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REFLEXIVE RINGS AND THEIR EXTENSIONS
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(Communicated by Miroslav Plo¢ica)

ABSTRACT. A right ideal [ is reflexive if Ry € I implies yRx € I for z,y € R.
We shall call a ring R a reflexive ring if aRb = 0 implies bRa = 0 for a,b € R. We
study the properties of reflexive rings and related concepts. We first consider basic
extensions of reflexive rings. For a reduced iedal I of a ring R, if R/I is reflexive,
we show that R is reflexive. We next discuss the reflexivity of some kinds of
polynomial rings. For a quasi-Armendariz ring R, it is proved that R is reflexive
if and only if R[z] is reflexive if and only if R[z;x~1] is reflexive. For a right Ore
ring R with @ its classical right quotient ring, we show that if R is a reflexive ring
then @ is also reflexive. Moreover, we characterize weakly reflexive rings which is
a weak form of reflexive rings and investigate its properties. Examples are given
to show that weakly reflexive rings need not be semicommutative. It is shown
that if R is a semicommutative ring, then R[z] is weakly reflexive.
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1. Introduction

It is well known that a subgroup H of a group G is normal if and only if
xy € H implies yx € H for all x,y € H. This property, as extended to arbitrary
subsets of semi-group and rings, was called réflectif in [I5]. Subsequently, this
notion was extended to an ideal for a ring R in [12]. According to [12], a right
ideal I is reflexive if xRy € I implies yRx € I for x,y € R. Hence we shall call
a ring R a reflexive ring if 0 is a reflexive ideal (i.e., aRb = 0 implies bRa = 0
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for a,b € R). Moreover, a right ideal I is called completely reflexive if zy € T
implies yx € I. A ring R is completely reflexive if (0) has the corresponding
property. It is clear that every completely reflexive ring is reflexive. We note that
completely reflexive rings are just those rings that Cohn defined in [3], which
are called reversible rings. Anderson-Camillo [I], observing the rings whose
zero products commute, used the term ZC5 for what is called reversible; while
Krempa-Niewieczerzal [§] took the term Cy for it. It is well known that every
reduced ring (i.e., rings without nonzero nilpotent elements in R) is a completely
reflexive ring. According to [I3], a ring R is called semicommutative if for all
a,b € R, ab = 0 implies aRb = 0. This is equivalent to the definition that any
left (right) annihilator over R is an ideal of R. We shall call a right (or left) ideal
I of a ring R a semicommutative right (or left) ideal if ab € I implies aRb € I.

First we consider basic examples of reflexive rings and some related rings. We
show that a ring R is a completely reflexive ring if and only if R is a semicommu-
tative reflexive ring. Moreover, it is shown that if R is reduced, then R[z]/(z™)
is a reflexive ring, where (2") is the ideal generated by 2™ and n is any positive
integer. Secondly, we discuss the reflexivity of some kinds of polynomial rings.
We prove that:

(1) R[z] is reflexive if and only if R[x;z~] is reflexive.

(2) If a right Ore ring R with @ its classical right quotient ring is reflexive,
then @ is also reflexive.

It is shown that for a quasi-Armendariz ring R, R is reflexive if and only if R[z]
is reflexive if and only if R[z; 27! is reflexive. Finally, we introduce the concept
of weakly reflexive rings which is a weak form of reflexive rings and consider its
properties. Examples are given to show that weakly reflexive rings need not be
semicommutative. It is shown that if R is a semicommutative ring, then R[] is
weakly reflexive, and that if R is a weakly reflexive ring then the n-by-n upper
triangular matrix ring 7),(R) over R is weakly reflexive.

Throughout this paper, R denotes an associative ring with identity and «
denotes a nonzero and non-identity endomorphism, unless specified otherwise.
For a ring R, we denote by nil(R) the set of all nilpotent elements of R.

