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PERIODIC SOLUTION TO p-LAPLACIAN

NEUTRAL LIÉNARD TYPE EQUATION

WITH VARIABLE PARAMETER
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ABSTRACT. Using Mawhin’s continuation theorem we obtain some existence
results of periodic solutions for a type of p-Laplacian neutral Liénard equation

(ϕp((x(t)− c(t)x(t− τ))′))′ + f(x(t))x′(t) + g(x(t− γ(t))) = e(t).

It is worth noting that c(t) is no longer a constant which is different from the
corresponding ones of past work.
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1. Introduction

This paper is devoted to investigating p-Laplacian neutral Liénard equation
with variable parameter of the form:

(ϕp((x(t)− c(t)x(t− τ))′))′ + f(x(t))x′(t) + g(x(t− γ(t))) = e(t), (1.1)

where ϕp : R → R, ϕp(u) = |u|p−2u, p > 1; f, g ∈ C(R,R); c, γ, e are continuous

T -periodic functions defined on R with |c(t)| �= 1 and
T∫
0

e(s) ds = 0; τ is a given

constant. When p = 2 and c(t) is a constant c, equation (1.1) is a classic neutral
Liénard equation. For this case, the authors [1] studied the following neutral
equation
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d2

dt2
(u(t)− cu(t− τ)) = f(u(t))u′(t) + α(t)g(u(t)) + Σn

j=1g(u(t− γj(t))) + p(t)

and obtained some existence results of periodic solutions for the above equation.
When p �= 2 and c(t) is a constant c, Zhu and Lu [2] considered p-Laplacian
neutral equation

(ϕp[(x(t)− cx(t− σ))′])′ = f(x(t))x′(t) + Σn
j=1βj(t)g(x(t− γj(t))) + p(t).

In 2009, when c(t) is a T -periodic continuous function, we obtained the proper-
ties of difference operator A (A : CT → CT , [Ax](t) = x(t) − cx(t − τ), for all
t ∈ R), see [3]. Based on the above work, in this paper we will study equation
(1.1) and obtain the existence of periodic solutions by using Mawhin’s contin-
uation theorem. To the best of our knowledge, there is no paper to study the
existence of periodic solutions to equation (1.1). The reasons for it lie in the
following two aspects. The first is that the operator ϕp(u) = |u|p−2u, p �= 2 is
no longer linear, so Mawhin’s continuation theorem can not been used directly
and verifying L-compact for nonlinear operator N is difficult; the second is that
conditions of Mawhin’s continuation theorem are not easy to verify when c(t) is
variable . Our research enriches the contents of neutral equations and generalizes
informed results.

2. Main lemmas

Let

c0 = max
t∈[0,T ]

|c(t)|, σ = min
t∈[0,T ]

|c(t)|, c1 = max
t∈[0,T ]

|c′(t)|,

CT =
{
x : x ∈ C(R,R) & (∀t ∈ R)

(
x(t+ T ) ≡ x(t)

)}
with the norm

|ϕ|0 = max
t∈[0,T ]

|ϕ(t)|, for all ϕ ∈ CT

and

C1
T =

{
x : x ∈ C1(R,R) & (∀t ∈ R)

(
x(t+ T ) ≡ x(t)

)}
with the norm

‖ϕ‖ = max
t∈[0,T ]

{|ϕ|0, |ϕ′|0}, for all ϕ ∈ C1
T .

Clearly, CT and C1
T are Banach spaces. Define linear operator:

A : CT → CT , [Ax](t) = x(t)− c(t)x(t− τ), for all t ∈ R.
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����� 2.1� ([3]) If |c(t)| �= 1, then operator A has continuous inverse A−1 on
CT , satisfying

(1)

[A−1f ](t) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
f(t) +

∞∑
j=1

j∏
i=1

c(t− (i− 1)τ)f(t− jτ), c0 < 1, for all f ∈ CT ,

− f(t+τ)
c(t+τ) −

∞∑
j=1

j+1∏
i=1

1
c(t+iτ)f(t+ jτ + τ), σ > 1, for all f ∈ CT .

(2)

T∫
0

|[A−1f ](t)| dt ≤

⎧⎪⎪⎨⎪⎪⎩
1

1−c0

T∫
0

|f(t)| dt, c0 < 1, for all f ∈ CT ,

1
σ−1

T∫
0

|f(t)| dt, σ > 1, for all f ∈ CT .

