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ABSTRACT. In this paper we use the notion of ideals to extend the convergence
and Cauchy conditions in asymmetric metric spaces. The asymmetry (or rather,
absence of symmetry) of these spaces makes the whole treatment different from
the metric case and we use a genuinely asymmetric condition called (AMA) to
prove many results and show that certain classic results fail in the asymmetric
context if the assumption is dropped.
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1. Introduction and background

Since 1951 when Steinhaus [28] and Fast [IT] defined statistical convergence
for sequences of real numbers, several generalizations and applications of this
notion have been investigated (see [1I, [2], [4]-[10], [12]-[14], [16], [20]-[22],
[24]-127], [29] where many more references can be found). In particular two in-
teresting generalizations of statistical convergence were introduced by Kostyrko
et al [13], using the notion of ideals of the set N of positive integers who named
them as I and [*-convergence. Corresponding I-Cauchy condition was first in-
troduced and studied by Dems [10]. I*-Cauchy sequences has been very recently
introduced by Nabiev et al [22] where they showed that I*-Cauchy sequences
are I-Cauchy and they are equivalent if the ideal I satisfies the condition (AP)
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(this was also done to some extent by Balcerzak et. al. [I]). However two im-
portant questions remained unanswered. Firstly construction of an example of
an I-Cauchy sequence which is not I*-Cauchy and what is the necessary and
sufficient condition for their equivalence. In our very recent works [7] we showed
that under some general assumption, the condition (AP) is both necessary and
sufficient for the equivalence of I and I*-Cauchy conditions and constructed an
example to prove that in general I-Cauchy sequences may not be I*-Cauchy.
Ideal convergence has also been studied in topological spaces [16], in 2-normed
spaces [24], in (I) groups [2], in random 2-normed spaces [20], in probabilistic
normed spaces [21] among others. Further ideal convergence has been extended
to double sequences in [5].

Asymmetric metric spaces (sometimes called quasi-metric spaces) are de-
fined as metric spaces, but without the requirement that the metric d has to
satisfy d(z,y) = d(y,x). These spaces were investigated in past including in
[151 18,23/ [30] and it was observed that an “embarrassing richness of mate-
rial” [30] is revealed without symmetry. Asymmetric metric spaces have also
found recent applications in different spheres of science as can be seen from
[3], [I7]-[19] etc. The uniqueness and primary difference with the metric case
is that in an asymmetric metric space, corresponding to each notion (conver-
gence, Cauchy condition etc.) one can actually consider two notions, namely
forward and backward notions arising for the two natural topologies (forward
and backward topologies) in the same space. In particular in [3] the notions
of asymmetric convergence and Cauchy conditions were studied to some extent.
Our investigation shows that many of these results can be extended using the
more general ideas of I-convergence and [-Cauchy conditions. The investigation
further reveals that as in [3] and recent studies on double sequences [8] (where
the results of [6] had been investigated in asymmetric context), the symmetry
requirement of a metric is not essential for most results and they can be obtained
in the asymmetric metric structure under a genuinely asymmetric condition.

The paper is organized as follows. In Section 2, basic definitions and notions
are described. In Section 3, forward and backward I and I*-convergence are
studied which is the basic requirement for our purpose. In Section 4, asymmetric
I-Cauchy condition is discussed. Finally in Section 5, asymmetric I*-Cauchy
condition is introduced and the stated open problems arc dealt with.
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2. Definitions and notations

We first recall the following basic concepts of an asymmetric metric space
from [3123[30].

DEFINITION 1. A function d: X x X — R is an asymmetric metric and (X, d)
is an asymmetric metric space if

(i) For every z,y € X, d(z,y) > 0 and d(z,y) = 0 if and only if x = y.
(ii) For every x,y,z € X, we have d(z, z) < d(z,y) + d(y, 2).

DEFINITION 2. The forward topology 74 induced by d is the topology generated

by the forward open balls B*(x,¢e) = {y €X: dlz,y < 5} forze X,e>0.
Like wise, the backward topology 7_ induced by d is the topology generated

by the backward open balls B~ (z,¢) = {y €eX: dy,z)< 5} forze X,e>0.

DEFINITION 3. A sequence {z,},en is said to be forward convergent to zp € X,
(respectively backward convergent to xg € X) if and only if

lim d(xg,x,) =0 (respectively  lim d(x,,z¢) = 0)

n—00 n—00

and is denoted by z, £ xo (respectively x, B, xo). In this case we write

F- lim z, = x¢ (respectively B- lim z,, = x¢).
n—oo n—00

DEFINITION 4. A sequence {z,,},en in an asymmetric metric space (X, d) is

(i) forward Cauchy if for each ¢ > 0 there exists a k¥ € N such that for
m>n >k, d(x,, xm) < € holds, and

(ii) backward Cauchy if for each € > 0 there exists a k¥ € N such that for
m >n >k, d(zm,,z,) < € holds.

