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ABSTRACT. We prove the classical Phillips Lemma in the setting of measures
defined on effect algebras of sets. This leads to several Vitali-Hahn-Saks-type

results for these measures.
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1. Introduction

In 1982 Schachermayer published his well known memoir 7] on classical pro-
perties of measure theory in non-o-complete Boolean algebras. This memoir
has been a milestone in the development of the modern measure theory. He
introduced the Nikodym (N), Grothendieck (G) and Vitali-Hahn-Saks (VHS)
properties for Boolean algebras. In [2] some of these properties on a more gene-
ral structure, the so-called effect algebras, are studied and it is shown that under
certain conditions an effect algebra has properties (VHS) and (N) for sequences
of o-additive measures. Recently, in [6], [8], [2], [1I, [9], interesting measure
theory results on effect algebras have been obtained.

In this paper we concentrate on the notion of effect algebra of sets ([2]),
which is a weakening of the concept of Dynkin system, inspired in (abstract)
effect algebras [5].
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DEFINITION 1.1. Let L be a family of subsets of a set X. We say that L is an
effect algebra of sets if L satisfies the following conditions:

(1) @ € L.
(2) fa,be Land aNb= @, thenaUb € L.
(3) If a € L, then a® € L.

We study measures defined on an effect algebra of sets and valued on a Banach
space X.

DEFINITION 1.2. Let L be an effect algebra of sets and X a Banach space.

A map pu: L — X is called measure if for every a,b € L such that a Nb = &,
we have that p(aUb) = p(a)+ p(b). If for each sequence of pairwise disjoint sets
(a;); € L we have that p({Ja;) = 3 p(a;) then p is called countably additive

or o-additive. If for every sequence of pairwise disjoint sets (a;), C L, we have
that > u(a;) converges, we say that u is strongly additive. We say that pu is

boundled if sup{||u(a)| : a €L} < oo

We say that a sequence of measures (u;), is pointwise convergent on L if there
exists lim p;(a) for every a € L. We say that a sequence of measures (1;); is
uniformiy strongly additive (USA) if for every sequence of pairwise disjoint sets
(aj); € L, then 11;11 pi(a;) = 0 uniformly in ¢ € N.

We denote by ba(L, X) the space of bounded measures p: L — X. This is
a Banach space with the norm |u|| = sup{||u(a)|| : a € L}. We denote by
sa(L, X) the subspace of ba(L, X) of strongly additive measures. We denote by
ca(L, X) the subspace of o-additive measures.

The following definition is from [2]:

DEFINITION 1.3. Let L be an effect algebra of sets. We will say that L has
the Vitali-Hahn-Saks property (VHS) if every sequence of bounded, real valued
measures (f;); which is pointwise convergent on L must be (USA).

If L satisfies this conditions for sequences of o-additive measures, we will say
that L has the o-Vitali-Hahn-Saks property (o-VHS).

Note that if y: L — R is a bounded measure and (a;); € L is a sequence of
pairwise disjoint sets, then » |pu(a;)| < oo [2].

7
We define now the concept of natural effect algebra of sets [2].
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DEFINITION 1.4. If X is a set, we denote by ¢(X) the family of finite and
cofinite subsets of X, and by ¢(X) the family of finite subsets of X.

If F € P(N) and ¢o(N) C F, we call F natural family [1]. We will say that
F is a natural effect algebra if F is a natural family with structure of effect
algebra.

Let L be an effect algebra of sets. We will say that L is subsequentially
complete (SC) if for each sequence of pairwise disjoint sets (a;), of L there exists
M C N infinite such that |J a; € L. If L is SC, then L is VHS (see [§]).

ieM

The concept of natural family with the S property is defined in [I]. We will
say that a natural effect algebra has the S property if for each pair [(a;),, (b;),]
of disjoint sequences of mutually disjoint elements of ¢o(N), there exists b € F
and M C N infinite such that a; C band bNb; = @ if i € M. In [I] there is
an example of a natural algebra F that has the property S but lacks the SC
property.

In [I0] some interesting results on vector c-additive measures which are de-
fined on Boolean natural algebras which have the S property have been obtained.
In [2] it is shown that the natural effect algebras F which have the S property,
also have the o-VHS property. Also in [6] some other results of measure theory
are obtained on effect algebras.

In this paper we obtain a version of Phillips Lemma for vector measures, not
necessarily o-additive, which are defined on a natural effect algebra that has a
certain property we call (S7) which will be defined in the next section. Finally
we also show some applications of the result to vector measure theory on Boolean
algebras and we will see how the VHS theorems are deduced from our Phillips
Lemma for natural effect algebras.

2. The main result

We will say that a natural effect algebra F has the (S7) property if it satisfies

(a): for every sequence (A;);cy of disjoint elements of F, there exist H C N

infinite and B € F such that |J A; C B C | Ai.
icH i€N
It is easy to prove that a natural effect algebra F with (S7) will also satisfy
the following

(b): If A€ F and B € ¢o(N), then A\ B € F.
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The following theorem is proved in [I1] for scalar measures defined on the
algebra P(N).

