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STRONGLY NONATOMIC DENSITIES
DEFINED BY CERTAIN MATRICES

JOHANN Boos* — Torvo LEIGER**

(Communicated by Lajos Molnar)

ABSTRACT. Drewnowski and Pail proved about ten years ago that for any
strongly nonatomic submeasure 7 on the power set P(N) of the set N of all natu-
ral numbers the ideal of all null sets of n has the Nikodym property (NP). They
stated the problem whether the converse is true in general. By presenting an ex-
ample, Alon, Drewnowski and Luczak proved recently that the answer is negative.
Nevertheless, it is of mathematical interest to identify classes of submeasures 7
such that 7 is strongly nonatomic if and only if the set of all null sets of n has
the Nikodym property. In this context, the authors proved some years ago that
this equivalence holds, for instance, if one restricts the attention to the case of
densities defined by regular Riesz matrices or by nonnegative regular Hausdorff
methods. Also sufficient and necessary conditions in terms of the matrix coeffi-
cients are given, that the defined density is strongly nonatomic. In this paper we
extend these investigations to the class of generalized Riesz matrices, introduced
by Drewnowski, Florencio and Padl in 1994.
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1. Preliminaries and introduction

We start with few preliminaries. (Otherwise, the terminology is standard, we
refer to Wilansky [10,11] and Boos [3]).

w denotes the space of all sequences = (z1) in R, and any vector subspace
of w is called a sequence space. Let x be the set of all sequences of 0’s and 1’s
and, if F is any sequence space, let x(F) denote the linear hull of the sequences
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of 0’s and 1’s contained in E. A sequence space E is said to have the Hahn
property (HP), if x(F) C F implies E C F for every FK-space F' (cf. [2]).
Let A = (ank) be an infinite matrix with real entries. The domain ca of A
is defined as c4 = {x Ew| Azx = (E ankxk> € c} where the definition of
k n

Az implies the convergence of the series. Moreover, coa = {x € w | Az € ¢o}

is called the null domain of A. By definition, A is regqular for null sequences

if ¢g C cpa, and it is called regular if ¢ C ¢4 and limoA|. = lim. Note that

A = (ang) is regular for null sequences if all columns of A converge to 0 and

the row norm ||Al| := sup > |ank| is finite. A regular matrix A is called strongly
nok

regular, if ac C c4 where ac denotes the set of all almost convergent sequences.

Let R be aring of sets. By a measure (respectively o-measure) on R we mean
a finitely (respectively countably) additive scalar valued set function defined
on R. A submeasure on R is a nondecreasing, subadditive, nonnegative (in
general, R -valued) set function defined on R and vanishing on the empty set.
We denote by ba(R) the Banach space of all bounded measures on R with the
supremum-norm. By definition, R has the Nikodym Property (NP) if every
pointwise bounded subset M of ba(R) is uniformly bounded (or norm bounded
in ba(R)).

Let A be a class of subsets of N. A sequence of scalars (z,,) is said to be sum-

mable over A if the subseries > =z, converges for every F € A. By definition,
nek

A has the Absolute Summability Property (ASP) if (z,,) € ¢! for any sequence
(z,,) of scalars being summable over A.

Given a nonnegative matrix A = (a,), we define for each E C N,

n—00

T(E) = amxe(k) (neN) and  da(E):=limsupr,(E).
k=1

Clearly, each 7, is a nonnegative (not necessarily finite) o-measure on P(N)
and d4 is a submeasure on P(N). We will often refer to d4 as the submea-
sure or density defined by the matrix A. The elements of the ideal Z4 =
{E C N|das(E) =0} are called da-null set. Obviously, if A is regular for null
sequences, then {k} € Z4 (k € N).