DEFINITION 5. An asymmetric metric space (X, d) is said to be forward com-
plete if every forward Cauchy sequence is forward convergent in X. Similarly,
we can define backward completeness.

DEFINITION 6. An asymmetric metric space (X, d) is said to be forward (back-
ward) sequentially compact if every sequence in X contains a forward (backward)
convergent subsequence.

DEFINITION 7. Let (X, d) be an asymmetric metric space and A C X. A point
x € X is said to be a forward (backward) accumulation point of the set A, if for

every € > 0, (B*(z,e) \ {z}) N A # 0 (respectively (B~ (z,e) \ {z})N A #0).
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Now we state below a genuinely asymmetric property of an asymmetric metric
space from [3] (see also [§] where this name is given) which will play a very
important role throughout our paper.

DEFINITION 8. An asymmetric metric space (X, d) is said to satisfy approximate
metric axiom (or (AMA)) if there exists a function ¢: X x X — R such that for
any z,y € X,

d(y,z) < c(z,y)d(z,y)

where the function c is such that for any « € X, there is a §, > 0 with the
property that

y € BT (,0,) = c(z,y) < C(x),

where C(x) > 0 depends only on z.

Remark 2.1. Note that if (X,d) is a metric space then evidently it satisfies
(AMA) with the function ¢ defined by c¢(z,y) = 1 for all z,y € X. However
the condition (AMA) is strictly weaker than the requirement of an asymmetric
metric space to be a metric space, as shown by Examples 2.1 (more examples
can be seen from [2]).

Ezxample 2.1. We begin with the simplest example of an asymmetric metric
space. Let a > 0. Then d: R x R — Ry define by

’ alz—y) fy<zx

is obviously an asymmetric metric. This metric satisfies d(y, ) < C(z)d(x,y) for
all z,y € R where C(z) = max{a, | }. This metric there satisfies the conditions
for [2: Proposition 3.3]. Note that 7 and 7_ are the usual topologies on R.

Finally we recall that a non-void class of sets I of a non-empty set X is called
an ideal if

(i) ABel = AUBe€l,

(ii) AeI,BCA = Bel.
If I is an ideal then F(I) = {A C X : A° € I} is filter called the associated
filter of I. I is said to be non-trivial if X ¢ I. Further I is said to be admissible

if {z} € I for all z € X. Throughout the paper we assume I to be a non-trivial
admissible ideal of N, the set of all positive integers.
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3. Asymmetric [/ and [*-convergence

We first introduce the following definition.

DEFINITION 9. A sequence {Z,},en in an asymmetric metric space X is said
to converge forwardly to x with respect to the ideal I if for each ¢ > 0,
A(e) = {neN: d(z,z,) > ¢} € I. In this case we write FI- lim z,, = x

n—oo
(or x, EER Z)-
Similarly, a sequence {z,}nen in an asymmetric metric space X is said to
converge backwardly to = with respect to the ideal I if for each e > 0, B(e) =
{n eN: d(z,,x) > e} € I. This is denoted by BI- lim z, =z (or =, EZN xo)-

n—oo

Note that if T is admissible then forward (backward) convergence of {x,, } nen
implies forward (backward) I-convergence.

THEOREM 3.1. If a sequence {xn}tnen in an asymmetric metric space (X, d)
1s forward I-convergent to xo € X and backward I-convergent to yo € X then

Lo = Yo-

Proof. For each ¢ > 0, A(e)® = {n € N : d(xo,2,) < 5} and B(e)® =

{neN: d(z,,y) < 5} € F(I). Since A(e)° N B(e)® € F(I) and 0 ¢ F(I) so

there exists & € N such that d(zg,zx) < § and d(xy, yo) < 5 which implies
d(wo,y0) < d(xo,zr) + d(Tk, yo) < €.

As € > 0 is arbitrary, we have d(z, y9) = 0, which implies zg = yo. d

The following example shows that in general forward I-convergence does not
imply backward I-convergence and viceversa.

Ezample 3.1. (Sorgenfrey asymmetric metric) Let the function d: R x R — R’
be defined by

d(o.y) = {y—x ty2a,

1 if y<uz.