����� 2.2� ([4]) Suppose that X and Y are two Banach spaces, and
L : D(L) ⊂ X → Y , is a Fredholm operator with index zero. Furthermore,
Ω ⊂ X is an open bounded set and N : Ω̄ → Y is L-compact on Ω̄. If all the
following conditions hold:

(1) Lx �= λNx, for all x ∈ ∂Ω ∩D(L), for all λ ∈ (0, 1),

(2) Nx /∈ ImL, for all x ∈ ∂Ω ∩KerL,

(3) deg{JQN,Ω ∩KerL, 0} �= 0,

where J : ImQ → KerL is an isomorphism. Then equation Lx = Nx has a
solution on Ω̄ ∩D(L).

In order to use Mawhin’s continuation theorem to obtain the existence of
T -periodic solutions of the equation (1.1), we take (Ax1)

′(t) = ϕq(x2(t)). From
(Ax′

1)(t) = (Ax1)
′(t) + c′(t)x1(t− τ), we have

x′
1(t) = A−1[ϕq(x2(t)) + c′(t)x1(t− τ)],

where q > 1 is a constant with 1
p + 1

q = 1. Hence we rewrite the equation (1.1)

in the form of the two-dimensional differential system{
(Ax1)

′(t) = ϕq(x2(t)),

x′
2(t) = −f(x1(t))A

−1[ϕq(x2(t)) + c′(t)x1(t− τ)]− g(x1(t− γ(t))) + e(t),

(2.1)
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Obviously if x(t) =
(
x1(t), x2(t)

)T
is a T -periodic solution to system (2.1),

then x1(t) must be a T -periodic solution to equation (1.1). Thus, in order to
prove that equation (1.1) has a T -periodic solution, it suffices to show that
system (2.1) has a T -periodic solution. Now we set

X =
{
x = (x1(·), x2(·))T ∈ C(R,R2) : x(t+ T ) ≡ x(t)

}
with the norm ‖x‖ = max

{|x1|0, |x2|0
}
. Equipped with the above norm ‖ · ‖,

X is Banach space. Meanwhile, let

L : D(L) ⊂ X → X, Lx =

(
(Ax1)

′

x′
2

)
, (2.2)

N : X −→ X,

(Nx)(t) =

(
ϕq(x2(t))

−f(x1(t))A
−1[ϕq(x2(t)) + c′(t)x1(t− τ)]− g(x1(t− γ(t))) + e(t)

)
,

(2.3)
where D(L) =

{
x : x ∈ C1(R,R2) & x(t+ T ) = x(t)

}
. We get

ImL =

{
y : y ∈ X,

T∫
0

y(s) ds =

(
0
0

)}
.

Since for all x ∈ KerL, (x1(t)− c(t)x1(t− τ))′ = 0, then

x1(t)− c(t)x1(t− τ) = 1. (2.4)

Let φ(t) be the unique T -periodic solution of (2.4), then φ(t) �= 0 and

KerL =

{(
aφ(t)
a

)
, a ∈ R

}
.

Obviously, ImL is a closed in X and dimKerL = codim ImL = 2. Hence L is a
Fredholm operator with index zero. Define continuous projectors P , Q

P : X → KerL, (Px)(t) =

⎛⎜⎜⎜⎜⎜⎝
T∫
0

x1(t)φ(t) dt

T∫
0

φ2(t) dt

φ(t)

1
T

T∫
0

x2(t) dt

⎞⎟⎟⎟⎟⎟⎠
and

Q : X → X/ ImL, Qy =

⎛⎜⎜⎝
1
T

T∫
0

y1(t) dt

1
T

T∫
0

y2(t) dt

⎞⎟⎟⎠ .

Hence

ImP = KerL, KerQ = ImL.
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Let
LP = L|D(L)∩KerP : D(L) ∩KerP → ImL,

then
L−1
P = Kp : ImL → D(L) ∩KerP.

Since ImL ⊂ CT and D(L) ∩ KerP ⊂ C1
T , so Kp is an embedding operator.

Hence Kp is a completely operator in ImL. By the definitions of Q and N , it
knows that QN(Ω̄) is bounded on Ω̄, here Ω is a bounded open set on X. Hence
nonlinear operator N is L-compact on Ω.

3. Main results

For the sake of convenience, we list the following conditions.

(H1) There is a constant d > 0 such that

xg(x) < 0, whenever |x| > d.

(H2) There is a constant r such that

lim sup
x→−∞

|g(x)|
|x|p−1

≤ r ∈ [0,∞).

(H3)
fM = sup

x∈R

|f(x)| < +∞.

