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PERIODIC SOLUTION TO p-LAPLACIAN
NEUTRAL LIENARD TYPE EQUATION
WITH VARIABLE PARAMETER

Bo Du

(Communicated by Michal Feékan)

ABSTRACT. Using Mawhin’s continuation theorem we obtain some existence
results of periodic solutions for a type of p-Laplacian neutral Liénard equation

(ep((2(t) — c(®)z(t — 1)) + @)z’ (t) + g(z(t —7(1))) = e(t).
It is worth noting that ¢(t) is no longer a constant which is different from the
corresponding ones of past work.
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1. Introduction

This paper is devoted to investigating p-Laplacian neutral Liénard equation
with variable parameter of the form:

(ep((z(t) = c()a(t — 7)) + fle(®)2' () + g(a(t —y(1) =e(t),  (1.1)

where p,: R = R, ¢,(u) = [ulP~?u, p > 1; f,g € C(R,R); ¢, 7, e are continuous
T

T-periodic functions defined on R with |c(t)| # 1 and [ e(s)ds = 0; 7 is a given
0

constant. When p = 2 and ¢(t) is a constant ¢, equation (1.1) is a classic neutral
Liénard equation. For this case, the authors [I] studied the following neutral
equation
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d? n

g2 (@) = cult = 7)) = flu(®)u'(t) + a(t)g(u()) + Zj_ig(ult — ;) + p(t)
and obtained some existence results of periodic solutions for the above equation.
When p # 2 and ¢(t) is a constant ¢, Zhu and Lu [2] considered p-Laplacian
neutral equation

(ppl(a(t) = ca(t —0))']) = f(x(0)2'(t) + Zj_18; (£)g(x(t —7;(1)) + p(t).

In 2009, when ¢(¢) is a T-periodic continuous function, we obtained the proper-
ties of difference operator A (A: Cp — Crp, [Az](t) = z(t) — cz(t — 1), for all
t € R), see [3]. Based on the above work, in this paper we will study equation
(1.1) and obtain the existence of periodic solutions by using Mawhin’s contin-
uation theorem. To the best of our knowledge, there is no paper to study the
existence of periodic solutions to equation (1.1). The reasons for it lie in the
following two aspects. The first is that the operator ¢, (u) = |u[P~2u, p # 2 is
no longer linear, so Mawhin’s continuation theorem can not been used directly
and verifying L-compact for nonlinear operator NN is difficult; the second is that
conditions of Mawhin’s continuation theorem are not easy to verify when c(t) is
variable . Our research enriches the contents of neutral equations and generalizes
informed results.

2. Main lemmas

Let

co = max |c(t o= min |c(t c1 = max |c/(t
o= mas o)l o= min @), e = max (0

Cr={z: 2 C(R,R) & (Vt e R)(2(t+T)=x(t))}
with the norm

— t for all C
l¢lo tgﬁ%Iw()I, orall ¢eCp

and
C%z {x: xGCl(R,R) & (VteR)(m(t—i—T)Em(t))}

with the norm

|l = e, {lelo. [¢'lo},  forall ¢ € Cp.

Clearly, Cr and C7. are Banach spaces. Define linear operator:

A: Cr — Crp, [Az](t) = x(t) — c(t)z(t — 7), for all teR.
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LEMMA 2.1. ([3]) If |e(t)| # 1, then operator A has continuous inverse A~ on
C'r, satisfying

(1)
ft) + io: ]l[ c(t—@GE—-071)f(t—471), co<1, forall feCp,
[A_lfKt) = j:”iol j+1
_]ccg:i:)) - ‘El ‘Hl c(t}rir)f(t'f—j’?'—}-'r), o>1, forall feCrp.
j=1i=
(2)

T
1500 J1fr@)ldt, co <1, forall feCr,

T
JEE RN
0 gilof\f(t)Idt, o>1, fordll feCr.

LemMmA 2.2. ([4]) Suppose that X and Y are two Banach spaces, and
L: D(L) ¢ X — Y, is a Fredholm operator with index zero. Furthermore,
Q C X is an open bounded set and N: Q — Y is L-compact on Q. If all the
following conditions hold:

(1) Lz # ANz, for all x € 0Q N D(L), for all A € (0,1),
(2) Nox ¢ Im L, for all x € 002N Ker L,
(3) deg{JQN,QNKerL,0} #0,

where J: Im Q) — Ker L is an isomorphism. Then equation Lz = Nz has a
solution on QN D(L).