Then d is an asymmetric metric on R. Here, 71 is the lower limit topology
on R and 7_ is the upper limit topology on R, i.e. Bt (z,e) = [z,2 + ¢) and
B~ (z,e) = (x — &, z], provided € < 1. Let I be any non-trivial admissible ideal
of N. Fix # > 0 in R and let 2, = (1 + }) where n € N. Then clearly {zy }nen
is forward convergent to x and so {x,, } nen forward I-converges to x for any ideal
I. But since {n € N: d(z,,z) > } = N ¢ I hence {x, }nen is not backward
I-convergent to x for any ideal I.
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However we can prove the following result which improves [3: Proposition 3.3].

THEOREM 3.2. Let (X, d) be an asymmetric metric space satisfying the property
(AMA). Then forward I-convergence of {xn}nen implies the backward I-con-
vergence and the limits are same.

Proof. Let {z,}nen be FI-convergent and let FI- lim x,, = z¢. Now d(zy,, o)

n—oo

< e(xo, xn)d(xo, x0) < C(x0)d(z0,2n). Let € > 0 be given. Then {n eN:

d(zn,0) > €} C{neN: c(xo,z,)d(wo,2,) > e} C {n €N: Clzg)d(zo,zn)
> 6} = {n e N: d(zg,xn) > C(io)} € I which implies that BI- lim xz,, = xg.

n—oo
(]

The next example shows that the condition (AMA) is only sufficient but not
necessary.

Ezample 3.2. Let the function d: R" x R™ — R{ be defined by

d(z,0) +d(0,y) if y #=x,
d@,y) = 0 if y==a

where d(z,0) = |310‘ and d(0,x) = |x1‘2 for x # 0.

Let z € R™ and I be any non-trivial admissible ideal of N. First let  # 0.
Let {@,}nen be forward I-convergent to 2. Then {n e N: z, # 2} ={n eN:
d(z,0) +d(0,2,) > |/} = {n € N: d(z,z,) > |} € I. Hence {n € N:
xn, # x} € I. In this case clearly {x, }nen is also backward I-convergent to x.

If £ = 0, for each € > 0, {nEN: d(:rn,O)Zs}:{neN: len\ 25}:
{n e N: ]2 > 52} = {n eN: d0,z,) > 52} € I. Thus in this case also
forward I-convergence of {z, },en implies backward I-convergence.

Now B*(0,e) = {0} U {y ER": |y > \/i } So if y € BT(0,¢) then |y| is
not bounded above, and

1
d(y,()) — [yl _ |y|

Thus any function ¢ satisfying d(y,x) < c(z,y)d(x,y) for every z,y € R™ will
be unbounded in any forward ball of 0. Hence (R",d) does not satisfy (AMA).

In [3] it was proved that if (X, d) is forward sequentially compact then z,, N
= x, Ly 2. Tt is not clear whether this result remains valid if convergence is re-
placed by I-convergence. However if we say that S C X is forward I-sequentially
compact if every sequence {x, }nen in S has a forward convergent subsequence
{Zn, }ren with limit in S where {ny}ren ¢ I, then we have,
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THEOREM 3.3. Let (X,d) be an asymmetric metric space which is forward
I-sequentially compact. Then BI- lim x, =+ — FI- lim z, = x.
n—oo n—oo

Proof. Consider a sequence {z,}nen such that z, BL » for some z e X.
If possible let {x,}nen be not FI-convergent to z. Then there exists g > 0
such that A = {n € N: d(z,2,) > g0} ¢ I. Consider the sequence {z,}nea.
Now {z,}nea is also backward I-convergent to x. Next by forward I-sequential
compactness, there is a subsequence {z,, }ren of {z,}nea and so of {x,}nen
which is forward convergent where {ny}ren ¢ I. Let x,, ByeXask— oo
Then z,, RN y. But since x,,, Br, x, so by Theorem 3.1, z = y. So there exists
K € N such that for £ > K we have d(z,z,,) < €o which is a contradiction.

FI
Hence z,, — . O

NotE 1. If I = I the ideal of all finite subset of N, then Theorem 3.3 coincides
with [3t Lemma 4.2].

We now introduce the following definition.

DEFINITION 10. A sequence {Z,},en In an asymmetric metric space X is said
to be forward I*-convergent to ¢ if and only if there exists a set M € F(I) i.e.
N\MelI, M ={m <mg <mg < - <mg < mpey < ...} such that

lim d((, zy, ) =0, and we write FI*- lim z, = (.
k—o00 n—00

The notion of backward I*-convergence can be similarly defined. If {z, },en
is forward I*-convergent to o and backward I*-convergent to yo then it is easy
to show that zg = yg. Also in general forward [*-convergence does not imply
backward I*-convergence as can be seen by taking the same sequence given in
Example 3.1.

However we can easily prove the following result.