2. Basic examples of reflexive rings and related rings

In this section we observe properties and basic extensions of reflexive rings and
related concepts to reflexive rings, including some kinds of examples needed in
the process. Note that the class of reflexive rings is closed under direct products.
We begin with the following.
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REFLEXIVE RINGS AND THEIR EXTENSIONS

LeEMMA 2.1. A ring R is a completely reflexive ring if and only if R is a semi-
commutative reflexive ring.

It is well known that every completely reflexive ring is semicommutative [T
Lemma 1.4]. The following example shows that there exists a semicommutative
ring which is not reflexive.

Ezxample 2.1. Let R be a reduced ring. Then

bc
Sz{( ad) |a,b,c,d€R}
0a

is a semicommutative ring by [7t Proposition 1.2]. It follows from the following

[ elis]

implications that S is not reflexive:

0 0 0 a b ¢ 01 0
0 0 1 0 d 0 0] =0,
0 00 0 0 a 0 00

but for any a # 0 we have
010 a b c 0 0 0
0 00 0 d 0 0 1] +#0.
0 0 0 0 0 a 0 00

However, we have the following proposition which shows one way to build
new reflexive rings from old ones.

PROPOSITION 2.2. Let R be a reduced ring. Then

a0b
S:{(()ac) |a,b,c€R}
00a

al 0 bl a 0 b2
Proof. Let < 0 a1 c1> , < 0 az c2> € 5. We can denote their addition and
0 0 ap 0 0 a2

multiplication by

is a reflerive ring.

(a1,b1,c1) + (a2, b2, ¢c2) = (a1 + az, b1 + ba, c1 + ¢c2),

(a1,b1,c1)(az, ba, c2) = (a1a2,a1be + bras, arca + craz),

respectively. For all (a,b,c) € S, suppose that (a1,b1,c1)(a,b,c)(az,bs,c2) = 0.
We shall prove that (ag,bs,c2)(a,b,c)(a1,b1,c1) = 0. By the assumption, we
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have the following system of equations:

ajaas = 0, (1)
aiaby + (alb + bla)aQ =0, (2)
ajacy + (ar1c+ cia)az = 0. (3)

In the following computations we freely use Lemma 2.1 and the condition
that every reduced ring is completely reflexive. From Eq. (1), we see that
araaz =0, and so asaa; = 0. Multiply Eq. (2) on the right hand side by as,
then ajabsas = 0 since every reduced ring is semicommutative and ajaas = 0,
and so 0 = ajabaas + (a1b + bia)asas = (a1b + bya)agsas. This implies that
(a1b + b1a)az(a1b + bya)as = ((arb + bia)az)? = 0. Hence

(a1b + bra)ay = 0. (4)

Next multiply Eq. (4) on the left side by a1, then ajaibas + a1b1aas = ayaibas
= 0 and so ai1bas = 0. Hence we have an equation

aiabs + biaas = 0. (5)

Multiply Eq. (5) on the right side by ag, then we have 0 = ajabsas + biaasas
= biaagas and so bjaas = 0. This shows that ajabs = 0, hence asba; = 0,
asaby = 0 and boaa; = 0 by the reflexivity of R.

Similarly from Eq. (3) we obtain ajace = 0, ajcas = 0 and c¢iaas = 0. This
implies that coaa; = 0, asca; = 0 and asac; = 0. Now by the preceding results
we have proved that for all (a,b,c) € S if (a1,b1,c1)(a,b, ¢)(ag, ba, cz) = 0, then
(ag, b2, c2)(a,b,c)(ar,by,c1) = 0. Therefore, S is a reflexive ring. O

Given a ring R and a bimodule pMp, the trivial extension of R by M is the
ring T(R, M) = R €D M with the usual addition and the following multiplication

(r1,mq)(rg, ma) = (rire, rime + mars).

This is isomorphic to the ring of all matrix (6 T), where r € R, m € M and
the usual matrix operations are used.

COROLLARY 2.2.1. If R is a reduced ring, then T(R, R) is a reflexive ring.