In order to use Mawhin’s continuation theorem to obtain the existence of
T-periodic solutions of the equation (1.1), we take (Az1)’(t) = @q(x2(t)). From
(Az))(t) = (Azy)'(t) + ¢/ (t)z1(t — 7), we have

(1) = A7 g (@2(1) + ¢ (a1 (t — 7)),

where ¢ > 1 is a constant with ;} + ; = 1. Hence we rewrite the equation (1.1)
in the form of the two-dimensional differential system

{ (Az1)'(t) = @q(22(1)),

2y (t) = = f(a1(8) A" g (w2(t) + ¢ ()21 (t — )] = g(@1(t = (1)) + e(t),
(2.1)
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Obviously if z(t) = (ml(t),xQ(t))T is a T-periodic solution to system (2.1),
then z1(t) must be a T-periodic solution to equation (1.1). Thus, in order to
prove that equation (1.1) has a T-periodic solution, it suffices to show that
system (2.1) has a T-periodic solution. Now we set

X={z=(21(),22())" € CR,R?) : z(t+T)=x(t)}

with the norm ||z|| = max{|z1]o, |z2]o}. Equipped with the above norm | - |,
X is Banach space. Meanwhile, let
!/
L:DL)Cc X > X, Lr= <(A51) > : (2.2)
2

N: X — X,

_ ‘Pq<x2(t))
(No)(t) = (—f(xl(t))A1 (palea(t) + ¢ (D)er(t - 7)] — glan(t — 4(0)) + %22)
where D(L) = {z: z € C'(R,R?) & z(t+T) = z(t)}. We get .

ImL — {y: ye X, Ofy(s)dSZ (8)}

Since for all z € Ker L, (z1(t) — c(t)x1(t — 7))’ = 0, then
xz1(t) —c(t)zi(t —7) = 1. (2.4)
Let ¢(t) be the unique T-periodic solution of (2.4), then ¢(t) # 0 and

KerL={<“a(t)>, aeR}.

Obviously, Im L is a closed in X and dim Ker L = codim Im L = 2. Hence L is a
Fredholm operator with index zero. Define continuous projectors P, @

J a1 (0)(1) at
- #(1)
P: X - KerL, (Pr)(t) = | o0
T
7 Jwa(t) dt
0

and

Q: X —>X/ImL, Qy =

Hence
ImP =KerlL, Ker@ =ImL.
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Let
Lp = L|D(L)ﬂKerP: D(L) N Ker P — ImL,
then
Lp' = K,: ImL — D(L) N Ker P.

Since ImL C Cr and D(L) NKer P C C#, so K, is an embedding operator.
Hence K, is a completely operator in Im L. By the definitions of @ and N, it
knows that QN (2) is bounded on €2, here 2 is a bounded open set on X. Hence
nonlinear operator N is L-compact on (2.

3. Main results

For the sake of convenience, we list the following conditions.
(Hy) There is a constant d > 0 such that

zg(z) <0, whenever |z| > d.
(Hz) There is a constant r such that
lim sup \g(I)J <r€|0,00).
Tr——00 ‘x‘p—

(Hs)
Jar =sup |f(z)] < +oo.
zER

T
THEOREM 3.1. Suppose that Assumptions (Hi)~(Hs) hold [ ¢*(t)dt # 0. Then
0

equation (1.1) has at least one T-periodic solution, if p =2 and

1T cofmT+8(1+co)rT? 1
max{ e (l—comerT)? <1 Jor co < 3,
c1T CofMT+8(1+C0)TT2 .
max{ Sy (0—1—c1 T)? <1 for o >1;

orp>2 and

T 2P (1 4co)rT? 1
max{ 1—co’ (1—co—ciT)P <1 for cp < 2

for o>1.

c1T 2p+1(1+CO)TTp
oc—17 (c—1—ciT)P <1

max{

Proof. Consider the following operator equation:
Lz = ANz, A€ (0,1),
where L and N are are defined by (2.2) and (2.3), respectively. Let
Q1 ={z: z€D(L), Lv =ANz, A€ (0,1)}.
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If x = <§1> € 4, then x must satisfy
2

