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ABSTRACT. In this paper, we study the extremal solutions of Cauchy prob-
lems for abstract fractional differential equations. Some definitions such as
L1-Lipschitz-like, L1-Carathéodory-like and L1-Chandrabhan-like are introduced.
By virtue of the singular integral inequalities with several nonlinearities due to

Medved’, the properties of solutions are given. By using a hybrid fixed point
theorem due to Dhage, existence results for extremal solutions are established.
Finally, we present an example to illustrate our main results.
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1. Introduction

Throughout this paper, (X, ‖ · ‖) will be a Banach spaces, and T > 0,
J := [0, T ]. Let C(J,X) be the Banach space of all continuous functions from J
into X with the norm ‖u‖C := sup{‖u(t)‖ : t ∈ J} for u ∈ C(J,X).

We consider the following Cauchy problems of fractional differential equation{
cDαu(t) = F (t, u(t)), a.e. t ∈ J,
u(0) = u0,

(1)
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where cDα is the Caputo fractional derivative of order α ∈ (0, 1), F (t, u(t)) =

f(t, u(t))+ g(t, u(t))+h(t, u(t)), f : J ×X → X, g : J ×X → X, h : J ×X → X

are given functions satisfying some assumptions that will be specified latter.

Fractional differential equations have been proved to be valuable tools in the

modelling of many phenomena in various fields of biomedical sciences, engineer-

ing, physics and economics. For more details, one can see the monographs of

Diethelm [8], Kilbas et al. [12], Lakshmikantham et al. [13], Miller and Ross [18],

Podlubny [24] and Tarasov [25]. Moreover, fractional differential equations (in-

clusions) and optimal controls in Banach spaces are studied by Balachandran et

al. [2,3], Benchohra et al. [4,5], N’Guérékata [21,22], Mophou and N’Guérékata

[19], Wang et al. [26,27] and Zhou et al. [28–30] and etc.

On the one hand, the existence of extremal solutions for integer differential

equations have been investigated by Aizicovici and Papageorgiou [1], Dhage [6],

Nieto and Rodriguez-López [20] and references therein. On the other hand, the

existence results of extremal solutions for fractional differential equations with

deviating arguments involving Riemann-Liouville derivative has been reported

by Jankowski [11]. To deal with the problem of the existence of extremal solu-

tions, Jankowski applied the well known monotone iterative technique. Recently,

Zhou and Jiao [28] discussed the existence of extremal solutions for discontinu-

ous fractional functional differential equations involving Caputo derivative and

applied the hybrid fixed point methods to study such problems. However, both

the results obtained in [11] and [28] hold only in finite dimensional spaces.

To our knowledge, the problem of the extremal solutions for abstract frac-

tional differential equations has not been studied extensively. In the present

paper, we study the existence of the extremal solutions for system (1) in a Ba-

nach space X. Utilizing fractional calculus, the singular integral inequalities

with several nonlinearities (Lemma 6) and fixed point method, existence results

for the system (1) are presented. Compared with the earlier results obtained in

[28], many more general definitions such as L1-Lipschitz-like, L1-Carathéodory-

like and L1-Chandrabhan-like are introduced. We firstly give an important

result which display the equivalent relationship between the solution (in the

Carathéodory sense) for the system (1) and a Volterra fractional integral equa-

tion. Secondly, we study the properties of solutions for the system (1). Then,

the existence results for extremal solutions are proved by applying the Dhage

hybrid fixed point theorem again.

The rest of this paper is organized as follows. In Section 2, we give some
notations and recall some concepts and preparation results. In Section 3, some
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definitions of solutions such as lower solution, supper solution, maximal solu-
tion, minimal solution and two important lemmas are given. In Section 4, the
existence results for extremal solutions are proved. Finally, we give an example
to illustrate the usefulness of our main results.

2. Preliminaries

In this section, we introduce notations, definitions, and preliminary facts
which are used throughout this paper.

Let us recall the following known definitions. For more details see [12].

���������� 1� The fractional integral of order γ with the lower limit zero for
a function f : [0,∞) → R is defined as

Iγf(t) =
1

Γ(γ)

t∫
0

f(s)

(t− s)1−γ
ds, t > 0, γ > 0,

provided the right side is point-wise defined on [0,∞), where Γ(·) is the gamma
function.

���������� 2� The Riemann-Liouville derivative of order γ with the lower limit
zero for a function f : [0,∞) → R can be written as

LDγf(t) =
1

Γ(n− γ)

dn

dtn

t∫
0

f(s)

(t− s)γ+1−n
ds, t > 0, n− 1 < γ < n.

���������� 3� The Caputo derivative of order γ for a function f : [0,∞) → R

can be written as

cDγf(t) = LDγ

[
f(t)−

n−1∑
k=0

tk

k!
f (k)(0)

]
, t > 0, n− 1 < γ < n.

Remark 1� (i) If f(t) ∈ Cn[0,∞), then

cDγf(t) =
1

Γ(n− γ)

t∫
0

f (n)(s)

(t− s)γ+1−n
ds = In−γf (n)(t), t > 0, n−1 < γ < n.

(ii) The Caputo derivative of a constant is equal to zero.

(iii) If f is an abstract function with values in X, then integrals which appear
in Definitions 1 and 2 are taken in Bochner’s sense.
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Assume that 1 ≤ p ≤ ∞. For measurable functions m : J → R, define the
norm

‖m‖LpJ =

⎧⎪⎪⎨⎪⎪⎩
(∫

J

|m(t)|p dt
) 1

p

, 1 ≤ p < ∞,

inf
µ(J̄)=0

{
sup

t∈J−J̄

|m(t)|
}
, p = ∞

where µ(J̄) is the Lebesgue measure on J̄ . Let Lp(J,R) be the Banach space of
all Lebesgue measurable functions m : J → R with ‖m‖LpJ < ∞.

��		
 1 (Hölder inequality)� Assume that p, q ≥ 1, and 1
p + 1

q = 1. If

φ ∈ Lp(J,R), ϕ ∈ Lq(J,R), then for 1 ≤ q ≤ ∞, φϕ ∈ L1(J,R) and

‖φϕ‖L1J ≤ ‖φ‖LpJ‖ϕ‖LqJ .

