1 is Lebesgue measurable with respect to ¢ for any (¢,u) € J x X,
(i) there exist functions iy and wq, l;: J — R, is continuous, nonnega-
tive, wy: [0,00) — R is continuous, positive and nondecreasing such
that [|p1(t,uw) — pa(t,0)|| < L(G)wi([Jlu —vf]), t € J for all u,v € X,
where wy ([lu = vl]) = [lu =],
(iii) there exists a n € [0, «) such that || (¢,0)] € Lo (J,R4).
(iv) p1(t,w) is nondecreasing with respect to w.
(A2) po: J x X — X satisfies the following conditions:
(1) pe(t,w)is Lebesgue measurable with respect to ¢ for any (¢,u) € Jx X,
(ii) pe(t,u) is continuous with respect to u for any u € X and almost all
telJ,
(iii) there exist functions Iy and we, lo: J — R4 are continuous and non-
negative, wq: [0,00) — R is continuous, positive and nondecreasing
such that ||p2(t,u)|| < la(t)wa(|ul]), t € J for all u € X.
(iv) pe(t,u) is nondecreasing with respect to u for any u € X and almost
allt € J,
(v) for every t € J, the set S, = {(t — s)* pa(s,u(s)) : u € C(J, X),
s € [0,¢t]} is relatively compact.
(As) ps: J x X — X satisfies the following conditions:
(i) ps(t,u) is Lebesgue measurable with respect to ¢ for any (¢, u) € Jx X,
(i) ps(t,u) is nondecreasing with respect to u for any u € X and almost
allt € J,
(iii) there exist functions /3 and ws, I3: J — R4 are continuous and non-
negative, and ws: [0, 00) — R is continuous, positive and nondecreas-
ing such that ||h(t,u)|| < I3()ws(||u]]), t € J for all u € X,
(iv) for every t € J, the set S, = {(t — s)* L us(s,u(s)) : ve C(J,X),
s € [0,]} is relatively compact.

(A4) for some o, there exists an € > 0 and r = r(e) = (! + 6)3 such that
J ufr(;; ds = oo, i = 1,2,3. Moreover, lim inf “2(") = §, < oo and

lim piggo “f;(ﬂ) = 03 < o0.

Obviously, if £ - 0 4 I'E:(’,gj%, < 1, then all assumptions given in The-

L
I'(a+1) + F%a-ﬁ-l)
orem [I] are satisfied, our results can be applied to the model (I0).
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