From the view of sequence space theory we consider the sequence space

|Alp :== {1: e L® | > apklzi] — 0 (n — oo)} of all sequences being strongly
k

A-summable to 0 and call it strong null domain of A. Obviously we have
XN|Alo={xe | F € Z4} and x(|A]o) =lin{xg | E € Z4}.
We will make use of the following results:
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PrOPOSITION 1.1. (cf. [8: Proposition 5.2]) Let A be a nonnegative matriz being
reqular for null sequences. If Z, has the ASP, then A has spreading rows, that
18, lim sup a,; = 0.

L

PROPOSITION 1.2. (cf. [4: Theorem 1.5]) Let A be any nonnegative matriz being
regular for null sequences. Then the following conditions are equivalent:

(a) Z4 has the NP.
(b) Z4 has the ASP.

)
(c) x(|Afo)” = ¢
(d) |Alo has the HP.

The problem with Proposition is that its hypothesis, even (b) and (c), are
difficult to check. Thus, further necessary and sufficient conditions for NP are
mathematically interesting.

ProrosITION 1.3. (cf. [8 Proposition 6.3]) If n is a strongly nonatomic sub-
measure on P(N), then the ideal Z(n) == {N € P(N) | n(N) =0} has the NP.
Thereby, n is called strongly nonatomic (on P(N)), if for all € > 0 there exists
a finite partition B, ..., Ex of N withl n(E,) <e (v € Ny).

In connection with the last result, Drewnowski and Pail stated in [§] the
problem whether the converse is true in general. Recently, Alon, Drewnowski
and Luczak have shown in [It Theorem 2.3] — by presenting a deep example
— that the answer is negative. Nevertheless, having this result, it is of math-
ematical interest to identify classes of submeasures 7 such that 7 is strongly
nonatomic if and only if Z(n) has the Nikodym property. Before the negative
result of Alon et al., Drewnowski, Florencio and Paul — aiming to a negative
answer — considered in [7] generalized Riesz matriced] R, » and gave sufficient
conditions in terms of the coefficients of I, ,, such that the generated density
dR, , is strongly nonatomic. In this context the authors proved in [4] that this
equivalence holds, for instance, if one restricts the attention to the case of den-
sities defined by regular Riesz matrices R, or by nonnegative regular Hausdorff
methods H,. Furthermore, the authors investigated in [5] the more general sit-
uation that the densities are defined by sequences of matrices. Also sufficient
and necessary conditions in terms of the matrix coefficients are given in [4], that
the defined density is strongly nonatomic. In the next section we will continue
Drewnowski, Florencio and Paul’s investigations in the case of densities defined
by R . by using methods and results presented in [4].

IWe use the notation N® := NU {0} and Ny, := {1,...,n} (n € N).
2For a definition of Ry m and R, see Section
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In [4] we introduced the following notation: Let (14); be a sequence in N and,

for each t € N, Ny = {N,; | v € N,, } a partition of N, that is, N = Lj N, and
v=1

Nyt NNy = 0 if v # p. Then (V) is called an admissible partition sequence

of N.

Ezample 1.4. If we put v; ==t (t € N) and Ny := {v+rt |r e N} (¢t € N,
v € Ny), then Ny = {N,; | v € N;} is an admissible partition sequence of N.
PROPOSITION 1.5. (cf. [4: Proposition 2.3]) Let A be a nonnegative matrizx being
regular for null sequences. Then the following statements are equivalent:

(a) da is strongly nonatomic.

(b) There exists an admissible partition sequence (Ny) of N such that]
limsuplimsup sup A, =0 where  Anut = Z k- (1.1)

t—o00 n—oo 1<v<y,; KEN, .
Therefore, if (a) or (b) is fulfilled, then Z4 has the NP by Proposition [[3 (and,
equivalently, |Alo has the Hahn property and x(|Alo)? = £* by Proposition [2)).
The following result due to Kuttner and Parameswaran is an essential tool
for constructing suitable admissible partition sequences (NV;) of N.
LEMMA 1.6. (cf. [9: Lemma 2] or [3: Lemma 3.2.15[1) Let {z1,2,...,2,} for

any n € N be a set of non-negative real numbers. Let Z,, := > z, and suppose
=1

that B,, > 0 with z, < B, (v € N,,) and let t € N be arbitmm’l_y given. Then we
can divide the set N,, into t (pairwise disjoint) subsets N1, N, ..., Ny (some of
them may be empty), such that