��		
 2 (Bochner theorem)� A measurable function f : J → X is Bochner
integrable if ‖f‖ is Lebesgue integrable.

��		
 3 (Mazur lemma)� If K is a compact subset of X, then its convex
closure convK is compact.

��		
 4 (Ascoli-Arzela theorem)� Let W = {s(t)} be a function family of
continuous mappings s : J → X. If W is uniformly bounded and equicontinuous,
and for any t∗ ∈ J, the set {s(t∗)} is relatively compact, then there exists a
uniformly convergent function sequence {sn(t)} (n = 1, 2, . . . , t ∈ J) in W.

���������� 4� An operator S : X → X is called compact if S(X) is a compact
subset of X. S : X → X is called totally bounded if S maps the bounded
subsets of X into the relatively compact subsets of X. Finally, S : X → X is
called a completely continuous operator, if it is a continuous and totally bounded
operator on X.

It is clear that every compact operator is totally bounded, but the converse
may not be true. However, the two notions are equivalent on the bounded
subsets of X.

���������� 5� A nonempty closed set K in a Banach space X is called a cone
if satisfies the following conditions

(i) K +K ⊆ K,

(ii) λK ⊆ K for λ ∈ R, λ ≥ 0 and

(iii) {−K} ∩K = {0}, where 0 is the zero element of X.

We introduce an order relation “ ≤ ” in X as follows. Let z, y ∈ X. Then
z ≤ y if and only if y − z ∈ K.
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���������� 6� A cone K is called normal if the norm ‖ · ‖ is semimonotone
increasing on K, that is, there is a constant N > 0 such that ‖z‖ ≤ N‖y‖ for
all z, y ∈ K with z ≤ y.

It is known that if the cone K is normal in X, then every order-bounded
set in X is norm-bounded. Similarly, the cone K in X is called regular if
every monotone increasing (resp. decreasing) order bounded sequence in X
converges in norm. The details of cones and their properties appear in Heikkilä
and Lakshmikantham [9].

For any a, b ∈ X, a ≤ b, the order interval [a, b] is a set in X given by

[a, b] = {z ∈ X : a ≤ z ≤ b}.
���������� 7� Let X and Y be two ordered Banach spaces. A mapping
S : X → Y is said to be nondecreasing or monotone increasing if z ≤ y implies
Sz ≤ Sy for all z, y ∈ [a, b].

We use the following hybrid fixed point theorem of Dhage [7].

��		
 5 (Hybrid fixed point theorem)� Let X be a Banach space and let
A,B,C : X → X be three monotone increasing operators such that

(i) A is a contraction with contraction constant � < 1,

(ii) B is completely continuous,

(iii) C is totally bounded, and

(iv) there exist elements a and b in X such that

a ≤ Aa+Ba+ Ca and b ≥ Ab+Bb+ Cb with a ≤ b.

Further if the cone K in X is normal, then the operator equation Az +Bz +
Cz = z has a least and a greatest solution in the order interval [a, b].

To end this section, we recalled the following singular integral inequalities
with several nonlinearities which appeared in Medved’ [17].

��		
 6� We make the following assumptions:

(C1): the functions wi : R+ := [0,∞) → R, i = 1, 2, . . . , n are continuous and
positive on (0,∞) such that wi1 ∝ wi2 ∝ · · · ∝ win for some i1, i2, . . . , in ∈
{1, 2, . . . , n} simultaneously different, where wik ∝ wik+1

denotes
wik

wik+1
is

nondecreasing on (0,∞), k = 1, 2, . . . , n.

(C2): the functions v, λi : [0, T ] → (0,∞), i = 1, 2, . . . , N , ∞ > T > 0, are
continuous, nonnegative, and ā is a positive constant.

(C3): 0 < βi < 1, i = 1, 2, . . . , n, βi 
= βj for i 
= j.
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If ε > 0, k ≥ 1 and the function v(t) satisfies the following inequality

v(t)k ≤ ā+

N∑
i=1

t∫
0

(t− s)βi−1λi(s)wi(v(s)) ds

+

n∑
j=N+1

t∫
0

λj(s)wj(v(s)) ds, t ∈ [0, T ],

then

v(t) ≤
⎛⎝W−1

in

[
Win(cin−1) +

t∫
0

λ̂in(s) ds

]⎞⎠
1
kr

, t ∈ J = [0, T ],

where

Wim(v) =

v∫
vm

dσ

[wim(σ
1
kr )]r

, v ≥ vm = W−1
im−1

(vim−1
), v0 > 0

r = r(ε) := q1q2, . . . , qN , qi =
1

βi
+ ε, ε > 0,

βi =
1

1 + zi
, zi > 0, i = 1, 2, . . . , N,

W−1
im

is the inverse function of Wim , c0 = (n+ 1)r−1ār,

cim = W−1
im

[
Wim(cim−1

) +

T∫
0

λ̂im(s) ds

]
, m = 1, 2, . . . , n

λ̂i(t) = T
q̂i−1

(n+ 1)r−1dri e
−rtλi(t)

r, q̂i = q1q2 . . . qi−1qi+1 . . . qN ,

di = c
1
pi
i eT , i = 1, 2, . . . , N, λ̂j(t) = T

r−1
(n+ 1)r−1λj(s)

r,

j = N + 1, . . . , n, pi =
1 + zi + ε

zi + ε
, c := ci = ci(αi, pi) > 0

satisfies the following inequality

t∫
0

(t− s)−αipieβis ds ≤ Ceβit, t ≥ 0, C = C(αipi, βi) > 0,

with αi = 1− βi and the number T ∈ [0, T ] is the largest number such that

T∫
0

λ̂im(s) ds ≤
∞∫

cm−1

dσ

[wim(σ
1
kr )]r

, m = 1, 2, . . . , n.
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Remark 2� This lemma is a generalization of the Henry-Gronwall lemma (see
[10]) and the Pinto integral inequality (see [23]). Its proof is based on a desin-
gularization method developed in the paper [14] (for applications of this method

see [15, 16]). We remark that C = C(αipi, βi) = Γ(1−αipi)

p
1−αipi
i

. Since αipi = 1 for

ε = 0, it is necessary to assume ε > 0. For any ε > 0 the argument 1 − αipi of
the Gamma function is positive and thus C = C(αipi, βi) is a positive number.