{(Axl) (8) = Apq(22 (1)),

wy(t) = —Af(21(8) A7 g (w2 () +/ (D21 (t — 7)] = Ag (21 (t — 7(75)))+)\6gt)~ )
3.1

From the first equation of (3.1), we get 2(t) = ¢p( 5 (Az1)'(t)), combining with

the second equation of (3.1) yields

(pp((Az1) (1)) + N far (D) A [pg(wa(t) + ¢ (D21 (= 7)]
+APg (21 (t = (1)) = Ae(t),

(0p((Az1)'(1)))" + AP f (21 ()2 (£) + Mg (t — (1)) = Ne(t). (3.2)

Integrating both sides of (3.2) over [0,T], we get

/g z1(t —~(t)))dt = 0. (3.3)

From integral mean value theorem and (3.3), we know that there exists a con-
stant t; € [0, 7] such that

g(@1(tr —7(t1))) = 0.
Assumption (H;) implies

lz1(ty —y(t))] < d.

Because z1(t) is a T-periodic function, then there exists a constant £ € [0, 7]
satisfying t1 — y(t1) = £ + kT, k € Z, then we have |z1(£)| < d. Hence we get

t

z1(§) +/:c’1(s) ds

3

|l‘1‘0 = max
t€[0,7]

T T
<@+ [ Izl ds < d+ [ i)l ds.
0 0
(3.4)
Multiplying the two sides of equation (3.2) by (Az1)(t) and integrating them

over [0, 7], combining with (Hs), we have
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/ (Azy)' ()P dt = p/f x1() 2y () [z1(t) — e(t)z1(t — 7)] dt
g(zi(t —v()[z1(t) — c(t)2r(t — 7)] dt

e(t)[z1(t) — c(t)z1(t — 7)) dt

glar(t =y(®)) a1 (t) — e(t)zi(t —7)]dt

e(t)x1(t) — e(t)x1(t — )] dt

T
/
/
T
Y / Flar ()7, (e (t — 7)] dt
0
/
/

T
< 00131|0fM/|I’1(t)|dt
0

+(1+CO)|JJ10/|9(=’F1(t—7(t)))|dt+(1+CO)$1|0T|€|0
(3.5)

Let
={tel0,T]: @1t —1(t) < —p},
By={rel0.]: o1t ()] < p}.
Es={te€[0,T]: z1(t —~(t) > p},

where p > d > 0 is a given constant. Integrating the two sides of (3.2) on [0, 7],
we get

/g(xl(t —(t)))dt = 0.

387



BO DU

Therefore, using (H;) and (Hs), we obtain

/ 9t — (1)) dt = — / g1 (t — (1)) dt
E3

E3

_ / gz (t — (1)) dt (3.6)
FE1UFE>5

< / g1 (£ — 7(9))] dt.

Ei1UE5

2P T (14-co)rT?
(1—CO—C1T)p

. CofMT+8(1+Co)7‘T2
Since (I—co—c1T)?

such that

< 1 and < 1, there exists a constant € > 0

cofmT +8(1 + co)(r +¢)T? 1 and 9+ (1 4 co)(r + £)TP
(1 — Cy — ClT)2 (1 — Cy — ClT)p

<1l (3.7)
For such ¢, by assumption (Hy), there exists a constant p > 0 such that

lg(u)| < (r + &) ulP™? for u < —p. (3.8)

From (3.6) and (3.8), we get

[la=swpiar= [ gttt =) a
<2 [ lgteate—@)ar .

<2(r4&)T|z [5~" + 2Ty,
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where g, = ?%Xm(:rl(t —(¢)))|. From (3.4), (3.5) and (3.9), we have
S

T
/| Axl |p de
0

T
SCo.’E1|0fM/|.’17/1(t)|dt+2(1+Co)(T+E)T|x1g

+2Tg,(1 + co)|z1lo + (1 + co)lx1]oT|elo

T T )
< [cofMd+2Tgp(1+co) + (1+CO)T]6|O]/|m’1(t)|dt+cofM</xi(t)]dt)
0 0

+2(1+¢o)(r+e)T (d + / |z (t)] dt>p + [2Tgp(1 +eo)+ (1+ CO)T|€|0] d.