THEOREM 3.4. If (X,d) in an asymmetric metric space satisfying the property
(AMA), then FI*- lim x, = ( implies BI*- lim z, = ( for any sequence
n—00

n—00
{In}nEN mn X.

The converse of Theorem 3.4, is not generally true as can be seen by taking
the same sequence as in Example 3.2.

Remark 3.1. It is easy to observe that (AMA) implies 74 < 7_ i.e. the for-
ward topology is finer than the backward topology (see [2: Proposition 3.3] for
a possible outline of proof. Also the observation follows from the fact that the
forward and backward topologies are both first countable 77 topologies and so

951



PRATULANANDA DAS — SANJOY GHOSAL — SUDIP KUMAR PAL

convergent sequences are sufficient to determine them entirely). Example 3.2
(which is same as [2: Example 3.7]) gives an example of an asymmetric metric
space for which 74 < 7_ but which does not satisfy (AMA). Hence the condi-
tion ‘74 < 77 is strictly weaker than (AMA). Since forward (backward) I and
I*-convergence are actually I and I*-convergence with respect to forward (back-
ward) topology, so it immediately follows that Theorem 3.2 and Theorem 3.4
can be proved under the weaker assumption that the forward topology is finer
than the backward topology.

THEOREM 3.5. Let I be an admissible ideal. If FI*-lim x, =( then FI- lim z,
n—o00 n—00

= (. The same is true for backward case also.

The proof is straightforward.

The general properties of F'I(BI)-convergent sequences are similar to that
of I-convergent sequences ([I3], [16]). As far as the relationship between
FI(BI)-convergence and FI*(BI*)-convergence is concerned we have the fol-
lowing.

THEOREM 3.6. Let (X, d) be an asymmetric metric space.

(a) If X has no forward (backward) accumulation point, then FI(BI)-conver-
gence and FI*(BI*)-convergence coincide for each admissible ideal I C 2%,

(b) If X has an forward (backward) accumulation point (, then there exists an
admissible ideal I C 2N and a sequence {y,}nen of elements of X such
that FI(BI)- lim y, = ¢ but FI*(BI*)- lim y, does not exist.

n—oo n—00

The proof is parallel to [I3t Theorem 3.1]. As in the case of metric spaces,
the equivalence of FI(BI)-convergence and FI*(BI*)-convergence is governed
by the condition (AP) as given below.

CoNDITION (AP). An admissible ideal I C 2V is said to satisfy the condition
(AP) if for every countable family of mutually disjoint sets {A;, As, As,...}
belonging to I there exists a countable family of sets { By, Ba, Bs, ... } such that

A;AB; is a finite set for j € Nand B = J B; € I.
j=1

Note that B; € I for all j € N.

We can now prove the following result.
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THEOREM 3.7. Let I C 2N be an admissible ideal.

(i) If the ideal I has the property (AP) and (X,d) is an arbitrary asymmet-
ric metric space, then for arbitrary sequence {x,}nen of elements of X,
FI(BI)-T}LH;Oxn = ( implies FI*(BI*)-nli_)n;o xn =C.

(ii) If (X,d) has at least one forward (backward) accumulation point and
for arbitrary sequence {xn}nen of elements of X and for each ( € X,
FI(BI)-T}LH;O zn, = C implies FI*(BI*)-nli_{I;O T, = C, then I has the prop-
erty (AP).

The proof is parallel to the proof of [13: Theorem 3.2] and so is omitted.

NoOTE 2. It should be mentioned that Theorems 3.6 and 3.7 are actually special
cases of [16: Theorem 8] when applied to forward (backward) topology.

4. Asymmetric /-Cauchy conditions

As mentioned before, here the I-Cauchy condition (by Dems [10], see also
[1] and [22]) gives rise to two Cauchy conditions associated with forward and
backward I-convergence in an asymmetric space, which naturally extends the
notions of forward and backward Cauchy conditions ([23], see also [3]).

DEFINITION 11. A sequence {z,}nen in an asymmetric metric space (X, d) is
said to be forward I-Cauchy if for each € > 0 there exists an M = M (e) € F(I)
such that for any k € M, {n eN: d(xg,zn) > 5} € I, denoted by FI-Cauchy.

Similarly, a sequence {z,},en in an asymmetric metric space (X, d) is said
to be backward I-Cauchy if for each € > 0 there exists an M = M (¢) € F(I)
such that for any k € M, {n eN: d(xp,x) > 6} € I, denoted by BI-Cauchy.

As in the case of I-convergence, one can observe that in general forward
I-Cauchy condition does not imply backward I-Cauchy condition and they are
equivalent if (X, d) satisfies the property (AMA) which is however not necessary.