3. Some definitions and important lemmas

We give the following definitions in the sequel.

���������� 8 (L1-Lipschitz -like)� A mapping f : J ×X → X is called L1-Lip-
schitz-like if

(i) f(·, u) is Lebesgue measurable for all u ∈ X,

(ii) there exist functions l1 and w1, l1 : J → R+ is continuous, nonnegative,
w1 : [0,∞) → R is continuous, positive and nondecreasing such that

‖f(t, u)− f(t, v)‖ ≤ l1(t)w1(‖u− v‖), t ∈ J

for all u, v ∈ X, where w1(‖u− v‖) = ‖u− v‖.
���������� 9 (L1-Carathéodory-like)� A mapping g : J ×X → X is said to be
Carathéodory if

(i) g(·, u) is Lebesgue measurable for all u ∈ X,

(ii) g(t, u) is continuous with respect to u for any u ∈ X and almost all t ∈ J .

Furthermore, a Carathéodory function g(t, u) is called L1-Carathéodory-like if

(iii) there exist functions l2 and w2, l2 : J → R+ are continuous and nonnega-
tive, w2 : [0,∞) → R is continuous, positive and nondecreasing such that

‖g(t, u)‖ ≤ l2(t)w2(‖u‖), t ∈ J

for all u ∈ X.

���������� 10 (L1-Chandrabhan-like)� A mapping h : J × X → X is said to
be Chandrabhan if

(i) h(·, u) is Lebesgue measurable for all u ∈ X,

(ii) h(t, u) is nondecreasing with respect to u for any u ∈ X and almost all
t ∈ J .

Furthermore, a Chandrabhan function h(t, u) is called L1-Chandrabhan-like if
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(iii) there exist functions l3 and w3, l3 : J → R+ are continuous and nonnega-
tive, and w3 : [0,∞) → R is continuous, positive and nondecreasing such
that

‖h(t, u)‖ ≤ l3(t)w3(‖u‖), t ∈ J,

for all u ∈ X.

���������� 11� A function u ∈ C(J,X) is called a solution of system (1) on J
if

(i) the function u(t) is absolutely continuous on J ,

(ii) u(0) = u0, and

(iii) u satisfies the equation in (1).

We need the following hypotheses in the sequel.

(H1) f , g, h : J ×X → X,

(f1) f is L1-Lipschitz-like, and there exists a η ∈ [0, α) such that ‖f(t, 0)‖ ∈
L

1
η (J,R+),

(g1) g is L1-Carathéodory-like,

(h1) h is L1-Chandrabhan-like.

For any positive constant ρ > 0, let Bρ = {u ∈ C(J,X) : ‖u‖C ≤ ρ}. For
brevity, set

Li = max
t∈J

{li(t)}, i = 1, 2, 3,

q1 =
α− 1

1− η
∈ (−1, 0), F = ‖f(t, 0)‖

L
1
η J

.

��		
 7� Assume that the hypotheses (H1), (f1), (g1) and (h1) hold. A func-
tion u ∈ C(J,X) is a solution of the fractional integral equation

u(t) = u0 +
1

Γ(α)

t∫
0

(t− s)α−1[f(s, u(s)) + g(s, u(s)) + h(s, u(s))] ds, (2)

if and only if u is a solution of the system (1).

P r o o f. For any constants ρ > 0, set u ∈ Bρ. According to (f1), (g1), (h1),
f(t, u(t)), g(t, u(t)), h(t, u(t)) are measurable functions for t ∈ J . Further, we
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have

t∫
0

‖(t− s)α−1f(s, u(s))‖ ds ≤
t∫

0

(t− s)α−1(l1(s)‖u(s)‖+ ‖f(s, 0)‖) ds

≤ L1ρT
α

α
+

FT (1+q1)(1−η)

(1 + q1)1−η
,

t∫
0

‖(t− s)α−1g(s, u(s))‖ ds ≤
t∫

0

(t− s)α−1l2(s)w2(‖u(s)‖) ds

≤ L2w2(ρ)T
α

α
,

t∫
0

‖(t− s)α−1h(s, u(s))‖ ds ≤
t∫

0

(t− s)α−1l3(s)w3(‖u(s)‖) ds

≤ L3w3(ρ)T
α

α
.

It comes from the well known Bochner theorem that (t − s)α−1f(s, u(s)),
(t − s)α−1g(s, u(s)) and (t − s)α−1h(s, u(s)) are Lebesgue integrable with re-
spect to s ∈ [0, t] for all t ∈ J and u ∈ Bρ.

As a result, (t−s)α−1[f(s, u(s))+g(s, u(s))+h(s, u(s))] is Lebesgue integrable
with respect to s ∈ [0, t] for all t ∈ J and u ∈ Bρ.

Let G(τ, s) = (· − τ)−α|τ − s|α−1. Since G(τ, s) is a nonnegative, measurable
function on D = [0, t]× [0, t] for t ∈ J , we have

t∫
0

[ t∫
0

G(τ, s) ds

]
dτ =

∫
D

G(τ, s) ds dτ =

t∫
0

[ t∫
0

G(τ, s) dτ

]
ds

and

∫
D

G(τ, s) ds dτ =

t∫
0

[ t∫
0

G(τ, s) ds

]
dτ =

t∫
0

(t− τ)−α

[ t∫
0

|τ − s|α−1 ds

]
dτ

=

t∫
0

(t− τ)−α

[ τ∫
0

(τ − s)α−1 ds

]
dτ +

t∫
0

(t− τ)−α

[ t∫
τ

(s− τ)α−1 ds

]
dτ

≤ 2Tα

α(1− α)
.
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Since G1(τ, s) = (· − τ)−α(τ − s)α−1g(s, u(s)) is a Lebesgue integrable function
on D = [0, t]× [0, t], we have

t∫
0

dτ

τ∫
0

G1(τ, s) ds =

t∫
0

ds

t∫
s

G1(τ, s) dτ.

Similarly, G2(τ, s) = (· − τ)−α(τ − s)α−1h(s, u(s)) is a Lebesgue integrable
function on D = [0, t]× [0, t], we also have

t∫
0

dτ

τ∫
0

G2(τ, s) ds =

t∫
0

ds

t∫
s

G2(τ, s) dτ.