The following result, similar to [7t Theorem 2.5], extends the class of reflexive
rings.

PROPOSITION 2.3. Let R be a ring and n any positive integer. If R is reduced,
then R[z]/(z™) is a reflexive ring, where (z™) is the ideal generated by x™.
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In [2], the reversible property of a ring is extended to a ring endomorphism as
follows: an endomorphism « of a ring R is called right (resp., left) reversible if
whenever ab = 0 for a,b € R, we have ba(a) = 0 (resp., a(b)a = 0). A ring R is
called right (resp., left) a-reversible if there exists a right (resp., left) reversible
endomorphism « of R. R is a-reversible if it is both right and left a-reversible.
The next example shows that a right a-reversible ring need not be reflexive.

Example 2.4. Let Z be the ring of integers. Consider the ring

Rz{(%i) |a,b,c€Z}.

Let a: R — R be an endomorphism defined by

N a b _(a O
0 ¢ ~\0 0/
Then R is right a-reversible by [2: Example 2.2]. On the other hand, if a # 0
then it follows from the following implications that R is not reflexive:

0 1 a ¢ 1 0\ 0
0 0 0 b o0/ 7
1 0 a c 01
(o o) (5 5) (0 o)70
One may suspect that R is a reflexive ring if for any reflexive nonzero proper

ideal I of R, R/I reflexive, where I is considered as a ring without identity.
However the following example erases the possibility.

Example 2.5. Let S be a division ring and consider the ring R = (‘g 2) Note

that R has only the following nonzero proper ideals:

s s 0 S 0 S
ne(on) m=(@ ) m=(a)

It is easy to check that I; and I3 are reflexive, this implies that R/Iy, R/I3 are
reflexive since R/I; = S, R/Is = SE@S. Moreover, it can be easily checked
that I and R are not reflexive.

However, we have an affirmative answer as in the following.

PROPOSITION 2.6. Let R be a ring and I be a proper ideal of R. If R/I is
reflexive and I is reduced (as a ring without identity), then R is reflexive.

Proof. Let r,ry € R, suppose that rirry = 0 for all » € R. Then 777 = 0
and so 7o77; = 0 since R/I is reflexive. This shows that rorr; € I. Since
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I is reduced and every reduced ring is completely reflexive, it follows from
(rorry)(rrorry) = 0 that (rrorry)(rerry) = 0 and so

(rrorry) (rorry)re = r(rarry ) (rarry)re = 0.
This implies that (rorry)(rorry)rer = 0, thus
(rorry)(rerrirer)ry = (rgrr1)3 =0.

Therefore, we obtain rorry = 0 since rorr; € I and [ is reduced. O

Based on the preceding result, one may suspect that the ring R may be
reduced, and that the condition “I is reduced” can be replaced by “I is reflexive”
However the following example erases the possibility.

Ezxample 2.7. Let S be the ring in Example 2.1. Consider

0bc
I:{<00d> ]a,b,c,deR}.
000

Then S/I = R is reduced (and so reflexive). It is straightforward to verify that I
is reflexive. But I is not reduced, and S is not reflexive as shown by Example 2.1.
We note that S is clearly not completely reflexive.

However, we obtain the following proposition.

PRrROPOSITION 2.8. Let R be a reduced ring and I be an ideal of R that is an
annihilator in R. Then R/I is a reflexive ring.

Proof. It follows from [7t Proposition 1.14(1)] and the fact that every com-
pletely reflexive ring is reflexive. O

Following [9], a right ideal I of a ring R is called symmetric if rst € I implies
rts € I for all r,s,t € R, so we shall call R symmetric if 0 is a symmetric ideal
(i.e., rst = 0 implies rts = 0 for r,s,t € R). An equivalent condition on a
ring with unity is that whenever a product of any number of elements is zero,
any permutation of the factors still yields product zero). It is clear that every
symmetric ring is reflexive. The next example shows that there exists a reflexive
ring which is not symmetric.

