versi 2o I\/\%flhemoﬁco
ovaca

DOI: 10.2478/s12175-013-0122-5
Math. Slovaca 63 (2013), No. 3, 611-620]

TWO STAGE REGRESSION MODEL
WITH CONSTRAINTS;
ADMISSIBLE SECOND STAGE
PARAMETER ESTIMATION

LuBoMiR KUBACEK

(Communicated by Gejza Wimmer)

ABSTRACT. If a regression experiment is realized in two stages, then two pos-
sibilities can occur in the second stage. Estimates of the first stage parameters
either may be corrected by use of second stage measurements or they must stay
unchanged. In the latter case, this requirement must be taken into account when
estimating the second stage parameters. The situation is a little more complicated
when constraints on both groups of parameters are imposed.
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1. Introduction

A frequently occurring problem, mainly in geodesy, can be described as fol-
lows. In the first stage of the experiment some parameters (the first stage pa-
rameters) are estimated. In the second stage experiment some other parameters
(the second stage parameters) must be estimated, however some first stage pa-
rameters have to be included in the second stage measurement process (in more
detail see [2]). After the second stage experiment it can happen that some con-
straints on the first stage and also on the second stage parameters must be taken
into account. In this situation a frequent requirement is that the estimates of the
first stage parameters must not be corrected after the second stage experiment,
i.e., the second stage measurement must not be used for a more precise esti-
mation of the first stage parameters (in more detail see [3] and [4]). The usual

2010 Mathematics Subject Classification: Primary 62J05.

Keywords: two stage regression model, unbiased linear estimator, constraints, generalized
inverse of a matrix.

Supported by the Council of the Czech Government MSM 6 198 959 214.



LUBOMIR KUBACEK

reason is the fact that in the time between the first stage experiment and the
second stage experiment some engineering objects (buildings, bridges, tunnels,
etc.) were constructed and their position in the state coordinate system is given
by the first stage parameters. They cannot be changed during the existence of
the objects.

In practice the second stage parameters are estimated by the formula given
in Remark 1, however, it is not known, whether these estimators are optimal in
some sense or not.

In this situation the goal is to find an optimal estimator (in some sense) for
the second stage parameters.

Some solutions of the problem are given except in [3] and [4] mainly in [I], [5],
[6], [7], [8]. Here the algorithm is developed which enables us to determine the
best estimator of a given linear function of the second stage parameters. This
algorithm, called the H-optimum estimation, is given as follows. The H-opt-
imum estimator ﬁ minimizes the quantity Tr [H Var(ﬁ)} under the condition
a+CoO + B,B = 0, which holds with probability one. Here H is a positive
semidefinite matrix chosen by a statistician. If H = hh', h € RF  then the
H-optimum estimator 3 minimizes the dispersion h’ Var(,@)h of the estimator of
the function h’(.

A disadvantage of this algorithm is that the dispersions of the estimators of
other linear functions of the second stage parameters can be inadmissible large.
This occurs also in the case that the second stage measurement is much more
precise than the first stage measurement.

Thus it seems that an estimator which would be uniformly optimum, with
respect to all linear functions, will be useful. Unfortunately such estimator does
not exist. Therefore some reasonable admissible estimator is sought.

2. Symbols and preliminaries

The following two stage model will be under consideration

(2) = llo %) (3)(5 2)] +rcormomo 0

where © is the [-dimensional first stage parameter, © is its estimator from the
first stage, Y is the n-dimensional random vector (observation vector of the
second stage), | is the n-dimensional identity matrix, D is an n x [ given matrix,
X is an n X k given matrix with the full rank in columns, i.e. 7(X) =k < n, B is
the second stage unknown k-dimensional parameter, W is the covariance matrix
of the estimator ® and ¥ is a covariance matrix of the observation vector Y.
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Both matrices W and X are known and positive definite. The ¢ x [ matrix C
and ¢ x k matrix B are known and 7(B) = ¢ < k. The g-dimensional vector a is
known. No assumptions on the rank of the matrices D and C are given.