We now prove that

LDα(Iα[f(t, u(t)) + g(t, u(t)) + h(t, u(t))])

= [f(t, u(t)) + g(t, u(t)) + h(t, u(t))],
(3)

for t ∈ (0, T ], where LDα is Riemann-Liouville fractional derivative.

First, one can verify that

t∫
s

(t− τ)−α(τ − s)α−1 dτ =

t∫
s

(τ − s)α−1(t− τ)−α dτ

= −
t∫

s

(τ − s)α−1(t− τ)−α dt− τ = −
0∫

t−s

(τ − s)α−1η−α dη (let η = t− τ)

=

t−s∫
0

(t− s− η)α−1η−α dη =
Γ(1− α)Γ(α)

Γ(α− α+ 1)
(t− s)α−α = Γ(1 − α)Γ(α).

Second, note that G1(τ, s) = (· − τ)−α(τ − s)α−1g(s, u(s)) and one can derive
the following equality

LDα(Iαg(t, u(t)) =
1

Γ(1− α)Γ(α)

d

dt

t∫
0

(t− τ)−α

[ τ∫
0

(τ − s)q−1g(s, u(s)) ds

]
dτ

=
1

Γ(1− α)Γ(α)

d

dt

t∫
0

dτ

τ∫
0

G1(τ, s) ds
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=
1

Γ(1 − α)Γ(α)

d

dt

t∫
0

ds

t∫
s

G1(τ, s) dτ

=
1

Γ(1 − α)Γ(α)

d

dt

t∫
0

g(s, u(s)) ds

( t∫
s

(t− τ)−α(τ − s)α−1 dτ

)

=
d

dt

t∫
0

g(s, u(s)) ds

= g(t, u(t)).

Similarly, we can get LDα(Iαf(t, u(t))=f(t, u(t)), LDα(Iαh(t, u(t))=h(t, u(t)),
for t ∈ (0, T ] which implies that (3) holds.

If u satisfies the relation (2), then we get that u(t) is absolutely continuous
on J . In fact, for any disjoint family of open intervals {(ai, bi)}1≤i≤n on J with
n∑

i=1

(bi − ai) → 0, we have

n∑
i=1

‖u(bi)− u(ai)‖

≤
n∑

i=1

1

Γ(α)

∥∥∥∥
bi∫

ai

(bi − s)α−1[f(s, u(s)) + g(s, u(s)) + h(s, u(s))] ds

∥∥∥∥
+

n∑
i=1

1

Γ(α)

∥∥∥∥
ai∫
0

(bi − s)α−1[f(s, u(s)) + g(s, u(s)) + h(s, u(s))] ds

−
ai∫
0

(ai − s)α−1[f(s, u(s)) + g(s, u(s)) + h(s, u(s))] ds

∥∥∥∥
≤

n∑
i=1

1

Γ(α)

bi∫
ai

(bi − s)α−1[l1(s)‖u(s)‖+ ‖f(s, 0)‖

+ l2(s)w2(‖u(s)‖) + l3(s)w3(‖u(s)‖)] ds

+

n∑
i=1

1

Γ(α)

ai∫
0

((ai − s)α−1 − (bi − s)α−1)[l1(s)‖u(s)‖+ ‖f(s, 0)‖

+ l2(s)w2(‖u(s)‖) + l3(s)w3(‖u(s)‖)] ds
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≤
n∑

i=1

(
L1ρ(bi − ai)

α

Γ(α+ 1)
+

F (bi − ai)
(1+q1)(1−η)

Γ(α)(1 + q1)1−η

)

+

n∑
i=1

(
L2w2(ρ)(bi − ai)

α

Γ(α+ 1)
+

L3w3(ρ)(bi − ai)
α

Γ(α+ 1)

)

+
n∑

i=1

(
L1ρ(a

α
i − bαi + (bi − ai)

α)

Γ(α+ 1)
+

F (a1+q1
i −b1+q1

i +(bi−ai)
(1+q1)(1−η))

Γ(α)(1 + q1)1−η

)

+

n∑
i=1

(
L2w2(ρ)(a

α
i − bαi + (bi − ai)

α)

Γ(α+ 1)
+

L3w3(ρ)(a
α
i − bαi + (bi − ai)

α)

Γ(α+ 1)

)

≤ 2

n∑
i=1

L1ρ(bi − ai)
α

Γ(α+ 1)
+ 2

n∑
i=1

F (bi − ai)
(1+q1)(1−η)

Γ(α)(1 + q1)1−η

+ 2

n∑
i=1

L2w2(ρ)(bi − ai)
α

Γ(α+ 1)
+ 2

n∑
i=1

L3w3(ρ)(bi − ai)
α

Γ(α+ 1)
→ 0.

Therefore, u(t) is absolutely continuous on J which implies that u(t) is dif-
ferentiable for almost all t ∈ J .

According to the argument above and Remark 1, for almost all t ∈ (0, T ], we
have

cDαu(t) = cDα

[
u0 +

1

Γ(α)

t∫
0

(t−s)α−1[f(s, u(s)) + g(s, u(s)) + h(s, u(s))] ds

]

= cDα

[
1

Γ(α)

t∫
0

(t− s)α−1[f(s, u(s)) + g(s, u(s)) + h(s, u(s))] ds

]
= cDα(Iα[f(t, u(t)) + g(t, u(t)) + h(t, u(t))]

= LDα(Iα[f(t, u(t)) + g(t, u(t)) + h(t, u(t))])

− (Iα[f(t, u(t)) + g(t, u(t)) + h(t, u(t))])t=0
t−α

Γ(1 − α)
.

We need to prove

(Iα[f(s, u(s)) + g(s, u(s)) + h(s, u(s))])t=0 = 0. (4)

In other word, we need to prove∥∥∥∥
t∫

0

(t− s)α−1f(s, u(s)) ds

∥∥∥∥ → 0, as t → 0. (5)
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∥∥∥∥
t∫

0

(t− s)α−1g(s, u(s)) ds

∥∥∥∥ → 0, as t → 0. (6)

∥∥∥∥
t∫

0

(t− s)α−1h(s, u(s)) ds

∥∥∥∥ → 0, as t → 0. (7)

Using our assumptions (f1), (g1), (h1), we have

0 ≤
t∫

0

‖(t− s)α−1f(s, u(s))‖ ds ≤
t∫

0

(t− s)α−1(l1(s)‖u(s)‖+ ‖f(s, 0)‖) ds

≤ L1ρt
α

α
+

Ft(1+q1)(1−η)

(1 + q1)1−η
→ 0, as t → 0.