1
Zzythn—i—Bn (s=1,2,...,¢). (1.2)
VvEN,

2. Generalized Riesz matrices
with strongly nonatomic density

In [t Example 4.3] Drewnowski, Florencio and Pal considered the following
example of a submeasure on P(N): Let p = (p;) be a sequence of positive reals
with p ¢ ¢}, and let v be the countably additive measure

v P(N) — Ry, Ne— > pi
iEN
3As usual, we put > ap :=0.

keD
4A similar version of this lemma is [8 Lemma 6.5].
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and, for any index sequence m = (m,) and S, = N, (n € N), n be the
submeasure
(N NSy)
Y(Sn)
They asked for precise conditions on p and m such that 7 is strongly nonatomic.

Now, we give a partial answer containing the sufficient conditions given in [7t
Example 4.3].

For that we remark that 7 is generated by the matrix Ry, ,,, = (ani) defined
by

n: P(N) — [0,1], N ~— limsup

Prif 1< k< my,
pp = 4 Pron =TT (n, k € N). (2.1)
0 otherwise

Thus we may ask for precise conditions on p and m such that dg, , is strongly
nonatomic (or satisfies the equivalent condition stated in Proposition [[.2]).

We call R, ,, generalized Riesz matriz, and get in the case m,, = n (n € N)
the (ordinary) Riesz matriz Ry, (= R, (n)) (cf. [3t Section 3.2]). In general, R, ,,,
may be understood as the row submatrix of R, that may be obtained from R, by
deleting all the rows of R, with index unequal to m,, (n € N). In the special case
R, = R, 1, the stated problem is completely answered by [4: Theorem 3.1.1].

THEOREM 2.1. (cf. also Remark 2.2c) and the footnote in Problem [23]) Let
p = (pi) be a sequence of positive reals with p ¢ (*.

We consider the following conditions:

(a) dr,,, is strongly nonatomic (on Zg, . ).

1 sup pr =0

(b) Ry m has spreading rows, that is, lim
nooTn < k<m,

v
where P, :== > py.
k=1

Then (a) => (b) holds in general and (b) = (a) is true if at least one of the
following conditions is fulfilled:

(i) lim o sup py =0.
n " 1<k<n

(i) liminf ;™ > 0.

n My 41
R P,
(iii) limsup , ™" < 1.
n Mp41

(iv) There exists an index sequence (p;) and an o € 10,1 such that

Pmu'—l Py,
lim 7 =0 and "' >a (neN\{y;|jeN}).
J Pmuj Pmn
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(v) There exists an index sequence (vj) with v; +1 < vj4q1 (j € N) and an
a € 10,1] such that

Pmu~ Pm
lim 7o=1 and " <a (meN\{y;|jeN}).
J Pmuj+1 Pmn+1

Remark 2.2.

(a) In Theorem [Z1] we did not mention the (general) inclusion condition
T C cor,.,, which implies (a) by [4: Proposition 2.6] and holds for any nonnega-
tive strongly regular matrix A (instead R, ,,). Thereby 7 denotes the set of all
thin sequences (cf. [3t 1.2.4]).