Ezample 2.9. Let k be a field. Define the free algebra F' = k {(x,y, z), and
let I = (FoF)? + (FyF)? + (FzF)? + FayzF + FyzaF + FzoyF C F. Put
R = F/I, then R is a local, 13-dimensional k-algebra with vector space basis:
vo=1,v1 =%, vg =Yy, V3 = 2z, Vg = TY, U5 = YT, Vg = Tz, U7 = 2T, Vg = Yz,
vg = 2y, V19 = T2Y, V11 = 2y, v12 = yxz. It can be easily checked that R is
not symmetric. However, R is a reflexive ring.
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ProrosSITION 2.10. If R is a completely reflexive ring, then I = {a | a™ =0
for some n} is a semicommutative ideal.

Proof. Let a,b € I, then a™ = 0,b™ = 0 for some n,m. Let k = min(m,n)+ s
for some s € N, then (ab)* = 0 since R is completely reflexive. This implies that
there exists k € N such that (a — b)* = 0. For any r € R, it is straightforward
to verify that (ar)" € I and (ra)™ € R, hence I is an ideal of R. Moreover,
if ab € I then (ab)” = 0 for some n, hence (arb)™ = 0 since R is completely
reflexive. This implies that I is semicommutative. O

3. Extensions of reflexive rings

In this section, we consider some kinds of polynomial extensions of reflexive
rings. Let R be a ring and A be a multiplicative monoid in R consisting of
central regular elements, and let A™'R ={u~ta | u € A, a € R}, then A™'R
is a ring. First we give the following equivalence.

PROPOSITION 3.1. Let R be a ring, then R[x] is reflexive if and only if A~ R[z]
is reflexive.

Proof. It suffices to show that A~'R[z] is reflexive if R[x] is reflexive. Let
f@) = Y ultan?, gx) = vj_lbjxj € ATIR[x] with f(z)h(z)g(x) = 0,
i=0 j=0

k

t
where h(z) = 3 v, 'exx¥ is any element in A~ R[z]. Then we have
k=0

(U Upm—1 - .. up) f(2)

=(ytve—1-.-7)h(x) 3 € Rlz].

(VnVp—1 ... v0)g(x)

Since R[z] is reflexive and F'(z)H (x)G(x) = 0, this implies that G(x)H (z)F(z)
=0, and so g(x)h(x) f(z) = 0 since A is a multiplicative monoid in R consisting

of central regular elements and u;,v; € A for all 4, j. This implies that AR
is reflexive. O

The ring of Laurent polynomials in x, with coefficients in a ring R, consists of
n .
all formal sum » m;z* with obvious addition and multiplication, where m; € R
i=k
and k, n are (possibly negative) integers. Denote it by R[z;z7!]. As a sequence
we obtain the following corollary.
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COROLLARY 3.1.1. For a ring R, R[z] is reflexive if and only if R[x;x~"] is
reflexive.

According to [4], aring R is called to be quasi-Armendariz if whenever polyno-
mials f(z) = ag+a1z+asz?®+- - +amz™, g(x) = bo+bix+boz?+- - +b,x" € Rlx]
satisfy f(x)R[z]g(x) = 0, then a; Rb; = 0 for each 7, j. It was proved in [7: Propo-
sition 2.4] that if R is an Armendariz ring, then R is completely reflexive if and
only if R[z] is completely reflexive if and only if R[z;z~!] is completely reflexive.
Accordingly, we have the following equivalences on reflexive rings.

PROPOSITION 3.2. Let R be a quasi-Armendariz ring, then the following state-
ments are equivalent:

(1) R is reflexive.
(2) Rlx] is reflexive.
(3) R[z;x~'] is reflexive.