0 ≤
t∫

0

‖(t− s)α−1g(s, u(s))‖ ds ≤
t∫

0

(t− s)α−1l2(s)w2(‖u(s)‖) ds

≤ L2w2(ρ)t
α

α
→ 0, as t → 0.

0 ≤
t∫

0

‖(t− s)α−1h(s, u(s))‖ ds ≤
t∫

0

(t− s)α−1l3(s)w3(‖u(s)‖) ds

≤ L3w3(ρ)t
α

α
→ 0, as t → 0.

Thus, (5)–(7) hold. This yields that (4) holds.

Since (t−s)α−1[f(s, u(s))+g(s, u(s))+h(s, u(s))] is Lebesgue integrable with
respect to s ∈ [0, t] for all t ∈ J , we known that (Iα[f(s, u(s)) + g(s, u(s)) +
h(s, u(s))])t=0 = 0 which implies that

cDαu(t) = f(t, u(t)) + g(t, u(t)) + h(t, u(t)), a.e. t ∈ J.

Moreover, u(0) = u0. Thus, u ∈ C(J,X) is a solution of system (1). On the
other hand, if u ∈ C(J,X) is a solution of system (1), then u satisfies the integral
equation (2). �

We apply Lemma 6 to study the properties of solutions for the system (1).

��		
 8� Let the functions ω1, ω2, ω3 : [0,∞) → R be as in Lemma 6 for n = 3.
Assume the hypothesis (H1), (f1), (g1) and (h1) hold and there exists an ε > 0
such that ∞∫

0

sr−1

wi(s)r
ds = ∞, i = 1, 2, 3,
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where r = r(ε) := q1q2q3, qi =
1
α + ε, 0 < α < 1, i = 1, 2, 3. Then

lim
t→T

−
sup ‖u(t)‖ < ∞,

for any solution u : [0, T ) → X of the system (1) with 0 < T < ∞, that is, there
exists a constant ρ > 0 and T ∈ (0, T ) such that

‖u(t)‖ ≤ ρ, t ∈ [0, T ].

P r o o f. Assume that u : [0, T ) → X is a continuous solution of the system (1),
where 0 < T < ∞ with lim

t→T
−
sup ‖u(t)‖ = ∞. By Lemma 7, the solution u of

the system (1) is given by the following fractional integral equation

u(t) = u0 +
1

Γ(α)

t∫
0

(t− s)α−1[f(s, u(s)) + g(s, u(s)) + h(s, u(s))] ds.

The hypothesis (f1), (g1) and (h1) yield that

‖u(t)‖ ≤ ‖u0‖+ 1

Γ(α)

t∫
0

(t− s)α−1‖f(s, u(s)) + g(s, u(s)) + h(s, u(s))‖ ds

≤ ‖u0‖+ 1

Γ(α)

t∫
0

(t− s)α−1 [l1(s)w1(‖u(s)‖) + w1(‖f(s, 0)‖)] ds

+
1

Γ(α)

t∫
0

(t− s)α−1 [l2(s)w2(‖u(s)‖) + l3(s)w3(‖u(s)‖)] ds

≤ ‖u0‖+ FT
(1+q1)(1−η)

Γ(α)(1 + q1)1−η
+

1

Γ(α)

3∑
i=1

t∫
0

(t− s)α−1li(s)wi(‖u(s)‖) ds.

Applying Lemma 6 we obtain

Wi3(‖u(t)‖r) ≤ Wi3(κi2) +

t∫
0

l̂i3(s) ds,
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where

κ0 = 4r−1ηr, r = r(ε) :=

(
1

α
+ ε

)3

,

η = ‖u0‖+ FT
(1+q1)(1−η)

Γ(α)(1 + q1)1−η
, κim = W−1

im

[
Wim(κim−1) +

T∫
0

l̂im(s) ds

]
,

Wim(‖v‖) =
‖v‖∫

‖vm‖

1

[wim(σ
1
r )]r

dσ, ‖v‖ ≥ ‖vm‖ = W−1
im−1

(‖vm−1‖),

l̂im(t) = T
q̂im−1

4r−1drim lim(t), q̂1 = q1q2, q̂2 = q1q3,

q̂3 = q1q2, dim = c
1

pim
im

eT ,

cim , pim are constants from Lemma 6 with m = 1, 2, 3 and the functions Wim

are also as Lemma 6 with m = 1, 2, 3. This yields that

‖u(t)‖r∫
‖u(0)‖r

dσ

[wi3(σ
1
r )]r

≤ Wi3(κi2) +

T∫
0

l̂i3(s) ds < ∞. (8)

However,

lim
t→T

−
sup

‖u(t)‖r∫
‖u(0)‖r

dσ

[wi3(σ
1
r )]r

= r

∞∫
0

sr−1

wi3(s)
r
ds = ∞

and this is a contradiction. The proof is completed. �

4. Existence results of extremal solutions

Define the order relation “≤” by the cone K in C(J,X), given by

K =
{
z ∈ C(J,X) : z(t) ≥ 0 for all t ∈ J

}
.

Clearly, the cone K is normal in C(J,X).

���������� 12� A function a ∈ C(J,X) is called a lower solution of system (1)
on J if the function a(t) is absolutely continuous on J , and{

cDαa(t) ≤ F (t, a(t)), a.e. t ∈ J

a(0) ≤ u0.
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���������� 13� A function b ∈ C(J,X) is called a upper solution of system (1)
on J if the function b(t) is absolutely continuous on J , and{

cDαb(t) ≥ F (t, b(t)), a.e. t ∈ J

b(0) ≥ u0.

���������� 14� A function u ∈ C(J,X) is a solution of system (1) on J if it is
a lower as well as a upper solution of system (1) on J .

���������� 15� A solution umax of system (1) is said to be maximal if for any
other solution u to system (1), one has u(t) ≤ umax(t) for all t ∈ J .