THEOREM 2.1. Let F be a natural effect algebra (S1), X a Banach space and
(13); a sequence of sa(F,X). Then we have (1) = (2) = (3) where

1)
(2) timsup{ |l (A)]| : A€ Go(N)} = 0.
(3) tim 3 ua({7) = 0.

lim p,,(A) = 0 for every A € F.

Proof.

(1) = (2) We want to see that for every ¢ > 0 there exists ny such that
[n(A)]| < eif n > ng and A € ¢o(N). Otherwise, there exists ¢ > 0 and
A € ¢o(N) such that for every k € N there exists ng > k with ||, (Ak)|| > €.

There exist n; > 1 and Ay € ¢o(N) such that ||, (A1) > .

Let m; = max A;.

my
We have lim > ||un({7})|| = 0, and we can deduce that there exists I; > nq
n—o0 i)

such that if n > &y, it is 3 [[un({j})]] < £
j=1

There exist ny > Iy and A} € ¢o(N) such that ||pn,(A5)|| > ¢, and if Ay =
A5\ {1,...,m1}, we have

s (AR) ] < Nt (A2) ]+ D Nlna (5D

j<mq

and [\, (A2)|| > e -5 =T,
Let mo = max A;. We have m; < mg and Ay C (mg, mo]. There exists
Iy > ng such that if n > ny itis > [lu.({7})] < .

Jj<me
There exist ng > lo and A5 € ¢o(N) such that ||pn,,(A5)|| > ¢ and if A5 =
AGN\A{1, ... ma}, it is [|n, (A3)]| > 4. Let ms = max A3, we have mo < mg
and Az C (mg, ms].
Put mg := 0. Inductively we obtain sequences m; < mo < -+ < my < ...,
ny < mng < --- <ng < ... of natural numbers and a sequence (Ay), of ¢o(N)

such that:
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(1) Ar C (mp—1, myl.
(2) lpne (ARl > %
3) > eI <.

J<mp_1
For every k € N, we denote Dy, = (my—1,my] and let N = |J L; be an infinite

partition of N in pairwise disjoint, infinite sets. We show that ‘ghere exists jo € N
such that sup{||un, (4)|| : A€ F, AC keL£~Dk} < . Otherwise, for every
J € N there exists E; € F with E; C |J Dy, a]I(l)d [, (E5) || = 5, but (Ej), is a
sequence of disjoint sets of F and thize(f(;ntradicts the fact that p,, is strongly

additive.

We denote M; = L;, and we can suppose that m; < ¢ = minM;. Let

M; = |J R; be an infinite partition of M; in pairwise disjoint, infinite sets, and
J
we deduce as above that there exists R, such that sup{||un, (A)||: Ae F, AC

U Dk} < :. Call My = R;, and we can assume that ¢; < g2 = min M> and
kERh

Mg, < qa.

Inductively we obtain M1 O My O --- 2 M, O ..., a sequence of infinite sets
of Nand ¢1 < ¢2 < -+ < ¢q» < ..., a sequence of N such that if » > 1 then
gr = min M, and my, < ¢;4+1 and sup{||p,, (A)|: Ac F, Ac U D;}<c:.

JEMy i1
Consider M = {q1,q2,---,Gr,-.-} and (A, ),y There exist H C N infinite

and B € F such that |J A, CBC | A4,.
reH reN

If r>1andr e H then B= (BN{l,...,mg.—1})UA, U(B\{1,...,mg.})
Mg, —1
and lpin,, (BOAL-om, bl <0 20 flpn,, (DI < 5

J_
B\{l,....mg,}cBn( U 4,)c U Dy, so we have
j>r+1 JEMy 41

I, (BAAL,..omg D <

and we deduce that ||, (B)|| > %, which is a contradiction.

(2) = (3) If it is false that lim > u,({j}) = 0, we can suppose that there

j
exists € > 0 such that ||} pa({j})|| > £if n € N.
J
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For ny = 1, there exists m1 € N such that || Z tiny ({7})]| > € but from (2)

we deduce that there exists ng > ny such that ||,un2({1 mi})|l < 5 and we
have

| S ] >

Jj=mi+1

and there exists mo > my such that

| S5 sttih)] >

j=mi+1

We denote 47 = {1,...,m1}, As = {m1 + 1,...,m2} and inductively we

obtain a sequence of N, ny < ng < --- < ng < ... and a sequence of disjoint
elements of ¢o(N), (Ax), such that [[u,, (Ag)|| > 5 if & € N and this contra-
dicts (2). O

Remark 2.2. Note that the previous theorem still works if we require F to be
a natural family (not necessarily an effect algebra of sets) satisfying properties
(a) and (b) mentioned above.