LEMMA 4.1. Let (X,d) be an asymmetric metric space. Then for a sequence
{Zn}nen in (X, d), the following conditions are equivalent:
(1) {zn}nen is an FI-Cauchy sequence.

(2) For anye > 0, {k € N: E(e) ¢ I} € I, where Ex(¢) = {n € N :
d(zy,zn) > €} for k € N.
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Proof.

(1) = (2): Let € > 0 be given. Then there exists M € F(I) such that for
any k € M,{n € N: d(zp,x,) > c} € [ ie. Ex(e) € I. So Ex(e) ¢ I implies
k ¢ M. Consequently {k e N: Ey(e)¢ I} C N\ M € I.

(2) = (1): Write M = {k € N: Ei(e) € I}. Then M € F(I). Clearly
k € M implies Ey(c) € I ie. {n € N: d(zg,z,) > ¢} € 1. O

The following example shows that as forward convergence does not imply
forward Cauchy condition, also in general forward I-convergence does not imply
forward I-Cauchy condition.

Ezample 4.1. As before let the function d: R x R — R be defined by

i) y—x if y >z,
x,y) =
Y 1 if y <.

Let I be any non-trivial admissible ideal of N. Then the sequence {Tll}n ey 18
forward I-convergent to 0 because for each ¢ > 0, {n e N: d0,z,) > 5} =
{n eN: i > 6} = {1,2,3,. [1]} € I. But {l}neN is not F'I-Cauchy. Be-
cause for any k € Nand e = 3, Ey(e) = {n e N: d(,,}) >¢} D {k+1,
k+ 2k + 3,...} ¢ I since I is adm1551ble and non-trivial. So {k; € N :

e)¢I}=N¢I.
However we have:

THEOREM 4.1. Let (X, d) be an asymmetric metric space satisfying the property
(AMA). In this situation, if a sequence {x,}nen is FI1(BI)-convergent then it
is FI(BI)-Cauchy.

Proof. Let FI_nh—EI;ox" = 9. Let € > 0 be given. Since C(zg) > 0, A(Qcao))
={n e N: d(@o,zn) > 500, } € L. Let k & A(y0(,,))- Then d(zo,zx) <
QC(ExO). Consequently d(zg,x,) < d(zk,zo) + d(xo,xs) < c(x0,zk)d(z0, TK) +
d(xo, xn) < C(x0)d(x0, 1) + d(20, 70) < § + d(20, Tp).

Hence d(zg,z,) > ¢ — d(:vo,:vn) > 5 and so we have {n e N :
d(xg, xy) > 6} C {n € N: d(zg,zp,) > 2} € I. Therefore Ei(e) = {n e N:
d(zg, y) > 5} € I. Hence {k e N: FEg(e) ¢ I} C A(QC(I )) and so belongs
to I. This implies that the sequence {z, }nen is forward I-Cauchy.

The proof for backward case is similar. O
The above condition is sufficient but not necessary as shown by:
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Ezample 4.2. The asymmetric metric space of Example 3.2, does not satisfy
the property (AMA). But we have already shown that if {x, },en is forward
I-convergent to x where x # 0 then {n € N: z,, # 2} € I. Then for any € > 0,
choosing k € N for which z, = z it is easy to see that {n € N: n >k and
d(zg, Ty) > 5} € I. Hence {x,}nen is also forward I-Cauchy. On the other
hand if z = 0, first note that if {x, }nen is FI-convergent to 0 then it is also
BlI-convergent to 0. For ¢ > 0, choose M = {k € N: d(zx,0) < 5} € F(I).
Then for k € M, {n € N: d(zy,z,) > e} = {n e N: d(zy,0) + d(0,z,) > ¢}
c {neN: d0,z,) > 5} € I. This shows that {z,}nen is again forward
I-Cauchy.

Remark 4.1. Theorem 4.1 can also be proved under the weaker assumption
that 7 < 7_. Note that as the sequence {zy},en is FI-convergent to zo (say)
so it is also BI— convergent to xg by Remark 3.1. therefore

A={keN: d(zg,a) > 5} €1
and

B={neN: d(x,,z9) > 5} €l
and for any k ¢ A we get {n € N: d(z,,2x) > e} C B € I. From this we can
arrive at the conclusion.

THEOREM 4.2. If every FI(BI)-Cauchy sequence in X is FI(BI)-convergent
in X then X is forward (backward) complete.