(3.10)
From [Az1](t) = x1(t) — c(t)z1(t — 7), for all x1 € C}., we have
(Az)(t) = (Az1)'(t) + ¢ (D (t — 7),
then from Lemma 2.1 and (3.4), if ¢g < § we have
r (A
[l /|< AT A (0] de < / S,
— ¢
0
T
_ [lanyocone=n,,
1-— Co
0
r Axy)(t T r
S/K LA <d+/a:’1(t)ydt>.
1-— Co 1-— Co
0 0
In view of Clz < 1, we have
I [ 104z (2) Ta
t c
()] dt < o dt !
/$1<)’ _/1—00—01T +1—Co—61T
0 0 (3.11)

1 T 1
Ta ’ 1 Td
< Ax) ()P dt i
_1—60—01T</|( xl)()| ) +1—CU—01T
0
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Hence we have

o)

2
([ anyol T
- 1—60—01T 1—00—01T
0
(Azq)'(t)| dt !
. (Ofl 1) ()] ) . 201Tdbf |(Azy)'(t)| dt T2 (3.12)
N (1 — Cp —ClT)2 (1 — Cp —ClT)2 (1 — Cp —ClT)2
2 T 2
0
, T 1
adl’ e ( ianyera) 9T
x
(1 — Cy — ClT)Q ! (1 — Cy — ClT)2
0
and

i : [l d—d :
:rl — acp
d L)dt ] < dt
(+/|l‘1()| ) _</ —Co—ClT +1—Co—01T>
0 0

1
T
27 ( [|(A )| dt
_ <Of| xl | ) N 2p(d_dCO)P
- (1 Co — ClT)p (1 — Cy — ClT)P
p T
2PT a 2P(d — deg)P
Axy) ()P dt
< m L [y @p A OO0
0
(3.13)

here we use the inequality
(a+b)! <2 @ +b), forall a>0, b>0, 1>0.

From (3.10)—(3.13), we get
T
/| (Az1) ()P dt < [eofrrd +2Tg,(1+ co) + (14 co)Tlelo] x
0
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Cle
(A )P dt
X<1—00—61T</ l‘l ’ ) +1—Co—01T>
2

T g
Axq) (t)|P
+COfM<(1_CO_ClT)2 (/( z1) ()] dt)
2c,dT> T2 d?
(A t)P dt
+(1—Co—01T (/ l‘l | ) +(1—Co—01T)2

» T
2T 2 (d — deg )P
2(1 T A pdt
+2(1+co)(r+¢) ((l—co—clTp/| x1) (1) +(1—co—clT)P>
0

+ [2Tg,(1 + co) + (14 ¢o)T|elo]d
([cofMd +2Tg,(1 + co) + (14 co)Tlelo]T's . 2co farcrdT? ™ » )

1—60—01T (1—00—01T)2
T 1 T T
Az Y (D)P cofmuT /A P
(/( v (1) dt) g o asyara)
0 0
2p+1(1 i
+ co)(
(A t)|P de
+ (1—00—01T /| 171 |
0

. [cofard + 2Tg,(1 + co) + (1 + co)Tlelo] e Td N cofmuET?d?
1 — Cp —ClT (1 — Cp —ClT)2
2011 + ¢o)(r + &)T(d — dco)P

(1—co—erT)P + [27g,(1 + co) + (1 + co)Tefo]d.

(3.14)

If p=2, by (3.7) and (3.14), there is a constant M; > 0 such that

[(Azy)'()]* dt < M.

Ot~

If p> 2, by (3.7) and (3.14), there is a constant N7 > 0 such that

|(Az1)' ()P dt < Ny.

Ot~
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Take My = max{M;, N1}. It follows from (3.11) that

T 1 1
TaMS caTD
L) dt < 2 = M;.
/|$1()| _1—60—61T+1—CO—01T 3
0

By (3.4) we get
|x1]o < d+ Ms.
If ¢ > 1, from the conditions of Theorem 3.1, similar to the above proof, we
also obtain that there exists a constant M, > 0
|z1]o < My.
Then we have .
|.’L‘1|0 < max{d + M3, M4} =M.
T
In view of the first equation of (3.1) we have [ |22 (t)|?222(t) dt = 0. From in-

0
tegral mean value theorem, there exists a constant n € [0, 7] such that z5(n) = 0.