Example 2.3. Let

O,={meN: misodd and 1 <m < 2n},

E,={meN: m iseven and 1 <m < 2n}.
Consider the family
F={ACN: (JANE,| —[ANOy|)n ¢ lsc} Ug(N)

It is easy to check that F is a natural effect algebra with S;. On the other
hand F lacks the SC property (it is not subsequentially complete), just consider
(Fpn),, = ({4n —1,4n}),. °

DEFINITION 2.4. Let F be an effect algebra of subsets of a set €2, we will say
that F is LSy if for every sequence (4;),

, of disjoint elements of F there exists

H C N infinite and another sequence (B;), of disjoint elements of F such that

B, = A, ifi € H and F[(B;),] = {M cN: | B; e .7:} is a natural family
ieM
with the S; property.
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THEOREM 2.5. Let X be a Banach space and F an effect algebra of subsets of
a set Q with LS. If (p;), is a sequence of sa(F, X) such that lim p;(A) =0 for
every A € F, then (u;); is USA in F. In particular, we hcweZ that F has the
VHS property.

Proof. If (u;); is not USA, there exists a sequence (A;); of disjoint elements

7
of F and there exists ¢ > 0 such that for certain subsequence of (y;);, that we
denote the same, it is ||p;(A;)|| > €. By the assumption, there exists a sequence
(B;),; of pairwise disjoint elements of 7 and H C N infinite such that B; = A,
if i € H and Fy = F[(B;),] has the (S;) property. We define p; in Fy by

/.,Ll(M):,LLl( U Bz) leEN, Mefo
€M

We have lim p;(M) = 0 in Fo, but if i € H then ||p;({i})|| = ||pi(A)| > e,
and this contradicts theorem 2.1 O

The classic Vitali-Hahn-Saks theorems for a Boolean algebra F have been
obtained in the following situations:

(1) F is o-algebra.

(2) F has the E property of Schachermeyer [7]: every sequence of disjoint

elements has a subsequence such that every further subsequence has supre-

mum.
(3) F is subsequentially complete of Haydon [4]: every sequence has a subse-

quence with supremum.

Also some VHS results have been obtained in the case when F has interpola-
tion properties [3]. But every interpolation property that is known to be enough
for a Boolean algebra to have the VHS property, satisfies that the Boolean al-
gebra quotient the ideal of the elements where certain measure is null satisfies
some of the properties (1), (2) or (3) [3].

If (A;), is a sequence of disjoint elements of F we have:

(1) If F is a o-algebra, then F[(4;),] = P(N).
(2) If Fis E, then F[(A;),] has the (S1) property.
(3) If Fis SC, then F[(A;),] has the (S;) property.

From the version of the Phillips Lemma for effect algebras that we have shown,

the VHS theorems for Boolean algebras until now known have been obtained.

645



(1]
(2]

(8]

A. AIZPURU — S. MORENO-PULIDO — F. RAMBLA-BARRENO
REFERENCES

AIZPURU, A.—GUTIERREZ DAVILA, A.: On the interchange of series and some
applications, Bull. Belg. Math. Soc. Simon Stevin 11 (2004), 409—-430.

AIZPURU, A.—TAMAYO, M.: Classical properties of measure theory on effect algebras,
Fuzzy Sets and Systems 157 (2006), 2139-2143.

AIZPURU, A.: Relaciones entre propiedades de supremo y propiedades de interpolacion
en dlgebras de Boole, Collect. Math. 39 (1988), 115-125 (Spanish).

HAYDON, R.: A nonreflexive Grothendieck space that does not contain loo, Israel J.
Math. 40 (1981), 65-73.

FOULIS, D. J.—BENNETT, H. K.: Effect algebras and unsharp quantum logics, Found.
Phys. 24 (1994), 1331-1352.

GARCIA MAZARIO, F.: Convergence theorems for topological group valued measures
on effect algebras, Bull. Austral. Math. Soc. 64 (2001), 213-231.

SCHACHERMAYER, W.: On some classical measure theoretic theorems for non
o-complete Boolean algebras, Dissertationes Math. (Rozprawy Mat.) 204 (1982), 1-33.
WU, JUNDE—LU, SHIJIE—MA, ZHIHAQO: The Brook-Jewett theorem on effect algebras
with the sequential completeness property, Czechoslovak J. Phys. 53 (2003), 379-383.
HWANG, HONG TAEK—LI, RONGLU—KIM, HUNNAM: Bounded vector measures on
effect algebras, Bull. Austral. Math. Soc 72 (2005), 291-298.

AIZPURU, A—GUTIERREZ DAVILA, A.: Sequences of measures on atomic subalge-
bras of P(N), Quaest. Math. 30 (2007), 381-389.

BHASKARA RAO, K. P. S—BHASKARA RAO, M.: Theory of Charges. A Study of
Finitely Additive Measures. Pure and Applied Mathematics 109, Academic Press, London,
1983.

Received 15. 12. 2010 * Department of Mathematics
Accepted 28. 1. 2012 Faculty of Sciences

646

University of Cddiz
Apdo. 40-11510
Puerto Real (Cddiz)
SPAIN

E-mail: soledad.moreno@uca.es

fernando.rambla@Quca.es



	Abstract
	1. Introduction
	2. The main result
	REFERENCES


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts false
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings true
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldMT
    /ArialMT
    /Times
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /ENU <>
    /DEU <>
    /CZE ()
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [498.898 708.661]
>> setpagedevice