������� 3.1� Suppose that Assumptions (H1)–(H3) hold
T∫
0

φ2(t) dt �= 0. Then

equation (1.1) has at least one T -periodic solution, if p = 2 and

max
{

c1T
1−c0

, c0fMT+8(1+c0)rT
2

(1−c0−c1T )2

}
< 1 for c0 < 1

2 ,

max
{

c1T
σ−1 ,

c0fMT+8(1+c0)rT
2

(σ−1−c1T )2

}
< 1 for σ > 1;

or p > 2 and

max
{

c1T
1−c0

, 2p+1(1+c0)rT
p

(1−c0−c1T )p

}
< 1 for c0 < 1

2 ,

max
{

c1T
σ−1 ,

2p+1(1+c0)rT
p

(σ−1−c1T )p

}
< 1 for σ > 1.

P r o o f. Consider the following operator equation:

Lx = λNx, λ ∈ (0, 1),

where L and N are are defined by (2.2) and (2.3), respectively. Let

Ω1 =
{
x : x ∈ D(L), Lx = λNx, λ ∈ (0, 1)

}
.
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If x =

(
x1

x2

)
∈ Ω1, then x must satisfy

{
(Ax1)

′(t) = λϕq(x2(t)),
x′
2(t) = −λf(x1(t))A

−1
[
ϕq(x2(t))+c′(t)x1(t− τ)

]−λg
(
x1(t− γ(t))

)
+λe(t).

(3.1)
From the first equation of (3.1), we get x2(t) = ϕp

(
1
λ
(Ax1)

′(t)
)
, combining with

the second equation of (3.1) yields(
ϕp((Ax1)

′(t))
)′
+ λpf(x1(t))A

−1
[
ϕq(x2(t)) + c′(t)x1(t− τ)

]
+λpg

(
x1(t− γ(t))

)
= λpe(t),

i.e.

(ϕp((Ax1)
′(t)))′ + λpf(x1(t))x

′
1(t) + λpg(x1(t− γ(t))) = λpe(t). (3.2)

Integrating both sides of (3.2) over [0,T], we get

T∫
0

g(x1(t− γ(t))) dt = 0. (3.3)

From integral mean value theorem and (3.3), we know that there exists a con-
stant t1 ∈ [0, T ] such that

g(x1(t1 − γ(t1))) = 0.

Assumption (H1) implies

|x1(t1 − γ(t1))| ≤ d.

Because x1(t) is a T -periodic function, then there exists a constant ξ ∈ [0, T ]
satisfying t1 − γ(t1) = ξ + kT , k ∈ Z, then we have |x1(ξ)| ≤ d. Hence we get

|x1|0 = max
t∈[0,T ]

∣∣∣∣x1(ξ) +

t∫
ξ

x′
1(s) ds

∣∣∣∣ ≤ |x1(ξ)|+
T∫

0

|x′
1(s)| ds ≤ d+

T∫
0

|x′
1(s)| ds.

(3.4)
Multiplying the two sides of equation (3.2) by (Ax1)(t) and integrating them
over [0, T ], combining with (H3), we have
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T∫
0

|(Ax1)
′(t)|p dt = λp

T∫
0

f(x1(t))x
′
1(t)[x1(t)− c(t)x1(t− τ)] dt

+ λp

T∫
0

g(x1(t− γ(t)))[x1(t)− c(t)x1(t− τ)] dt

− λp

T∫
0

e(t)[x1(t)− c(t)x1(t− τ)] dt

= − λp

T∫
0

f(x1(t))x
′
1(t)c(t)x1(t− τ)] dt

+ λp

T∫
0

g(x1(t− γ(t)))[x1(t)− c(t)x1(t− τ)] dt

− λp

T∫
0

e(t)[x1(t)− c(t)x1(t− τ)] dt

≤ c0|x1|0fM
T∫

0

|x′
1(t)| dt

+ (1 + c0)|x1|0
T∫
0

|g(x1(t− γ(t)))| dt+ (1 + c0)|x1|0T |e|0

(3.5)

Let

E1 =
{
t ∈ [0, T ] : x1(t− γ(t)) < −ρ

}
,

E2 =
{
t ∈ [0, T ] : |x1(t− γ(t))| ≤ ρ

}
,

E3 =
{
t ∈ [0, T ] : x1(t− γ(t)) > ρ

}
,

where ρ > d > 0 is a given constant. Integrating the two sides of (3.2) on [0, T ],
we get

T∫
0

g(x1(t− γ(t))) dt = 0.
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Therefore, using (H1) and (H2), we obtain

∫
E3

|g(x1(t− γ(t)))| dt = −
∫
E3

g(x1(t− γ(t))) dt

=

∫
E1∪E2

g(x1(t− γ(t))) dt

≤
∫

E1∪E2

|g(x1(t− γ(t)))| dt.