(b) Drewnowski, Florencio and Paiil proved in [7: Example 4.3] that n = dgr,
is strongly nonatomic if (py) is bounded or if (p;) is nondecreasing and (b) holds.
In both cases we are in the case (b)(i) of Theorem 2] so that these cases are
covered by the results in 211

(c) (cf. also the footnote in Problem [2Z3]). The possible cases (i)—(iv) in 21
would be complete if we replace (iv) with the more general condition

lim sup P, =1 and liminf P, =0 (2.2)
n My 41 n Pmn+1
(that contains (v)), but the authors are not yet able to manage this general case.
(d) In the case of regular Riesz matrices R, we have that R, has spreading
rows if and only if (71';’;) € ¢o. The corresponding condition in the case of
regular matrices Ry, ,, is condition (b). However, in general, this condition is
not sufficient for spreading rows of the matrix R, ,, as the following example
shows:
Let m,, =2n —1 (n € N), and let p = (p,,) be defined by

1 i h=on—1
= ’ k,n € N).
Pk {Pk,1 if k= 2n (k,n € )

Obviously, p ¢ 1, (;Z") € cg, and (Pi sup pk> ¢ co since we have
" " 1<k<m,

lim sup Pfi:—l = 5. In particular (cf. [T L2 and [3), |Rym|o does not have
n

HP and dg, ,, is not strongly nonatomic.

Proof of Theorem[21l

(a) = (b): Let dgr,,, be strongly nonatomic. Then, by [4: Proposition 2.8,
(c*)==(i*)==-c)], the matrix R, ,, has spreading rows, that is, (b) holds.

(b) = (a): Now, we assume that R, ,, satisfies (b).

Case (i):
Iflim sup P* =0, then, by the proof of [4: Theorem 3.1.1, (b)==(c*)], the con-
no1<k<n "

dition (L)) is fulfilled for R, and some admissible partition sequence (V) of N.
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Then the condition (L)) is obviously fulfilled for the submatrix R, ,, of R,.
Consequently, dr_ . is strongly nonatomic.

Case (ii):
In the remaining proof, we set A4,, := P, (n € N). Now, let

p,m

Ay
lim inf > 0.

n An+1
Then A n n
limsup "' 7" =limsu <1— " > <1
n P An+1 n P An+1
and therefore we may choose u € |0, 1] and ny € N such that
Apy1— Ay,
+ <u for each n > ng. (2.3)
An—i—l
Let t € N be fixed. By (b), let oz € N be chosen such that a; > ng and
1
flk <, foreach k€N, and n > o. (2.4)
Let (ng) be the index sequence with n; = 1 and (note p ¢ ¢!)
nsy1 =min{r e N| A4, > 24,_}. (2.5)
Then, from ([23) and (2.1) in combination with
Ans+1 _ Ans+1*1 Ans+1 - Ans+1*1 Ans+1
Ans Ans Ans+1 Ans ’
we get
A 2
et > ). 2.6
A, S1-u (s = ou) (2.6)

By Lemma [[L6] for any positive integer s > «a; the set I, := ]mns,mnsﬂ} NN
can be divided into ¢ disjoint subsets (some of them may be empty), say Ny (1),
Ngt(2), ..., Ng(t), such that for each v € Ny we have (cf. (2.4]))

1 1 2
DS D pet An < A (2.7)
kEN (v) kel,

Now, setting

Nm,,, U U Na(1) if v =1,
N, ={ s=a and N; :={N,; | v e N},
U Na(v) if 1 <v <,

(2.8)
we get an admissible partition sequence N := (N;); of N. (Note the remarks
at the corresponding place in the proof of [4: Theorem 3.1.1, (b)==-(c*)].) The
chosen partition N satisfies (1)) as we verify now. For that, let n > n,,, and
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let 7 be chosen such that n, < n < n,y;. Then, on account of (2.3, (2:6) and
27), for each v € N; we have

T
DT S T P Yk T
nS:atkest(z/) S=ay nr s=0

thus

. . 1
lim sup lim sup sup A E pr = 0.
t—o0 n—oo veN; {n kEN,:, k<mn

Therefore, by Proposition [L3 dr, ,, is strongly nonatomic.
Case (iii):
Now, we suppose
A
limsup = " < 1.
n An+1
Then we may chose v > 1 and ng € N such that