���������� 16� A solution umin of system (1) is said to be minimal if if for any
other solution u to system (1), one has umin(t) ≤ u(t) for all t ∈ J .

In addition to the hypotheses in Section 3, we introduce the following hy-
potheses.

(H2) system (1) has a lower solution a and an upper solution b with a ≤ b.

(H3) lim inf
ρ→∞

wi(ρ)

ρ
= δi < ∞, i = 2, 3.

(f2) f(t, u) is nondecreasing with respect to u for any u ∈ X and almost all
t ∈ J .

(g2) g(t, u) is nondecreasing with respect to u for any u ∈ X and almost all
t ∈ J .

(g3) for every t ∈ J , the set Sg =
{
(t−s)α−1g(s, u(s)) : u ∈ C(J,X), s ∈ [0, t]

}
is relatively compact.

(h2) for every t ∈ J , the set Sh =
{
(t−s)α−1h(s, u(s)) : u ∈ C(J,X), s ∈ [0, t]

}
is relatively compact.

����
�	 1� Suppose all conditions in Lemma 8 are satisfied and the hypotheses
(H2), (H3), (f2), (g2), (g3), (h2) hold. Then system (1) has a minimal and a
maximal solution in the order interval [a, b] provided that

L1T
α

Γ(α+ 1)
+

L2T
αδ2

Γ(α+ 1)
+

L3T
αδ3

Γ(α+ 1)
< 1. (9)

P r o o f. By Lemma 7, system (1) is equivalent to the fractional integral equation
(2). Consider the order interval [a, b] in C(J,X) which is well defined in view of
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hypothesis (H2). Define three operators A, B and C on C(J,X) as follows⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(Au)(t) = u0 +
1

Γ(α)

t∫
0

(t− s)α−1f(s, u(s)) ds,

(Bu)(t) =
1

Γ(α)

t∫
0

(t− s)α−1g(s, u(s)) ds, for t ∈ J,

(Cu)(t) =
1

Γ(α)

t∫
0

(t− s)α−1h(s, u(s)) ds,

where u ∈ X. Clearly the operators A,B,C are well defined on [a, b] in view of
hypotheses (f1), (g1) and (h1). Then fractional integral equation (2) is equivalent
to the operator equation Au(t) + Bu(t) + Cu(t) = u(t), t ∈ J. We shall show
that A, B and C satisfy the conditions of Lemma 5 on [a, b].

The proof is divided into several steps.
Step 1. Au+Bu+ Cu ∈ Bρ for every u ∈ Bρ.

For any u ∈ Bρ and δ > 0, by using Hölder inequality, we get

‖(Au)(t+ δ)− (Au)(t)‖

≤ 1

Γ(α)

t∫
0

((t− s)α−1 − (t+ δ − s)α−1)‖f(s, u(s))‖ ds

+
1

Γ(α)

t+δ∫
t

(t+ δ − s)α−1)‖f(s, u(s))‖ ds

≤ 1

Γ(α)

t∫
0

((t− s)α−1 − (t+ δ − s)α−1)(l1(s)‖u(s)‖+ ‖f(s, 0)‖) ds

+
1

Γ(α)

t+δ∫
t

(t+ δ − s)α−1(l1(s)‖u(s)‖+ ‖f(s, 0)‖) ds

≤ L1ρ

Γ(α+ 1)
(tα − (t+ δ)α + δα)

+
F

Γ(α)(1 + q1)1−η

(
t1+q1 − (t+ δ)1+q1 + δ1+q1

)1−η

+
L1ρ

Γ(α+ 1)
δα +

F

Γ(α)(1 + q1)1−η
δ(1+q1)(1−η)

≤ 2L1ρ

Γ(α+ 1)
δα +

2F

Γ(α)(1 + q1)1−η
δ(1+q1)(1−η).
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It is easy to see that the right-hand side of the above inequality tends to zero as
δ → 0. Therefore Au ∈ C(J,X). Using the similar argument, we can get that
Bu ∈ C(J,X), Cu ∈ C(J,X). Therefore Au+Bu+ Cu ∈ C(J,X).

Moreover, we claim that (A + B + C)(Bρ) ⊂ Bρ. If it is not true, then for
each ρ > 0, there would exist uρ ∈ Bρ and tρ ∈ J such that ‖(Auρ + Buρ +
Cuρ)(tρ)‖ > ρ. Thus,

ρ < ‖Auρ +Buρ + Cuρ‖

≤ ‖u0‖+ 1

Γ(α)

tρ∫
0

(tρ − s)α−1‖f(s, u(s)) + g(s, u(s)) + h(s, u(s))‖ ds

≤ ‖u0‖+ 1

Γ(α)

tρ∫
0

(tρ − s)α−1[l1(s)‖u(s)‖+ ‖f(s, 0)‖

+ l2(s)w2(‖u(s)‖) + l3(s)w3(‖u(s)‖)] ds

≤ ‖u0‖+ L1ρT
α

Γ(α+ 1)
+

FT (1+q1)(1−η)

Γ(α)(1 + q1)1−η
+

L2w2(ρ)T
α

Γ(α+ 1)
+

L3w3(ρ)T
α

Γ(α+ 1)
.

Dividing both sides by ρ and taking the lower limit as ρ → ∞, we obtain

1 ≤ L1T
α

Γ(α+ 1)
+

L2T
α

Γ(α+ 1)
δ2 +

L3T
α

Γ(α+ 1)
δ3,

which is a contradictions with (9). Thus, Au+Bu+ Cu ∈ Bρ.

From Lemma 7, we get that system (1) is equivalent to the operator equation
(Au)(t) + (Bu)(t) + (Cu)(t) = u(t) for t ∈ J . Now we show that the operator
equation Au+Bu+ Cu = u has a least and a greatest solution in [a, b].

Step 2. A is a contraction in Bρ.

For any u, v ∈ Bρ and t ∈ J , according to (f1), we have

‖(Au)(t)− (Av)(t)‖ ≤ 1

Γ(α)

t∫
0

(t− s)α−1‖f(s, u(s))− f(s, v(s))‖ ds

≤ 1

Γ(α)

t∫
0

(t− s)α−1l1(s)‖u(s)− v(s)‖ ds

≤ L1T
α

Γ(α+ 1)
‖u− v‖C ,

which implies that

‖Ax−Ay‖C ≤ L1T
α

Γ(α+ 1)
‖u− v‖C .
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Therefore, A is a contraction in Bρ according to the condition (9).