The symbol B~ denotes the class of all generalized inverse B~ of the matrix
B, i.e. BB™B = B. More detail about generalized inverse of the matrix see in
[9]. Analogous meaning has the symbol X~. The symbol (X’ );1(2) means the
minimum X-norm generalized inverse of the matrix X', i.e.

X (X)X =X, S(X)

/
- X' = {z(x’)— x’] .

m(z) m(z)

If X's = h, then s = (X), s, h is of the properties X'(X') o h = h and

VX € (X)) (X hlls < (X)) hls.

Here V{u € R"} ||u|ls = Vu'Su, where R™ is n-dimensional linear vector space.
One version of (X') v, is

X)) = ETXXETIX)

Analogous meaning has the symbol (B’) one version of this matrix

. m(CW e
is
(B')mcwen = (BB + CWC')"'B[B'(BB’ + CWC')™'B]

The symbol Mp, means the projection matrix (in the Euclidean norm) on
the orthogonal complement of the subspace M(B’) = {B’x : x € R}, Mp, =
| - B/(BB')"!B.

The matrix (Mg X'2"'XMp/)*t is the Moore-Penrose generalized inverse
of the matrix Mp/X’X"'XMp/, ie. a matrix AT must satisfy the following

equalities
AATA=A, ATAA* =AT  AAT = (AAT), ATA=(ATA).
In our case
(Mp X'E"'XMp/)*
= (X'S7IX) 7 — (X=X B [B(X'ETIX) IR T B(X'S X)L
Since the estimator © cannot be changed after the second stage experiment,
the aim is to find the linear unbiased estimator 3 of 3, such that a+C©+Bg = 0,
on the basis of Y —D®, ©, W and 3. The random constraints must hold with

probability one.
Instead the model (), the following model

é I, O w, —_WD’ B
(2)
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will be considered. The models () and (2)) are equivalent, since the regular ma-

trix < [I)’ ?) is used for the transformation of the model (Il into the model (2]).

3. Ug-admissible estimators of 3

The linear estimator of 3 in the model (@) is of the form
B=T0+Ty(Y-DO)+t.

LEMMA 1. The class of all linear unbiased estimators B of B which satisfy the
constraints a+ CO® + B3 =0, is

Us = {—B*cé+ (I-B"B)X (Y -D®)-B-a: B-cB~, Xc X*}.

Proof. The estimator fi' is unbiased iff
v{©,8: a+CO +BB =0} Eoy[Ti®+To(Y —DO) +1t] =3,
i.e.
V{©®,8: a+CO+BB =0} T:O+(To.X-1)B+t=0
< FH{E: k xq matrix} T =EC & (T:X—-1)=EB & t = Ea,
i.e.
T, =EC, T,=(I+EB)X", t=Ea.

Thus the estimator is of the form 3 = ECO® + (1 + EB)X~ (Y — D®) + Ea and
it must satisfy the constraints, i.e.

a+C®O +B[ECO + (I + EB)X (Y — DO) + Ea] = 0,
<= a+BEa+ [C+BEC-B(lI+EB)X D])© +B(lI+EB)X"Y =0.

Since ©® = © + €5, eg ~1 (0,W), Y = DO + XB + ey, ey ~y, (0,%), the
constraints can be rewritten as

a+BEa—+ [C+BEC-B(1+EB)X D]®© + B(l+ EB)X D®©

+B(I+ EB)X X8 + (C+ BEC)eg + B(1 + EB)X ey = 0. )

Thus
B(l+EB)X” =0 — B+BEB=0, a+BEa=0,
and from (3)
C+BEC=0 — E=-B~, T,=(I-B B)X~, T, = -BC,
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since
Pley e M(E)=R"} =1, P{ege M(W)=R'}=1,
the constraints must be satisfied for every eg and ey and
a+ BEa+ CO + BECO + B(l + EB)3
=a+CO+BB+BE(a+CO®+Bg3)=0.