An+ 1
An

Consequently, on account of (b) and (2.9), we have

>0 for every n > nyg. (2.9)

lim inf (my, 41 — my,) = 0.
n

Now, let ¢ € N be fixed, and let a; > ng be chosen according to (24). If s > oy,
then, by applying Lemmal[l[.0] we divide the set I := |Jmg, ms+1] NN into disjoint
subsets (some of them may be empty), say Ns:(1), Ngt(2),. .., Ng(t), such that

1 1 2
> m< ; > ope+ pAst1 S Ast (2.10)
kEN.4(v) kel

is fulfilled for each v € N;. Let N := (NV;); be defined as in (2.8). For n >
and v € Ny, on account of (2:9) and (2.10), we have

n

1 221 "A 2«1 W
Z Z pk_tAn—HS;t s+1<t;v5_v

A
"l s—a, keN,, (v)
Therefore

1
lim sup lim sup sup Z pr = 0.

t—o0 n—oo veN An

kEN, 1, k<m,
Again, by Proposition [ dg, ,, is strongly nonatomic.
Case (iv):
We choose an index sequence (1) and an « € ]0, 1] such that
lim A1 _ 0 and An-1 >a (neN\{y;|jeN}). (2.11)
i Ay A,
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Let t € N\ {1} be fixed. Then, by (2II)) and (b), we may choose a jo € N with

Ay 1 . Dk 1
Z <, (4 > jo) and A, <, (k € N,y n>pj).  (2.12)

1
For every j > jo we divide the set ]muj,muj +J N N into finitely many, say r;,
subsets I{,..., I} as follows: We put nq := j; =: 7. Then, if i1 =y +1,
we set r; := 1. If pjp1 > p; + 1, then, having already defined n/ and nl for
1 <r < s we consider

Al = min{u eN| A, > 2Aﬁg} (2.13)
and put
i M4 if 7y < pjers
s . o~
pipr — 1A gy > g
as well (2.14)

rji=s+1 if 0l > piq.
Now, we define

I=]m ;,m; NN (seN,;)

Jy
n’ nl,

where nf;jﬂ i= ptj+1. Then I} =]my,, ,—1,my,; ] NN and, by @I3),

A ]+1 A ]+1 A?’Lj+171 2 ( )
SR =t s=1,...,r; —1). (2.15)
Ané 1471]S+ -1 Ané a ’

Applying Lemmal[LL6] for s = 1,...,r; we divide the set I, 7 into t disjoint subsets
(some of them may be empty), say N7,(1), N2,(2),..., NZ,(t), such that

1 1
z;( )pk <, ijzﬁ A < tAng+1- (2.16)
kEN?, (v kel?
Forn{<n§n{+1 and v =1,...,t we define

j—1 r

m=, B3 8w, Y

i=jo s=1 keNZ,(v)

Ifn=p = nf;jJrl, then, by (Z12) and (2I4)),

A, . 1 24, _3

st(y)

n
kGN] (V)
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Moreover, for n] < n < ”{H and 1 <[ <r; —2we get (cf. 217), 210), I3),
(2.14), @18))

l
1
OSTut(n)STyt(Mj)'FA Z Z Pk

" s=1 keN?, (v)
21
3 S, (2.18)
s=1

<3+4An{+1 _3 42
tt A, Tt ta
Finally, if nf;rl <n < nj_, then by I8) and (ZI6) we obtain

. 1
0 < Ty(n) STut(nijq)"" A Z Pk

n j
keN"’rj—l,t )

Now, if we put

N, U U U N,(1) if v =1,

Nyt =9 o j:'joszl
U U NLw) if 1 <v <,
Jj=jo s=1

and N; := {N,; | v € N;}, we get an admissible partition sequence N := (N;);
of N. Noting that R, ,, is regular for null sequences and using the above esti-
mations we get

1
lim sup lim sup sup Z pr = 0.

t—o0 n—oo veN; {n KEN, . k<mn

Therefore, by Proposition [L3 dg, ,, is strongly nonatomic.