Proof. It suffices to show (1) implies (2). Let f(z) = Y a;a’, g(x) = Y ba?
i=0 5=0

€ R[z] such that f(z)R[z]g(x) = 0. Since R is quai-Armendariz, we have
a;Rb; = 0 for each 4,j. But R is reflexive, so bjRa; = 0 for all ,j. Conse-
quently, we have g(x)R[z]f(z) = 0 and hence R[z] is reflexive. d

Let R be an algebra over a commutative ring S. Recall that the Dorroh
extension of R by S is the ring R x S with operations (ri,s1) + (re,s2) =
(r1 + 7o, 81 + s2) and (rq1, s1)(r2, $2) = (1172 + $172 + S271, $182), where r; € R
and s; € S. The next construction is due to Nagata [14]. Let R be a commutative
ring, M be an R-module, and a be an endomorphism of R. Given REP M a
(possibly noncommutative) ring structure with multiplication (1, m1)(re,ms) =
(r172, a(ri)mso + romq), where r; € R and m; € M. We shall call this extension
the skewtrivial extension of R by M and «. Note that if &« = Ig, then the
skewtrivial extension of R by M and « is just the usual trivial extension of R
by M. The following proposition extends [7t Proposition 1.14 (2, 3)] to reflexive
rings.

ProroOSITION 3.3.

(1) Let R be a commutative domain and o an injective endomorphism of R.
Then the skewtrivial extension of R by R and « is reflexive.

(2) Let R be an algebra over a commutative ring S with D the Dorroh extension
of R by S. If R is reflexive and S is a domain, then D is reflexive.
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Proof

(1) It follows directly from [7t Proposition 1.14(3)] and the fact that every
completely reflexive ring is reflexive.

(2) Let (r1,s1),(re,s2) € D with (r1,s1)(r, s)(re,s2) = 0 for any (r,s). We
shall prove (rq,s2)(r, s)(r1,s1) = 0. In fact, we have (rirro + s1rro + srire +
81879 + Sor1T + S1827 + SS9T1, 81852) =0, and so r1rry 4+ s17r1r9 + Sr1ro + S1870 +
Sor1r+8189r+ 88911 = 0, s1855 = 0. Since S is a domain, s; = 0,s = 0 or s5 = 0.
If s;1 = 0, then ryrro4sriro+ssrir+ssar; = 0 and so we have 0 = rirro+sriro+
Sor1r+889r1 = r1(r+58)(ro+82) = (ro+82)(r+8)r1 = rorri+rosri+S2rry + 82511
since R is a reflexive ring. This shows that (1o, s2)(7, 8)(71, $1) = rorry +rasry +
S8oTT1+8281T1 = (T‘g’f"l"l + 891711 +87T9T1 +8287T1+8172T+ 81827+ 851572, 82851) =0.If
s9 = 0, then r17r1re + 81719 + 87179+ 81879 = (r1+81)(7r, $)re = 1r2(r,8)(r1+81) =
ToTT1+121rS1+712811 +79881 = Torry + 89111 + 87211 + 82811 + 817217+ 81827+ 81572
= 0. Therefore, we get (12, s2)(r, s)(r1,s1) = 0 in any case and we are done. [J

For Proposition 3.3(1), one may suspect that the result also holds for commu-
tative reduced rings, however the following example eliminates the possibility.

Ezample 3.4. Let D be a domain of characteristic zero, and R = D @ D with
componentwise multiplication. It is clear that R is a commutative reduced ring
but not a domain. If we define a.: R — R by a(s,t) = (¢, s), then « is an auto-
morphism of R. Let r; = ((0,1),(1,0)),72 = ((1,0),(0,1)) € R. Then for r =
((0,1),(0,1)) € R, we have ryrry = ((0,1),(1,0))((0,1),(0,1))((1,0),(0,1)) = 0,
but rerr = ((1,0),(0,1))((0,1), (0,1))((0,1),(1,0)) = ((0,0),(0,2)) # 0. Thus
the skewtrivial extension of R by R and « is not reflexive.