(3.6)

Since c0fMT+8(1+c0)rT
2

(1−c0−c1T )2 < 1 and 2p+1(1+c0)rT
p

(1−c0−c1T )p < 1, there exists a constant ε > 0

such that

c0fMT + 8(1 + c0)(r + ε)T 2

(1− c0 − c1T )2
< 1 and

2p+1(1 + c0)(r + ε)T p

(1− c0 − c1T )p
< 1. (3.7)

For such ε, by assumption (H2), there exists a constant ρ > 0 such that

|g(u)| ≤ (r + ε)|u|p−1 for u < −ρ. (3.8)

From (3.6) and (3.8), we get

T∫
0

|g(x1(t− γ(t)))| dt =
∫

E1∪E2∪E3

|g(x1(t− γ(t)))| dt

≤ 2

∫
E1∪E2

|g(x1(t− γ(t)))| dt

≤ 2(r + ε)T |x1|p−1
0 + 2Tgρ,

(3.9)
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where gρ = max
t∈E2

|g(x1(t− γ(t)))|. From (3.4), (3.5) and (3.9), we have

T∫
0

|(Ax1)
′(t)|p dt

≤ c0|x1|0fM
T∫

0

|x′
1(t)| dt+ 2(1 + c0)(r + ε)T |x1|p0

+ 2Tgρ(1 + c0)|x1|0 + (1 + c0)|x1|0T |e|0

≤ [
c0fMd+ 2Tgρ(1 + c0) + (1 + c0)T |e|0

] T∫
0

|x′
1(t)| dt+ c0fM

( T∫
0

|x′
1(t)| dt

)2

+ 2(1 + c0)(r + ε)T

(
d+

T∫
0

|x′
1(t)| dt

)p

+
[
2Tgρ(1 + c0) + (1 + c0)T |e|0

]
d.

(3.10)

From [Ax1](t) = x1(t)− c(t)x1(t− τ), for all x1 ∈ C1
T , we have

(Ax′
1)(t) = (Ax1)

′(t) + c′(t)x1(t− τ),

then from Lemma 2.1 and (3.4), if c0 < 1
2 we have

T∫
0

|x′
1(t)| dt =

T∫
0

|(A−1Ax′
1)(t)| dt ≤

T∫
0

|(Ax′
1)(t)|

1− c0
dt

=

T∫
0

|(Ax1)
′(t) + c′(t)x1(t− τ)|

1− c0
dt

≤
T∫

0

|(Ax1)
′(t)|

1− c0
dt+

c1T

1− c0

(
d+

T∫
0

|x′
1(t)| dt

)
.

In view of c1T
1−c0

< 1, we have

T∫
0

|x′
1(t)| dt ≤

T∫
0

|(Ax1)
′(t)|

1− c0 − c1T
dt+

c1Td

1− c0 − c1T

≤ T
1
q

1− c0 − c1T

( T∫
0

|(Ax1)
′(t)|p dt

) 1
p

+
c1Td

1− c0 − c1T
.

(3.11)
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Hence we have( T∫
0

|x′
1(t)| dt

)2

≤
( T∫

0

|(Ax1)
′(t)|

1− c0 − c1T
dt +

c1Td

1− c0 − c1T

)2

=

(
T∫
0

|(Ax1)
′(t)| dt

)2

(1− c0 − c1T )2
+

2c1Td
T∫
0

|(Ax1)
′(t)| dt

(1− c0 − c1T )2
+

c21T
2d2

(1− c0 − c1T )2

≤ T
2
q

(1− c0 − c1T )2

( T∫
0

|(Ax1)
′(t)|p dt

) 2
p

+
2c1dT

2− 1
p

(1− c0 − c1T )2

( T∫
0

|(Ax1)
′(t)|p dt

) 1
p

+
c21T

2d2

(1− c0 − c1T )2

(3.12)

and(
d+

T∫
0

|x′
1(t)| dt

)p

≤
( T∫

0

|(Ax1)
′(t)|

1− c0 − c1T
dt+

d− dc0
1− c0 − c1T

)p

≤
2p
( T∫

0

|(Ax1)
′(t)| dt

)p

(1− c0 − c1T )p
+

2p(d− dc0)
p

(1− c0 − c1T )P

≤ 2pT
p
q

(1− c0 − c1T )p

T∫
0

|(Ax1)
′(t)|p dt+ 2p(d− dc0)

p

(1− c0 − c1T )P
,

(3.13)

here we use the inequality

(a+ b)l ≤ 2l(al + bl), for all a > 0, b > 0, l > 0.