Case (v):

Let (s;) be the subsequence of (n) being complementary to (v;). We consider
the row submatrices of R, ,, say A1) = (aﬁ)) and A®) = (agi)), defined by

) Pff if k<m,,,
ajp = vj .
0 otherwise,
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and

(j,i,k € N).

@ _ Jen i k<mg,
Ajge = :

0 otherwise

It is sufficient to prove that both, the submeasure d 41) and the submeasure d 42

Pml,. —
are strongly nonatomic. In the case of A, by the inequality p "< awe
vig1
get, ’
P, P, Pn, . _
me = M ™t o<1 (jeN),
Myt Myjpi=1 = My

and, by (b)(iii), d4a) is strongly nonatomic. In the case of A for every
i € N, we have either s;41 = s; +1 or s;41 = s; +2. If s;41 = s; + 1, then

P P . .
p =, " < a, whereas, in the case s;11 = s; + 2, we obtain
Msit1 Ms;+1

Pmsi Pmsi Pmsi+1
= < .
Mesit1 Pm-?i'*'l Pm5i+l
Therefore, again by (b)(iii), d4) is strongly nonatomic. d

PrOBLEM 2.3. Complete the distinction of cases in Theorem 21 (cf. Re-
mark 2.2(c), too) or answer the question whether Zg, . has NP whenever (2.2))
is satisfied (may be, T C cor,.,, hOldS)E

Remark 2.4. Let p and m = (m,,) be given as in Theorem 211
(a) If limsupA1 > p, = 0, eg., if limsupA1 sup p, =0
n " My, <v<m,41 n " mp,<v<mpq

. An _ . . An _ .
and s%p(mn — Mpt1) < 00, then hq{bn A = 1, thus hmnmf A= 1> 0;
consequently, dg, . is strongly nonatomic by case (b)(ii) in 2.1l

(b) If lim inf Al > p, > 0, for instance, if — as in the Examples
n " My <V<Mp 41

and [2.0] — there exist an « > 0 and a sequence (v,) in N with m,, < v, < mp41
and Zﬁ“ > «, then lim sup AA" < 1; in particular, dg, ,, is strongly nonatomic

n +1
by case (b)(iii) in 211

5Some time after the reviewing process of this paper Maria Zeltser (Tallin University, Estonia)
has communicated (with proof) to the authors that liminf Ppm" = 0 implies that dg, ,,
n My 41 >

is strongly nonatomic (on Zg, . ) so that in Theorem Tl the statements (a) and (b) are
equivalent.
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Ezample 2.5. (similar to [6: Example 3.12]) For any fixed index sequence (m.,)
with m; =1 and m,, + 1 < my 41 (n € N) we define p = (p,,) inductively by

1 if k < ma,
pi=2 P ifi=mnt1, (€N, n>2). (2.19)
P, +1 A mp+1 <@ <myq

Using this definition of p = (p;) we finally define (m,,): Having fixed m,, for

an n € N we choose an my,; with m, + 1 < my4; such that ]IZ’”"“ < i
My 41

Obviously, p is monotonically increasing, p ¢ ¢*, (5 ") ¢ £ and (7') € co.
Therefore, ¢ C £ Ncg, € cr, C cc, and £ Ncg, as well |Ry|o do not have the
Hahn property (cf. [4f Theorem 3.1.1]). However, if we consider R, ,, defined by
(21), then for R, ,, condition (b) in 2.Tlis fulfilled, and R, ,, has non-decreasing
rows (up to my, in the n'® row). Therefore R, ,, is strongly regular (cf. [3t
Theorem 2.4.9]), thus dg, ,, is strongly nonatomic (cf. [4 Corollary 2.7]).

Now, we modify a little bit Example such that p fulfills still the assump-
tions and condition (b) in 2] but R, ., is not strongly regular.