Note that Corollary 2.2.1 is a special case of Proposition 3.3(1) if we let
a = Ir, where I is an identity endomorphism of R.

The next example shows that Proposition 3.3(1) need not hold when the
endomorphism « is not injective.

Ezample 3.5. Let D be a commutative domain and R = D(z) be the polyno-
mial ring over D with an indeterminate x. Define ac: D(z) — D(x) by a(f(x))
= f(0), where f(0) is the constant term of f(z). Let N be the skewtrivial exten-
sion of R by R and a. Let (1,22),(0,1) € N, then we have (1,2?%)(x,1)(0,1) =0
and (0,1)(x,1)(1,22%) = (0,2) # 0 for (z,1) € N. This shows that N is not
reflexive.

Recall that if T' is a ring without identity, its Dorroh extension is 7" = Z @ T
(as additive groups) with multiplication defined by (n1,t1)(ns, t2) = (n1ng, t1ta+
nita + naoty). The following example illustrates the limits of Proposition 3.3(2).
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Example 3.6. Let S = {a,b} be the semigroup with multiplication a® = ab = a,
b> = ba = b. Put T = F»S, which is a four-element semigroup ring without
identity. A quick calculation reveals that T is not completely reflexive. Let T” be
the Dorroh extension of T', then we have (0,a)(0,b)(1,a) = 0 # (1,a)(0,b)(0,a)
and so T” is not reflexive.

Let A(R,«) or A be the subset {z7"ra’ | r € R, i > 0} of the skew Laurent
polynomial ring R[z, 27 1; o], where a: R — R is an injective ring endomorphism
of a ring R (see [6] for more details). Elements of R[x, 2!
of elements of the form x~‘ra? where r € R and i,j are non-negative integers.
Multiplication is subject to zr = a(r)r and rz=! = z71a(r) for all » € R. Note
that for each j > 0, z~raz’ = x~ () ad (r)z+9). Tt follows that the set A(R, a)
of all such elements forms a subring of R[x,z~!; a] with

;] are finite sums

2t syl = l‘_(i"'j)(aj(r) + ai(s))m(i—}—j)
(z~ra?) (x T sa?) = 2~ D) (od (r)a (s)) 2+
for r,s € R and 4,5 > 0. Note that « is actually an automorphism of A(R, «).

PROPOSITION 3.7. Let R be a reflexive ring. Then A(R,«) is reflexive.

Proof. Let a = 27 raz’, ¢ = 2 %tz* € A(R,a) and b = 27 7s27 be any element
in A(R,q). Suppose that abc = (z~'ra?)(x 7 sz?)(x*t2*) = 0, then we have
o~ HIHR) (o 47 (1) o+ ()t ()27 TF) = 0. This implies that

oI (r) ok i (s)at T (1) = 0.

Since R is a reflexive ring, we have o'+ (t)a**%(s)a**7(r) = 0. It follows that
cba = (z7FtaP) (w7 s2?)(xira?) = 2~ OHHR) (@1 (H) b (5)ak T (1)) 2 I HR)
= 0. This shows that A(R, «) is a reflexive ring. O

Recall that a ring R is called right Ore if given a,b € R with b regular, there
exist a1, b; € R with b; regular such that ab; = ba;. It is well known that R is a
right Ore ring if and only if the classical right quotient ring Q(R) of R exists. Let
F be a field and R = F{z,y} be the free algebra in two indeterminates over F'.
For x and vy, there do not exist a,b € R such that y~lz = ab™(xy~! = b~1a).
So the domain R cannot have its classical right (left) quotient ring and thus the
hypothesis in the following proposition is not superfluous.