Proof. Let {z,}nen be a forward Cauchy sequence in (X,d). Let € > 0 be
given. Then there is a P € N such that d(x,,x,,) < ¢ for all m > n > P.
Then d(xp,z,) < € for all n > P. Now E,(¢) = {n € N: d(zp,x,) > e} =
{1,2,3,..., P — 1} € I and by same reasoning Ejy(e) € I for all k > P. Hence
{keN: Ey(e)¢ I} Cc {1,2,...,P —1} € I, and so {zp}nen is a FI-Cauchy
sequence. By our assumption {z,},en is a FI-convergent sequence in X and
so there exists a point zy € X such that FI- lim x,, = z9. Then A(e) =

n—oo

{neN: d(wo,xn) >} €I forany e > 0. Put kg =0 and for e, = |, n € N,
pick inductively k, € N\ ({0,1,2,...,k,—1} U A(ey)). Then d(zg,zy,) < | for
all n € N and so {zk, }nen is a forward convergent subsequence of {z, }nen.
Therefore by [2: Lemma 4.3] (X, d) is forward complete.

The proof for backward case is similar. ([l

For the converse we have the following result (though we had initially proved
the result using (AMA), the following proof was suggested by one of the referees
which shows that the result can be proved without the requirement of (AMA)).
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THEOREM 4.3. If (X,d) is a forward (backward) complete asymmetric metric
space then every FI(BI)-Cauchy sequence is FI1(BI)-convergent in X .

Proof. For any j € N we put ¢; = ;. Since {2y }nen is FI-Cauchy, for each
J € N there exists M; € F(I) such that

(Vk € Mj)(Ek(sj) —{neN: dlag 1) > e} € I).

We choose k1 € My, ko € My \ [Ex, (1) U{1,2,3,...,k1}], ks € M3\ [E,(e2) U
{1,2,3,..., k2}] etc. Note that M\ [Ex; () U{1,2,3,...,k;}] is always non-
empty, since M;1 € F(I) and Ey,(¢;) U{1,2,3,...,k;} € I. In this way we
obtain a sequence {zy, } jen with the property

1

d(xkj,xk 9;

j+1) <égj=

which implies easily
1
d(z;, 1) < 01
for each | > j. O

Hence the sequence {wy, }jen is forward Cauchy and, consequently, it is for-
ward convergent to some point xg.
Now, for any given € > 0 we can choose j such that d(zo,zy,) < 5 andg; < 3,
and thus
d(xo, rn) < d(xo, Tk;) + d(Th;, T0) < €
whenever n ¢ Ej, (e;). Since Ex, (g;) € I, this implies the forward I-convergence
of the sequence {x, }nen to xg.

LEMMA 4.2. Let (X,d) be an asymmetric metric space. If a sequence {x,}nen
is FI-Cauchy then for any € > 0, there is a k € N such that {n eN: n>k,
d(zp,zn) > e} 1.

Proof. Foranye >0, {k€eN: Ey(c) € I} # 0 (by Lemma 4.1) which implies
that {x, }nen satisfies the above condition. O

Combining Lemmas 4.1 and 4.2 in the following theorem we show that
FI-Cauchy condition can be formulated in a different but equivalent form as
in [I0] under some additional assumption.

THEOREM 4.4. Let (X,d) be an asymmetric metric space which satisfies the
property (AMA) where the corresponding function C(x) is bounded. Then for a
sequence {xy tnen of points in (X,d), the following conditions are equivalent:

(1) {zn}tnen is an FI(BI)-Cauchy sequence.

556



EXTENDING ASYMMETRIC CONVERGENCE AND CAUCHY CONDITION USING IDEALS

(2) For anye >0, there is a k € N such that {n € N: n >k, d(zx,z,) >¢c}

el.
(3) For any € > 0 there exists a set D € I such that mn ¢ D —
d(Xp, xy) < €.

(4) For anye >0, {keN: Ey(c) ¢ I} el.

Proof.
(1) = (2). Follows from Lemma 4.2.

(2) = (3). Let ¢ > 0 be given. Since C(z) bounded we can choose a
positive real number M such that C(z) < M. Put D = Ek(MEH) where k € N
is chosen for  © | in the I-Cauchy condition for {z,},en. Thus D € I and any
m,n¢ D = d(xg,m) < 57 and d(zg, xn) < 575,

Now d(Tm,Tn) < d(Tm,zk) + d(@k, Tn) < (Tk, Tm)d(Tk, Tm) + d(xg, ) <
C(zr)d(xk, Tm) + d(@k, zn) < Md(zg, ) + d(zg, x,) < ]\%_gl + 1 = €
(3) = (4). Let ¢ > 0 and D is chosen as in (3). We shall show that
{keN: Ey(e) ¢ I} C D. Let k € N be such that Ej(¢) ¢ I. Suppose that
k ¢ D. Pick an n € Ey(e) \ D. Thus d(zy,z,) > ¢ by definition of Fx(¢). But
k,n ¢ D implies d(zy,z,) < € by (3), a contradiction.