(I
LEMMA 2. Let A be any q X | matriz. Then
v{he R} v{B~ € B~} Var {h/[(B’);(AWA,)]’Ae@} < Var(h'B~Acg).
Proof. Let h € M(B'),ie. IH{s: sc RI}B's=h. If s = (B')_ 4y 4\ h, then
regarding the properties of the matrix (B’ );L( AW Ay We have
_ !/ _
Var {I[(B"), aw ) Aca | = B arw an lFiaw
< ||(B")" h||%w 4 = Var [ (B') " Aeg].
O

DEFINITION. The estimator
Bely = { ~[BC+(1-BB)X D|&+(1-BB)X Y—_Ba:
BeB, X" ¢ X*}
is Ug-admissible if
I hy € R*} V{B € Uz} Var(h)B) < Var(h}3).
THEOREM 1. The estimator
B=- [(B,)r_n(cwc')]/(:(:) + {' - [(B/)r_n(cwc')yB}x_Dé
+ {' - [(B/);(CWC’)]/B}Xiy — [(B)owen)a
s Ug-admissible for any X~ € X'~
Proof. Let hg € M(B’). Then 3{u € Rk} hy = B'u and

h(’)B = _ulB [(B/)T_R(CWC’)}/Cé - U,a = —UIC© — u'a,

!/ /
since B |(B');, cyen| =1 and B {I -~ B ewen| B} —o0.

If u is chosen as

u= (B/)m(CWC’)hO’
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then
V{B~ € B} (B)), cwenhollzwe = Ho[(B),owen] CWE (B'),, cywenyho
= Var(hB) < [[(B')” hol 2w
= h)[(B')"]'CWC'(B)~ hy = Var(h}B),
where

B=-BCO-(1-B"B)X DO+ (I-B B)X Y —B-acls.

]
If by € M(1 - B'(B'); cyyen)s then
hB = {1~ [(B) cwen) BX (Y - DO).
The choice
/
X~ [(x/)m(E+DWD’)}
makes the dispersion Var(h] B) of hy ﬁ minimum, i.e.
vixex } Var ({1 - [(B)cwen) B X w s pwon] (Y - DO))
< Var ({1- [(B);cwen] BIX (Y - DO).
Thus
B = —[B)cwen) €@+ {1= (B cwon] B X pwon)
x (Y —=D®) - [(B'), (cwen] (4)

is Ug-admissible estimator and in addition it is valid that for any function h’'3,
where h € M|l - B’(B’)J_M(CWC,] the estimator h’(3 has the smallest dispersion.

The covariance matrix of 3 from (@) is

Var(8) = ([(B)cwen] €+ {1 = [B)cwen] B [<X’>m@+DWD,)]’)
X W{C/(B/) cewen X)L pwpny [V - m(CWC’)}}
+ {1 [B)mowen] BHX s owin) S s
[I — B’(B’)m(cwc,)]. (5)

Remark 1. In practice the estimator
B=08- (XS7'X)"'B [B(X'="'X)"'B'] (BB +CO + a),

616



TWO STAGE REGRESSION MODEL WITH CONSTRAINTS

where B =(X'S"'X)"IX'S" (Y — DO) has been used frequently. The estima-
tor 3 is unbiased and it satisfies the identity a -+ CcO+ B3 = 0 as well. However
we do not know whether this estimator is in general /g-admissible, or not.

4. Examples

Ezxample 1. Let a levelling traverse { A, Py, P», B} between points A, B be con-
sidered. Here P; and P, are points which heights must be determined. The
heights H4 = ©1 and Hg = O, of the points A and B, respectively, are mea-
sured in the first stage, i.e.

(3)[(2) mon]

and the differences Hpy — Ha = 81, Hp, — Hp, = B2 and Hp — Hp, = (33 are
measured in the second stage, i.e.

Y1

Ys | ~3 (138, (0.01m)315) .

Y3

Let 1 = (1,...,1) and e; is the vector with 1 on the ith position and other
entries are zero.