Step 3. B is a completely continuous operator and C is a totally bounded
operator.

For any u ∈ Bρ, Let {un} be a sequence of Bρ such that un → u in Bρ.
Then, g(s, un(s)) → g(s, u(s)) as n → ∞ due to the hypotheses (g1). Moreover,
for all t ∈ J , we have ‖g(s, un(s)) − g(s, u(s))‖ ≤ 2l2(s)w2(ρ). Note that the
functions s → (t− s)α−12l2(s)w2(ρ) is integrable on J , and ‖un(s)− u(s)‖ → 0,
‖g(s, un(s))− g(s, u(s))‖ → 0 a.e. s ∈ J as n → ∞. By means of the Lebesgue
Dominated Convergence Theorem,

‖(Bun)(t)− (Bu)(t)‖ ≤ 1

Γ(α)

t∫
0

(t− s)α−1‖g(s, un(s))− g(s, u(s))‖ ds

→ 0.

Therefore, Bun → Bu as n → ∞ which implies that B is continuous.

Now we only need to check that {Bu : u ∈ Bρ} is relatively compact. For
any u ∈ Bρ and t ∈ J , we have

‖(Bu)(t)‖ ≤ ‖u0‖+ 1

Γ(α)

t∫
0

(t− s)α−1‖g(s, u(s))‖ ds

≤ ‖u0‖+ 1

Γ(α)

t∫
0

(t− s)α−1l2(s)w2(‖u(s)‖) ds

≤ ‖u0‖+ L2w2(ρ)T
α

Γ(α+ 1)
.

Thus {Bu : u ∈ Bρ} is uniformly bounded.

In the following, we will show that {Bu : u ∈ Bρ} is a family of equicontinuous
functions.

For any u ∈ Bρ and 0 ≤ t1 < t2 ≤ T , we get

‖(Bu)(t2)− (Bu)(t1)‖ ≤ 1

Γ(α)

∥∥∥∥
t1∫
0

((t2 − s)
α−1 − (t1 − s)

α−1
)g(s, u(s)) ds

∥∥∥∥
+

1

Γ(α)

∥∥∥∥
t2∫

t1

(t2 − s)
α−1

g(s, u(s)) ds

∥∥∥∥
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≤ 1

Γ(α)

t1∫
0

‖((t2 − s)
α−1 − (t1 − s)

α−1
)g(s, u(s))‖ ds

+
1

Γ(α)

t2∫
t1

‖(t2 − s)
α−1

g(s, u(s))‖ ds

≤ 1

Γ(α)

t1∫
0

((t1 − s)
α−1 − (t2 − s)

α−1
)l2(s)w2(‖u(s)‖) ds

+
1

Γ(α)

t2∫
t1

(t2 − s)
α−1

l2(s)w2(‖u(s)‖) ds

≤ L2w2(ρ)

Γ(α+ 1)
(tα1 − tα2 + (t2 − t1)

α) +
L2w2(ρ)

Γ(α+ 1)
(t2 − t1)

α

≤ 2L2w2(ρ)

Γ(α+ 1)
(t2 − t1)

α.

As t2 − t1 → 0, the right-hand side of the above inequality tends to zero inde-
pendently of u ∈ Bρ. We get that {Bu : u ∈ Bρ} is a family of equicontinuous
functions.

In view of the condition (g3) and the Lemma 3, we know that conv Sg is
compact.

For any t∗ ∈ J ,

(Bun)(t
∗) =

1

Γ(α)

t∗∫
0

(t∗ − s)α−1g(s, un(s)) ds

=
1

Γ(α)
lim
k→∞

k∑
i=1

t∗

k
(t∗ − it∗

k
)α−1g(

it∗

k
, un(

it∗

k
))

=
t∗

Γ(α)
ζn,

where

ζn = lim
k→∞

k∑
i=1

1

k
(t∗ − it∗

k
)α−1g(

it∗

k
, un(

it∗

k
)).

Since conv Sg is convex and compact, we know that ζn ∈ conv Sg. Hence, for
any t∗ ∈ J , the set {Bun}, (n = 1, 2, . . . ) is relatively compact.

788



EXTREMAL SOLUTIONS FOR FRACTIONAL DIFFERENTIAL EQUATIONS

From Ascoli-Arzela theorem every {Bun(t)} contains a uniformly convergent
subsequence {Bunk

(t)}, (k = 1, 2, . . . ) on J . Thus, the set {Bu : u ∈ Bρ} is
relatively compact.

Step 4. C is a totally bounded operator.

Since C is a continuous operator, using the similar argument in Step 3, we
can get that {Cu : u ∈ Bρ} is also relatively compact, which means that C is
totally bounded. Therefore, C is a totally bounded operator.

Step 5. A,B and C are three monotone increasing operators.

Since u, v ∈ C(J,X) with u ≤ v for t ∈ J , according to (f2), we have

(Au)(t) =
1

Γ(α)

t∫
0

(t− s)α−1f(s, u(s)) ds

≤ 1

Γ(α)

t∫
0

(t− s)α−1f(s, v(s)) ds = (Av)(t).

Hence A is a monotone increasing operator. Similarly, we can conclude that B
and C are also monotone increasing operators according to (g2) and (h1).

Clearly, K is a normal cone. From (H2) and Definition 12, we have that
a ≤ Aa+Ba+ Ca and b ≥ Ab +Bb+ Cb with a ≤ b. Thus the operators A,B
and C satisfy all the conditions of Lemma 5 and hence the operator equation
Au+Bu+Cu = u has a least and a greatest solution in [a, b]. Therefore, system
(1) has a minimal and a maximal solution on J . This completes the proof. �

5. Example

In this section we give an example to illustrate the usefulness of our main
results.

Consider the following the model governed by fractional partial differential
equations: ⎧⎪⎪⎨⎪⎪⎩

∂α

∂tα u(t, y) = µ(t, u(t, y)), a.e. t ∈ (0, T ],

u(t, 0) = u(t, 1) = 0, t > 0,

u(0, y) = u0(0, y), y ∈ [0, 1],

(10)

where ∂α

∂tα denotes fractional partial derivative of order α ∈ (0, 1), µ(t, u(t, y)) =
µ1(t, u(t, y)) + µ2(t, u(t, y)) + µ3(t, u(t, y)).