(4) = (1). Follows from Lemma 4.1.

The proof for backward case is similar. O

Remark 4.2. It should be noted in Theorem 4.4 that the condition (3) implies
the FI(BI)-Cauchy condition in any asymmetric metric space (this fact will
be used in Theorem 5.3). However we need the additional assumption on the
asymmetric metric space only to prove the implication (1) = (3). That the
assumption is essential can be easily observed by taking the sequence {";1 bnen
in the asymmetric metric space of Example 4.1, which is I-forward Cauchy but
it does not satisfy the condition (3).

That the condition (AMA) is not necessary can be easily checked by taking
the asymmetric metric space of Example 3.2. Let {x,, }nen be FI-Cauchy.

Let € > 0 be given and choose § > 0 such that V8 < e. Then there is a
K € N such that A = {n eN: n>K and d(zgk,z,) > 156} € I. Choose D =
AU{1,2,3,...,K —1}. Then m,n ¢ D = d(zg,zm) < J, d(zk,z0) < .
But then \mlxl < [ and leml < \{1‘5. Hence d(zp,, xy) < d(@m, vx)+d(x K, ) <
il F o T s <VO<e

|z
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5. Asymmetric /*-Cauchy conditions and condition (AP)

Just as FI(BI)-Cauchy condition can be formulated from the concept of
FI(BI)-convergence, it seems natural to consider a Cauchy like condition asso-
ciated with F'I*(BI*)-convergence. In this section we do that and extend the
results of [22] and [7] to asymmetric context. Our investigation reveals that
symmetry is not required for any of these results and we can prove them under
the condition (AMA).

We will now consider the following definition:

DEFINITION 12. A sequence {z,}nen in an asymmetric metric space (X, d) is
said to be forward I*-Cauchy if there exists a M € F(I) such that the sequence
{xn }nenm is forward Cauchy. It is denoted by FI*-Cauchy.

Similarly, a sequence {z,},en in an asymmetric metric space (X, d) is said
to be backward I*-Cauchy if there exists a M € F(I) such that the sequence
{Zn}nem is backward Cauchy. It is denoted by BI*-Cauchy.

THEOREM 5.1. In an asymmetric metric space (X,d) an FI*(BI*)-Cauchy
sequence {xp tnen is also FI(BI)-Cauchy.

The proof is parallel to [22t Theorem 3].
The following example shows that the converse of the above theorem is not
always true.

Ezample 5.1. Let (X, d) be the asymmetric metric space of Example 2.1. Let

N = J A, be a decomposition of N such that each A; is infinite and A;NA; # ()
jEN

for i]; j. Let I be the class of all those subsets A of N that can intersect only

finite number of A;’s. Then [ is a non-trivial admissible ideal.

Now {}}nen is forward Cauchy in (X,d). Define a sequence {zy}nen by
Ty = ; if n € Aj. Let ¢ > 0 be given. Then there is a & € N such that
d(}“%) < 5 whenever n > m > k. Now B = AjUAyU---UA, € I and
clearly m,n ¢ B = d(2y,,z,) < &. Thus for any k € B¢ € F(I), {n € N:
d(xg,xy) > 6} C B and so belongs to I. Hence {x,}nen is F'I-Cauchy.

Next we shall show that {z), },en is not FI*-Cauchy. If possible assume that
{Zn}nen is FI*-Cauchy. Then there is a A € F(I) such that {x, } e is forward
Cauchy. Since N\ A € I so there exists a | € N such that N\A C AjUAU- - -UA,.
But then A; C A for all ¢ > [. In particular Ajy1,A;42 C A. From the
construction of A;’s it clearly follows that given any k € N there are m € A4
and n € Ajyo such that m,n > k. Hence there is no k£ € N such that whenever
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m,n € A with m,n > k then d(x,,, z,) > €y where gy = > (0. This

1
3(14+1)(1+2)
contradicts the fact that {z,}nea is forward Cauchy.

Observe that the above example is true for backward case also.
The following theorem may act as a converse.

THEOREM 5.2. Let (X, d) be an asymmetric metric space satisfying the condition
of Theorem 4.4 and let I be an admissible ideal which satisfies the condition
(AP). Then for any sequence {xn tnen in X, FI(BI)-Cauchy condition implies
FI*(BI*)-Cauchy condition.

Proof. Let {x), }nen be FI-Cauchy. Then for each p € N, there exists a K, € I

such that m,n ¢ K, implies d(z,z,) < 11). Let Ay = K3, Ay = Ky \ Ky,

A3 =K3\(K1UK2), ey Al ZKI‘\(K1UK2UK3U“-UK¢,1), and so on.