Ezxample 2.6. For any fixed index sequence (m,,) with m; = 1 and m,+2 < my41
(n € N) we define p = (p,,) inductively by

1 if k< mo,

Py if i =my + 1,

1 if mp,+1<i<mpy; and i =my, + 20 (u € N),
P, ifm,+1<i<mpy1 and i=m, +2u+1 (ueN)

pi = (2.20)

(i,n € N, n > 2). Using this definition of p we finally determine an index
sequence (m,,): Having fixed m,, for an n € N we choose an m,, 11 with m,, +1 <
My 41 such that

—1

P, D, 1 1 1 My 41 )
S =p, S and P+ D pi—pinl ] 2 .
Pmn+1 ]—"mn+1 n Pmn+1 Mp 41 it I ) i+ | 4

Obviously, p ¢ /1, (5:) ¢ > and (') ¢ co. Therefore, ¢ C £ Ncp, and
£ Ncg, as well [R,|o do not have the Hahn property (cf. [4 Theorem 3.1.1}).
However, if we consider Ry ,,, then it is regular and fulfills condition (b) in
21 Moreover, in contrast to Example 25 A is not strongly regular. Since

P < 1 (n e N) we have lim sup PP"““ = 0, that is, we are in case (b)(iii) of

P n M1

n
Theorem LT} so that dg, ,, is strongly nonatomic.
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Ezxample 2.7. For any fixed index sequence (m,,) with m; = 1 and mg, +1 =
Maop+1 and map41 + 1 < Maopto (n € N) we define p = (p,,) inductively by

1 if 4 S ma,
pi=1«1 if @ =maopt1, (i,n eN, n> 1), (2_21)
Pm2n,+1 if mon+1 + 1 S ) S mMan+2

Using this definition of p = (p;) we finally determine the index sequence (my,):
Having fixed ms,, for an n € N, we put ma,+1 = mo, + 1 and choose an maj, 12

with map 1 + 1 < map4o such that ]]jm%“ < Tll
Mon 42

Obviously, p ¢ ¢, (;:) ¢ ¢ and (}') € co. Therefore, ¢ C £ Ncp, and
£ Ncg, as well [R,|o do not have the Hahn property (cf. [4 Theorem 3.1.1}).

However, if we define A by (Z1]), then A is regular and satisfies condition (b)

. . Py,
in[2ZI Note, A is not strongly regular. Because of ﬁg"i; = p ot < 711 (neN)
n Mman+2

we have lim inf AA"
n +1

n

= 0, and because of lim AA% =1 we get lim sup AAn -1
n 2n+41 n il

Therefore, we are obviously in case (b)(iv) of 2] so that dg, ,, is strongly
nonatomic.

3. Remarks on the example
of Alon, Drewnowski and Luczak

Alon et al. consider in [I] the countably additive measure v: P(N) — R,

N > |N| and the submeasure n: P(N) — [0,1], N — limsup 05! where

| Fn
(Fy,) is a suitable fixed family of distinct finite subsets of N. They stated the
following main result:

THEOREM 3.1. (cf. [It Theorem 2.3]) There exists a family (F,) of distinct
finite subsets of N such that the ideal Z(n) has the NP, but n is not strongly
nonatomic.

Correspondingly to the considerations in Section [2] the submeasure 1 can be
generated by the matrix A = (a,x) defined by

! if ke F,
— JIF 1 ny k
Ak = n,k € N). 3.1

k {0 otherwise ( ) (3:1)

Thus, translating Bl into the language of matrix transformations, we get

COROLLARY 3.2. There exists a nonnegative reqular matriz A such that Z4 has
NP and d 4 s not strongly nonatomic.
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The ideal Z(F') constructed in the proof of [1: Theorem 2.3] can be described
as Z4 where A is the matrix defined by (3. Obviously, A can not be a
generalized Riesz mean R, ,, because otherwise we would have p;, =1 (k € N),
thus condition (i) in Theorem 1] would be satisfied, implying that d4, hence
Z(F), would be strongly nonatomic.

1]

(10]

(11]
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