Take X = L2[0, 1]. Let u(t)(y) = u(t, y), cDαu(t)(y) = ∂α

∂tα u(t, y). Suppose

that F (t, u(t))(y) = µ(t, u(t, y)) with f(t, u(t))(y) = µ1(t, u(t, y)), g(t, u(t))(y)
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= µ2(t, u(t, y)), h(t, u(t))(y) = µ3(t, u(t, y)). Then, the system (1) is the ab-
stract formulation of the model (10).

We make the following assumptions:

(A0) the model (10) has a lower solution u and an upper solution u with u ≤ u.

(A1) µ1 : J ×X → X satisfies the following conditions:
(i) µ1 is Lebesgue measurable with respect to t for any (t, u) ∈ J ×X,
(ii) there exist functions l1 and w1, l1 : J → R+ is continuous, nonnega-

tive, w1 : [0,∞) → R is continuous, positive and nondecreasing such
that ‖µ1(t, u) − µ1(t, v)‖ ≤ l1(t)w1(‖u − v‖), t ∈ J for all u, v ∈ X,
where w1(‖u− v‖) = ‖u− v‖,

(iii) there exists a η ∈ [0, α) such that ‖µ1(t, 0)‖ ∈ L
1
η (J,R+).

(iv) µ1(t, u) is nondecreasing with respect to u.

(A2) µ2 : J ×X → X satisfies the following conditions:
(i) µ2(t, u) is Lebesgue measurable with respect to t for any (t, u) ∈ J×X,
(ii) µ2(t, u) is continuous with respect to u for any u ∈ X and almost all

t ∈ J ,
(iii) there exist functions l2 and w2, l2 : J → R+ are continuous and non-

negative, w2 : [0,∞) → R is continuous, positive and nondecreasing
such that ‖µ2(t, u)‖ ≤ l2(t)w2(‖u‖), t ∈ J for all u ∈ X.

(iv) µ2(t, u) is nondecreasing with respect to u for any u ∈ X and almost
all t ∈ J ,

(v) for every t ∈ J , the set Sµ2
= {(t − s)α−1µ2(s, u(s)) : u ∈ C(J,X),

s ∈ [0, t]} is relatively compact.

(A3) µ3 : J ×X → X satisfies the following conditions:
(i) µ3(t, u) is Lebesgue measurable with respect to t for any (t, u) ∈ J×X,
(ii) µ3(t, u) is nondecreasing with respect to u for any u ∈ X and almost

all t ∈ J ,
(iii) there exist functions l3 and w3, l3 : J → R+ are continuous and non-

negative, and w3 : [0,∞) → R is continuous, positive and nondecreas-
ing such that ‖h(t, u)‖ ≤ l3(t)w3(‖u‖), t ∈ J for all u ∈ X,

(iv) for every t ∈ J , the set Sµ3
=

{
(t − s)α−1µ3(s, u(s)) : u ∈ C(J,X),

s ∈ [0, t]
}
is relatively compact.

(A4) for some α, there exists an ε > 0 and r = r(ε) :=
(
1
α + ε

)3
such that

∞∫
0

sr−1

wi(s)r
ds = ∞, i = 1, 2, 3. Moreover, lim inf

ρ→∞
w2(ρ)

ρ = δ2 < ∞ and

lim inf
ρ→∞

w3(ρ)
ρ = δ3 < ∞.

Obviously, if L1T
α

Γ(α+1) +
L2T

αδ2
Γ(α+1) +

L3T
αδ3

Γ(α+1) < 1, then all assumptions given in The-

orem 1 are satisfied, our results can be applied to the model (10).
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[22] N’GUÉRÉKATA, G. M.: Corrigendum: A Cauchy problem for some fractional differen-
tial equations, Commun. Math. Anal. 7 (2009), 11–11.

[23] PINTO, M.: Integral inequalties of Bihari-type and applications, Funkc. Ekvacioj 33
(1990), 387–403.

[24] PODLUBNY, I.: Fractional Differential Equations, Academic Press, San Diego, 1999.
[25] TARASOV, V. E.: Fractional Dynamics: Application of Fractional Calculus to Dynamics

of Particles, Fields and Media, Springer, HEP, 2010.
[26] WANG, J.—ZHOU, Y.: A class of fractional evolution equations and optimal controls,

Nonlinear Anal. 12 (2011), 262–272.
[27] WANG, J.—ZHOU, Y.—WEI, W.: A class of fractional delay nonlinear integrodifferen-

tial controlled systems in Banach spaces, Commun. Nonlinear Sci. Numer. Simulat. 16

(2011), 4049–4059.
[28] ZHOU, Y.—JIAO, F.: Existence of extremal solutions for discontinuous fractional func-

tional differential equations, Int. J. Dyn. Diff. Eq. 2 (2008), 237–252.
[29] ZHOU, Y.—JIAO, F.: Existence of mild solutions for fractional neutral evolution equa-

tions, Comp. Math. Appl. 59 (2010), 1063–1077.
[30] ZHOU, Y.–JIAO, F.: Nonlocal Cauchy problem for fractional evolution equations, Non-

linear Anal. 11 (2010), 4465–4475.

Received 7. 2. 2011
Accepted 14. 5. 2011

* School of Mathematics
and Computer Science
Guizhou Normal College
Guiyang
550018 Guizhou

CHINA

E-mail : wjr9668@126.com
wangjinrong@gznc.edu.cn

**Department of Mathematics

Xiangtan University
Xiangtan
411105 Hunan
CHINA

E-mail : yzhou@xtu.edu.cn

***Department of Mathematical
and Numerical Mathematics
Comenius University
Bratislava
SK–842 15 Bratislava

SLOVAKIA

E-mail : Milan.Medved@fmph.uniba.sk

792


	Abstract
	1. Introduction
	2. Preliminaries
	3. Some definitions and important lemmas
	4. Existence results of extremal solutions
	5. Example
	REFERENCES


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts false
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings true
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldMT
    /ArialMT
    /Times
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /ENU <>
    /DEU <>
    /CZE ()
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [498.898 708.661]
>> setpagedevice