From (3.10)–(3.13), we get

T∫
0

|(Ax1)
′(t)|p dt ≤ [

c0fMd+ 2Tgρ(1 + c0) + (1 + c0)T |e|0
]×
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×
(

T
1
q

1− c0 − c1T

( T∫
0

|(Ax1)
′(t)|p dt

) 1
p

+
c1Td

1− c0 − c1T

)

+ c0fM

(
T

2
q

(1− c0 − c1T )2

( T∫
0

|(Ax1)
′(t)|p dt

) 2
p

+
2c1dT

2− 1
p

(1− c0 − c1T )2

( T∫
0

|(Ax1)
′(t)|p dt

) 1
p

+
c21T

2d2

(1− c0 − c1T )2

)

+ 2(1 + c0)(r + ε)T

(
2pT

p
q

(1− c0 − c1T )p

T∫
0

|(Ax1)
′(t)|p dt+ 2p(d− dc0)

p

(1− c0 − c1T )P

)
+
[
2Tgρ(1 + c0) + (1 + c0)T |e|0

]
d

=

(
[c0fMd+ 2Tgρ(1 + c0) + (1 + c0)T |e|0]T

1
q

1− c0 − c1T
+

2c0fMc1dT
2− 1

p

(1− c0 − c1T )2

)

×
( T∫

0

|(Ax1)
′(t)|p dt

) 1
p

+
c0fMT

2
q

(1− c0 − c1T )2

( T∫
0

|(Ax1)
′(t)|p dt

) 2
p

+
2p+1(1 + c0)(r + ε)T p

(1− c0 − c1T )p

T∫
0

|(Ax1)
′(t)|p dt

+

[
c0fMd+ 2Tgρ(1 + c0) + (1 + c0)T |e|0

]
c1Td

1− c0 − c1T
+

c0fMc21T
2d2

(1− c0 − c1T )2

+
2p+1(1 + c0)(r + ε)T (d− dc0)

p

(1− c0 − c1T )P
+
[
2Tgρ(1 + c0) + (1 + c0)T |e|0

]
d.

(3.14)

If p = 2, by (3.7) and (3.14), there is a constant M1 > 0 such that

T∫
0

|(Ax1)
′(t)|2 dt ≤ M1.

If p > 2, by (3.7) and (3.14), there is a constant N1 > 0 such that

T∫
0

|(Ax1)
′(t)|p dt ≤ N1.
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Take M2 = max{M1, N1}. It follows from (3.11) that

T∫
0

|x′
1(t)| dt ≤

T
1
q M

1
p

2

1− c0 − c1T
+

c1TD

1− c0 − c1T
:= M3.

By (3.4) we get
|x1|0 ≤ d+M3.

If σ > 1, from the conditions of Theorem 3.1, similar to the above proof, we
also obtain that there exists a constant M4 > 0

|x1|0 ≤ M4.

Then we have
|x1|0 ≤ max{d+M3,M4} := M̃.

In view of the first equation of (3.1) we have
T∫
0

|x2(t)|q−2x2(t) dt = 0. From in-

tegral mean value theorem, there exists a constant η ∈ [0, T ] such that x2(η) = 0.

Hence |x2|0 ≤
T∫
0

|x′
2(t)| dt. By the second equation of (3.1) we get

T∫
0

|x′
2(t)| dt ≤

T∫
0

|f(x1(t))||x′
1(t)| dt +

T∫
0

|g(x1(t− γ(t)))| dt+
T∫

0

|e(t)| dt

≤ fMM3 + Tg
M̃

+ T |e|0,
where g

M̃
= max

|u|<M̃
|g(u)|. So we obtain

|x2|0 ≤ fMM3 + g
M̃

+ T |e|0 := M̂.