T
Hence |z2|o < [ |24(t)| dt. By the second equation of (3.1) we get

/ 2h(t)] dt < / (s () (1))t + / 91 (t — (1)) dt + / e(t)|dt

< fuMsz + Tggz + Tlelo,
where g3; = max [g(u)|. So we obtain
|u|<M
|z2l0 < farMs + gz + Tlefo := M.

We have proved that if x = (z1,22)7 € D(L), Lv = ANz, A € (0,1), then
|71]o < M and |z2]g < M. Let M = max{M, M} and Q = {z = (21,22)7 € X :
|z1lo < M, |z2lo < M}. Then M > d and the condition (1) of Lemma 2.2 is
satisfied. Moreover, for any = = (x1,22)7 € X, we have

T

O —

71“ @q(x2(t)) dt
T

~r Ofg(xl(t —7(t))) dt

QNzx =

Since Ker L = (a¢(t),a)”, where a € R, if QNx = 0 for some z = (z1,72)7 €
N NKer L, then x5 =0, x1 = ag(t), and
T

/g(a¢(t))dt =0. (3.15)

0
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When ¢y < é, we have

j=14=1
0o J
>1_ZHCO
j=1i=1
-1 co
1—60
:1_2CO =01 > 0.
1—60
Then we have
<

Otherwise, for all t € [0,T], ap(t) > d, from assumption (Hy), we have

T
/g ))dt <0
0

which is contradiction to (3.15). When o > 1, we have
oo j+1

c(t+7) ZH c(t +ir)

j=1l4i=1

<
—
~+
~—
I
%
[
—
—_
~—
||

oo J+1

ST

j=11=1

IN

1
= — =0y < 0.
o—1 2

Then we have d

Otherwise, for all t € [0,T], ap(t) < —d, from assumption (H;), we have

T
/g ))dt >0
0

which is contradiction to (3.15). One has |z1]p = max{fl,—gi Holo = M < d,
which is a contradiction. So QNx # 0 for all x € 92 N Ker L and thus the
condition (2) of Lemma 2.2 is satisfied. It remains to verify the condition (3) of
Lemma 2.2. In order to prove it, let

J: ImQ — Ker L, J(x1,22)T = (z1,22)7T,
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and H(z,p) = px+ (1 — p)JQNx for (x,u) € X x [0,1]. Then we have

pay + U7 qu(@(t))dt
H(z,p) = r°
pay — U1 Ofg(fﬂl(t —7(t))) dt
It is not difficult to verify that, using (H,), for any € 9QNKer L and p € [0, 1],
we have H(z,u) # 0. Therefore,

deg{JQN,QNKerL,0} = deg{H(-,0), 2N KerL,0}
=deg{H(-,1),QNKerL,0}
=deg{l,QNKerL,0}

#0.
Therefore, by using Lemma 2.2, we see that the equation Lz = Nx has a solution
= (21,72)7 in Q, i.e., the equation (1.1) has a T-periodic solution . d

Remark 1. When 1 < p < 2 or ; < ¢g < 1, there are no existence results of

periodic solutions for equation (1.1). We hope that the authors are interested
in doing further research on this issue.

As an application, we consider the following NFDE:

(p3((2(t) — (103 —2 cost)z(t—7))")) + (2+ ; sin x):r’—f—g(:r(t— 1/2sint)) = sint,

(3.16)
where .
flz) =2+ 5 sin x
and
—u?,  u>10,
g(u) =<¢ —10u, wu € [-10,10],
u?, u < —10.
Clearly, the Eq. (3.16) is a particular case of (1.1) in which
1
p=3, c(t)=103—2cost, ~(t)= 9 sint, e(t) =sint.
Then we have 0 = 101 > 1, ¢g = 105, ¢; = 2, T = 27 and r = 1, and thus

aTl 2 X 21w
o1 101-1 =0.1256 < 1
and
201+ co)rTP 2% x 106 x (27)®
(c—1—cT)» (100 — 4r)3
Here assumptions (H;) and (Hs) are satisfied. By using Theorem 3.1, we know
that equation (3.16) has at least one 2m-periodic solution.

~ 0.6283 < 1.
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