PrROPOSITION 3.8. Let R be a right Ore ring with Q) the classical right quotient
ring of R. If R is reflexive, then Q is reflexive.
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Proof. Leta=au"', v =cw ! € Q and suppose that R is a reflexive ring with
afy =0forall B =bv~! € Q. It follows that there exist by, u; € R with u; regu-
lar such that w='b = byuy ', then 0 = afy = au™tbv~tew™ = abju; 'v " tew™?.
Moreover, there exist ¢;,v; € R with v; regular such that v~ lc = clvfl, SO0 we
have 0 = afvy = abluflclvflw’l. Also there exist co, us € R with uy regular
such that u;'c; = couy ' and hence we obtain 0 = afy = abycou; vy fw™! =
abyco(wviug)~t, which implies that abjca = 0. In the following computations we
freely use the condition that R is reflexive. Since abico = 0, we have cobja =0
and so cpbiau = 0. This implies that aubico = abuico = 0 since ub; = buq, then
uiceba = 0 and so ciusba = 0 since uicy = ciug. This shows that abciugs = 0
and so abc; = 0. Hence ¢1ba = 0 and thus veiba = 0, so abcvy = 0. Hence we
get abc = 0 and so cba = 0.

On the other hand, yB8a = cw™'bv~lau~! and similarly there exist as, as, b3,
w3, v3,v4 € R with ws, vs, vy regular such that w='b = byws ', v~'a = azvs *,

-1 _ -1 o o—1lp—1. . —1 _ -1, -1, -1 _
ws a3 = asv, . Then we have y8a = cw™ bv™"au™ = cbsws v au " =

cbgwglagv?jlu_l = cb3a4v11v§1u_1 = cbzay(uvzvy) L. Since cba = 0, we have
wscba = 0 and so abwzc = awbsc = 0. This implies that cbgaw = 0 and thus
cbsa = 0. Then cbzavs = cbgvaz = 0 and so vasbsc = 0. Hence azbsc = cbsag
= 0 and then cbsazvy = cbswsas = wsgasbsc = 0. It follows that asbsc = 0
and we get cbsay = 0. Therefore y8a = cw v~ tau™" = chsas(uvzvy) ™! =0,
proving that @ is reflexive. O

4. Weakly reflexive rings

Now we investigate a weak form of reflexive rings in the sense of the following
definition and we call them weakly reflexive rings. We do this by considering
the nilpotent elements instead of the zero element in reflexive rings.

DEFINITION 4.1. Let R be a ring, R is said to be a weakly reflexive ring if
arb = 0 implies bra € nil(R) for a,b € R and all r € R.

Given a ring R, we use N,(R), N*(R) and N(R) to denote the prime radical
of R, the unique maximal nil ideal and the set of all nilpotent elements of R,
respectively. Note N,(R) € N*(R) C N(R). Marks [1I] called a ring R NI
when N*(R) = N(R) (equivalently, N(R) forms an ideal in R). Reduced rings
are clearly NI and it is obvious that a ring R is NI if and only if R/N*(R) is
reduced. A ring R is called 2-primal if N,(R) = N(R). Clearly, every 2-primal
ring is NI, but the converse need not true by [5]. It is clear that NI rings and
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reflexive rings are weakly reflexive. We shall give an example to show that there
exists an example of weakly reflexive rings which is not completely reflexive.

Let R be the ring in Example 2.4. Then R is not a left a-reversible ring by [2:
Example 2.2]. But R is weakly reflexive by Proposition 4.1. It is straightforward
to verify that R is not completely reflexive. Note that the class of weakly reflexive
rings is closed under subrings and finite direct products.

We denote by T, (R) the n-by-n upper triangular matrix ring over R. The
following proposition gives more examples of weakly reflexive rings by matrix
extensions. It also shows that weakly reflexive rings need not be reflexive by
Example 2.1.

PROPOSITION 4.1. If R is a weakly reflexive ring, then for any n, T,(R) is
weakly reflexive.