Then {A4; : i =1,2,3,...}is acountable family of mutually disjoint sets in I. By

the condition (AP) there exists a countable family of sets {B; : i =1,2,3,...}

in I such that A;AB; is finite for each j € N and B € I where |JB; = B. Let
J

M =N\ B. Then M € F(I). We will show that {z,,},en is forward Cauchy.
Let € > 0 be given. Choose [ € N such that % < e. Now
¢

¢
K\ Bc | J(A\B) c [ J(4:\ By).
i=1 i=1
Since by the condition (AP), A;\ B; is finite for i = 1 to [, we can choose ng € N
¢
such that Kg\B C U (AZ\BZ) C {1,2,...,’[’1,0}, ie. KjNM C {1,2,...,’[’1,0}.

=1
Since M € F(I) and I is admissible so we can choose n; € M such that ny > nyg.

Now i, j € Mandi>j>n = i,j ¢ Ky = d(w;,z;) < , <e. This
shows that {z, : n € M} is forward Cauchy and so {z,}nen is FI*-Cauchy.
The proof for backward case is similar. (|

THEOREM 5.3. Let (X, d) be an asymmetric metric space containing at least one
forward (backward) accumulation point, and satisfying the condition (AMA). If
for every sequence {xy, }nen, FI1(BI)-Cauchy condition implies FI*(BI*)-Cau-
chy condition then I satisfies the condition (AP).

Proof. Let zg be a forward accumulation point of X. Then there exists a
sequence {z, }nen of distinct points in X such that {x,, },en forward convergent
to xo and x, # xo for all n € N. Suppose {4; : ¢ =1,2,3,...} is sequence
of mutually disjoint non-empty sets from I. Define a sequence {y,}nen by
Yo = x; if n € Aj and y, = zo if n ¢ A; for any j € N. Let 6 > 0 be
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given then there exists £ > 0 such that & < min{§,6C(zo)}. Then there exists
I € N such that d(zo, zn) < 50(,, for all n > . Then A(QC(E:EO)) ={neN:
d(xo,Yn) > QC(Exo)} CAUAU---UA; and Ay UAU---UA; € I. Now
clearly i,j ¢ A(QC(ExO)) implies that d(xg,y;) < QC(Exo) and d(zg,y;) < 20’&0).
So d(yi, y;) < d(yi, x0) +d(zo,y;) < Clxo)d(wo, yi) + d(wo, y5) < 5+ 90(sy) < 9-
This shows that {y,}nen is FI-Cauchy sequence. By our assumption {y, }nen
is then F'I*-Cauchy. Hence there exists H € I such that B =N\ H € F(I) and
{Yn}nep is forward Cauchy. Now let B; = A;N H for j € N. Then each B; € I.
Further U B;=HnN (U A;) C H. Therefore U Bj € I. Now for the sets A;N B,

1 €N, the following three cases may arise:
Case I: Each A; N B is included in a finite subset of N.
Case II: Only one of A; N B’s, namely A; N B (say) is not included in a finite
subset of N.
Case III: More than one of A; N B’s are not included in finite subsets of N.
If (I) holds, then

AzABl:Az\Bl:Az\H:Asz

is included in a finite subset of N and this implies that I satisfies (AP) condition.
If (IT) holds, then we redefine By, = Ay and B; = A; N H for j # k. Then

UBjCHUAk
JEN

and so |JB; € I. Also since A;AB; = A; N B for i # k and AyABy, = 0, so as

in case (I) the criteria for (AP) condition are satisfied.

If (III) holds, then there exists k,l € N with k& # [ such that AyNB and A;NB
are not finite subsets of N. Let eg = d(xg’g”) > 0. As {yn }nep is forward Cauchy
sequence, so for the above gy > 0 there exists kg € N such that d(x;,z;) < &g
for all i > j > kg and i,j € B. Now since Ay N B and A; N B are not finite
subsets of N, so we can choose i € A, N B and j € A; N B with i,j > ky. But
y; = x and y; = x; and so d(y;,y;) = d(zk,x;) > €9 > 0 (in fact there is an
infinite number of indices of B with that property). This contradicts the fact
that {y, }nep is forward Cauchy. Therefore case (III) cannot arise. And in view
of case (I) and case (II) I satisfies (AP) condition. The proof for backward case
is analogous. (|
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OPEN PROBLEM. It is not clear whether Theorem 5.2 (where Theorem 4.4 is
needed) and Theorem 5.3 can be proved without the condition (AMA). So it
seems natural to ask whether these results can be proved under weaker condition

or without any condition at all.
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