-~

It must be valid that 1’3+ (1, —1)® = 0. The estimator (gl ) must not be
2

changed after the second stage measurement.
We have
X=13, B=1, C=(1,-1), W= (0.05m)’l, X =(0.01m)ls.
The Us-admissible estimator from (@) is

- — / oy _ / _ /
B=—[(B)cwe) CO+ {' — [(B) o cwen) B}[(X,)m(E+DWD’)]
-~ _ !
x (Y —-DO®) — [(B’)m(cwc,)] a
3
and the estimator used in practice is
B=p—(XZ'X)'B[BX'S'X)"'B] (BB +CO +a)
1

— —31(@)1 —0y) + M3Y,

i.e. it is also Ug-admissible estimator. Here M3 = I3 — éll’.

1 ~ 1 1 ~ ~
= — 1(1,_1)®+<l3—311’>Y=—31(91—92)+M3Y
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Ezample 2. Let in the preceding experiment the design of measurement be
changed in the following way

O,
Y: 1, 0, 1, 0, O O,
Yy | ~g 1, 0, 1, 1, 0 B |, (0.01m)315] ,

Y3 17 07 17 17 1 62

B3

1,,3 + (@1 — @2) =0.

Thus
1, 0, O 1, 0
X={1 1, 0|, D=1, 0], C=(1,-1), B=1".

1, 1, 1 1, 0

The Us-admissible estimator from (@) is

/

~

B= — (B cwen) €O+ {1 [(B); cwon] BHX s pwon]

(Y DG)) [( )m(CWC’ ,

0, 0\ (Yi—6s
L 0)[Y—6,

1 ~ ~
= = 101 -©2) + |3— 11’ (
-1, 1) \v3-6,

L 0, —}
<gl> + -1 1, -1 Ys
? 0, -1, 2)\%

and the estimator used in practice is

I
9
WH WH W

B=B-(X3'X)'B[BXZ'X)'B| (BB+CO +a)
-1, 0 é 1, 0, 0 Y;
0, 0 <A1>+ -1, 1, 0 Y,
0, 1) \©2 0, -1, 0/ \vs
(in this case #Z‘]
~ L1011 10, -8, —12
Var(8) = (0.05m)? | 1, 1, 1)+ (0.01m)* | =8, 19, —11
1, 1, 1 -2, —11, 13
z 1 97 07 0 1 9, —97 0
Var(8) = (0.05m)* ) | 0, 0, 0] +(0.01m)* | =9, 18, —9
0, 0, 9 0, -9, 9

618



TWO STAGE REGRESSION MODEL WITH CONSTRAINTS

Var(1'8) = Var(1'8) = 0.0050m? = (0.071m)?,

Var(e]B) = 0.0029m? = (0.054m)2,  Var(e]B) = 0.0026m? = (0.051m)?,
Var(e}8) = 0.0005m? = (0.022m)2,  Var(e,B) = 0.0002m?2 = (0.014m)2,
Var(e}3) = 0.0004m? = (0.020m)?, Var(egé) = 0.0026m? = (0.051m)>.

If W = (*1 2 *1), then

373" 3
Var(h8) = 0.000 395m> = (0.020m)?, Var(hg,é) = 0.000461m? = (0.021m)>.

Some linear function of B may be better estimated by the U/g-admissible
estimator (e.g. €503, h' 3), however e} is better estimated by the procedure
used in practice. The Ug-admissible estimator is not the uniformly (with respect
to the class Ug) best estimator and thus such behaviour of the Uz admissible
estimator must be expected.

5. Conclusion

Two stage regression models with constraints occur frequently mainly in
geodetical practice. A less precise measurement in the first stage can enlarge the
variance of the estimators of the second stage parameters significantly. Therefore
several attempts were made to introduce algorithms which suppress the influ-
ence of the not sufficient precision of the first stage measurement on the variance
of the second stage parameter estimators. They were already mentioned in the
text.

If a single linear function of the second stage parameters is estimated only,
then the H-optimum estimator is a solution.

The aim of the research was to find the class of all U/g-admissible estimators,
however this aim was not attained. Until now it is even not known whether
procedures frequently used in practice are in general U/g-admissible. Therefore
using the U/g-admissible estimator is more safe.
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