Proof. Let A = (a;5), C = (ci5) € Tp(R) with ABC = 0 for all B = (b;;)
€ T, (R), where 1 < i < j < n. Then we have a;;b;;c;; = 0 for any 1 < i < n.
Since R is weakly reflexive, there exists m; € N such that (¢;;b;;a:;)™ = 0 for any
i, 1 =1,2,...,n. Let m = max{m,ma,...,m,}, it follows from ((CBA)™)"
= 0 that 7, (R) is weakly reflexive. O

The next two propositions extend the class of weakly reflexive rings, and
examples shall be given to show the relations between weakly reflexive rings and
other related rings.

PROPOSITION 4.2. Let R be a ring, then R[x| is weakly reflexive if and only if
R[z; 27 is weakly reflexive.

Proof. It suffices to show the necessity. Suppose that f(z),g(z) € Rlx;z]
with f(z)h(z)g(x) = 0 for all h(z) € R[x;z~']. Then there exists s € N
such that fi(z) = f(z)z% ¢1(z) = g(z)z® and hi(xz) = h(x)z® € R[z]. Since
R[x] is weakly reflexive and fi(x)h1g1(z) = 0 by the hypothesis, there ex-
ists n € N such that (¢g1(z)h1fi(x))” = 0. Then we have (g(x)h(z)f(x))"
= (z73%)"(g1(z)h1(z) f1(x))™ = 0. This shows that R[x;z~'] is weakly reflex-
ive. |

Since every completely reflexive ring is semicommutative [7t Lemma 1.4], we
may conjecture that weakly reflexive rings may be semicommutative. But the
following example erases the possibility.

Ezample 4.3. Let F be a division ring and we consider the 2-by-2 upper trian-

FF
0 F

but R is weakly reflexive by Proposition 4.1.

gular matrix ring R = ( ) It is clear that R is not a semicommutative ring,
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The next example shows that there exists a weakly reflexive ring which is
not completely reflexive. Thus the class of weakly reflexive rings stand as a
nontrivial generalization of completely reflexive rings and reflexive rings.

Example 4.4. Let R be a reduced ring and let

SZ{(Sﬁ) ]a,b,cGR}.

Let A = (“01 ”1) and C = (“3 ”3) be in S with ABC = 0 for all B = ( ”2),
c1 0 cs3 0 c2
then ajasaz = 0 and cycacg = 0. Since every reduced ring is weakly reflexive,
there exist n1,ne € N such that (azaza;)™ = (czeacr)™ = 0. It is easy to see
that

(CBA)max{nl,n2}+3 —0.

On the other hand, it is straightforward to verify that S is not completely
reflexive.

According to [10], a ring R is called weak Armendariz if whenever polynomials
f(x) = ao + a1x + agz?® + -+ + ama™, g(x) = by + bz + bex® + -+ + bpa"
€ R[x] satisfy f(x)g(z) = 0, then a;b; is a nilpotent element of R for each i, j.
Semicommutative rings are weak Armendariz rings [I0: Corollary 3.4].

It was shown in [I3: Example 2] that if R is a semicommutative ring, then
Rx] need not be semicommutative (and hence need not be completely reflexive).
However, we have the following

PROPOSITION 4.5. Let R be a semicommutative ring. Then Rx] is weakly
reflexive.

Proof. Let f(z) = % a;xt, g(z) = i cjz? € R[z] with f(z)h(z)g(z) = 0 for
i=0 j=0

P
all h(z) = Y. brx® € R[x]. Since semicommutative rings are weak Armendariz,
k=0

there exists n;; € N such that (a;byc;)"” = 0 for any ¢ and j, and hence
c;jbra; € nil(R) by the semicommutativity of R. Note that

g(2)h(e) () = (Z) (;w) (i) :mfp( 5 eua )t

j=0 t=0  Nitjthk=t
We can see that ) ¢jbra; € nil(R) for any ¢t by [10: Lemma 3.1]. It follows
itjt+k=t
from [10¢ Lemma 3.7] that g(x)h(x)f(x) € nil(R[z]). This shows that R[z]| is
weakly reflexive. O
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