We have proved that if x = (x1, x2)
T ∈ D(L), Lx = λNx, λ ∈ (0, 1), then

|x1|0 ≤ M̃ and |x2|0 ≤ M̂ . Let M = max{M̃ , M̂} and Ω = {x = (x1, x2)
T ∈ X :

|x1|0 ≤ M, |x2|0 ≤ M}. Then M > d and the condition (1) of Lemma 2.2 is
satisfied. Moreover, for any x = (x1, x2)

T ∈ X, we have

QNx =

⎛⎜⎜⎝
1
T

T∫
0

ϕq(x2(t)) dt

− 1
T

T∫
0

g(x1(t− γ(t))) dt

⎞⎟⎟⎠ .

Since KerL = (aφ(t), a)T , where a ∈ R, if QNx = 0 for some x = (x1, x2)
T ∈

∂Ω ∩KerL, then x2 ≡ 0, x1 = aφ(t), and

T∫
0

g(aφ(t)) dt = 0. (3.15)
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When c0 < 1
2 , we have

φ(t) = A−1(1) = 1 +

∞∑
j=1

j∏
i=1

c(t− (i− 1)τ)

≥ 1−
∞∑
j=1

j∏
i=1

c0

= 1− c0
1− c0

=
1− 2c0
1− c0

:= δ1 > 0.

Then we have

a ≤ d

δ1
.

Otherwise, for all t ∈ [0, T ], aφ(t) > d, from assumption (H1), we have

T∫
0

g(aφ(t)) dt < 0

which is contradiction to (3.15). When σ > 1, we have

φ(t) = A−1(1) = − 1

c(t+ τ)
−

∞∑
j=1

j+1∏
i=1

1

c(t+ iτ)

≤ − 1

σ
−

∞∑
j=1

j+1∏
i=1

1

σ

= − 1

σ − 1
:= δ2 < 0.

Then we have

a ≤ − d

δ2
.

Otherwise, for all t ∈ [0, T ], aφ(t) < −d, from assumption (H1), we have

T∫
0

g(aφ(t)) dt > 0

which is contradiction to (3.15). One has |x1|0 = max
{

d
δ1
,− d

δ2

}|φ|0 = M ≤ d,
which is a contradiction. So QNx �= 0 for all x ∈ ∂Ω ∩ KerL and thus the
condition (2) of Lemma 2.2 is satisfied. It remains to verify the condition (3) of
Lemma 2.2. In order to prove it, let

J : ImQ → KerL, J(x1, x2)
T = (x1, x2)

T ,
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and H(x, µ) = µx+ (1− µ)JQNx for (x, µ) ∈ X × [0, 1]. Then we have

H(x, µ) =

⎛⎜⎜⎝ µx1 +
(1−µ)

T

T∫
0

ϕq(x2(t)) dt

µx2 − (1−µ)
T

T∫
0

g(x1(t− γ(t))) dt

⎞⎟⎟⎠ .

It is not difficult to verify that, using (H1), for any x ∈ ∂Ω∩KerL and µ ∈ [0, 1],
we have H(x, µ) �= 0. Therefore,

deg{JQN,Ω ∩KerL, 0} = deg{H(·, 0),Ω ∩KerL, 0}
= deg{H(·, 1),Ω ∩KerL, 0}
= deg{I,Ω ∩KerL, 0}
�= 0.

Therefore, by using Lemma 2.2, we see that the equation Lx = Nx has a solution
x = (x1, x2)

T in Ω̄, i.e., the equation (1.1) has a T -periodic solution x1. �
Remark 1� When 1 < p < 2 or 1

2 ≤ c0 < 1, there are no existence results of
periodic solutions for equation (1.1). We hope that the authors are interested
in doing further research on this issue.

As an application, we consider the following NFDE:

(ϕ3((x(t)−(103−2 cos t)x(t−τ))′))′+
(
2+

1

5
sin x

)
x′+g(x(t−1/2 sin t)) = sin t,

(3.16)
where

f(x) = 2 +
1

5
sin x

and

g(u) =

⎧⎨⎩−u2, u > 10,
−10u, u ∈ [−10, 10],
u2, u < −10.

Clearly, the Eq. (3.16) is a particular case of (1.1) in which

p = 3, c(t) = 103− 2 cos t, γ(t) =
1

2
sin t, e(t) = sin t.

Then we have σ = 101 > 1, c0 = 105, c1 = 2, T = 2π and r = 1, and thus

c1T

σ − 1
=

2× 2π

101− 1
= 0.1256 < 1

and
2p+1(1 + c0)rT

p

(σ − 1− c1T )p
=

24 × 106× (2π)3

(100− 4π)3
≈ 0.6283 < 1.

Here assumptions (H1) and (H2) are satisfied. By using Theorem 3.1, we know
that equation (3.16) has at least one 2π-periodic solution.
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