versi 2o I\/\%flhemoﬁco
ovaca

DOI: 10.2478/s12175-013-0102-9
Math. Slovaca 63 (2013), No. 2, 349-380]

GRAPHIC REPRESENTATION
OF MV-ALGEBRA PASTINGS
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ABSTRACT. We deal with a construction of some difference posets via a method
of a pasting of MV-algebras. We generalize Greechie diagrams used in MV-algebra
pastings. We give necessary and sufficient conditions under which the resulting
pasting of an admissible system MV-algebras is a lattice-ordered D-poset.
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1. Introduction

A method of a construction of quantum logics (orthomodular posets and
orthomodular lattices) making use of the pasting of Boolean algebras was origi-
nally suggested by Greechie in 1971 [9]. Such quantum logics are called Greechie
logics. In Greechie logics Boolean algebras generate blocks with the intersec-
tion of each pair of blocks containing at most one atom. One of useful tools
in order to construct interesting orthomodular posets and orthomodular lattices
is Greechie’s Loop Lemma which gives the necessary and sufficient conditions
under which a Greechie logic is lattice-ordered. In addition, Greechie’s pasting
technique allowed to prove the existence of an orthomodular lattice admitting
no state.

The method of the pasting of Boolean algebras has been later generalized by
many authors, above all by Dichtl [5], Navara and Rogalewicz [15], Navara [13].
In [5], Dichtl has succeeded in obtaining characterizations of orthomodular posets
and orthomodular lattices under assumptions more general than those of the
Greechie’s Loop Lemma. In [I3], Navara formulated sufficient and necessary
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conditions under which a pasting of a family of Boolean algebras is an ortho-
algebra. For more details we refer the reader to Navara [I4] and the references
given there.

In the early nineties, Kopka and Chovanec [12] introduced a new algebraic
structure called a difference poset (D-poset for short). In this structure differ-
ence of comparable elements is a primary notion. Independently, Foulis and
Bennett [7] introduced an essentially equivalent structure called an effect alge-
bra with a partial addition as a primary operation. The notion of a D-poset
(an effect algebra) generalizes orthoalgebras (and hence orthomodular posets),
MV-algebras (including Boolean algebras) as well as the system of Hilbert-space
effects which plays an important role in the theory of so-called unsharp quantum
measurements.

Short time after D-posets (effect algebras) were discovered, the attempts have
arisen to generalize the method of the pasting in order to construct miscella-
neous examples of difference posets and in order to study difference lattices
admitting no states (probability measures). These efforts were successful only
after Riecanova [I7] proved that every lattice-ordered effect algebra (D-lattice)
is a set-theoretical union of maximal sub-D-lattices of pairwise compatible ele-
ments, i.e. maximal sub-MV-algebras.

A method of a construction of difference lattices by means of an MV-algebra
pasting was originally suggested in [4]. Thereafter many authors have tried to
use another pasting techniques in order to construct various types of difference
posets (effect algebras) (see [18], [11], [14], [19]).

In this paper, we give some re-formulations of the basic notions introduced
in [4] and generalize Greechie diagrams used on a graphical representation of
Greechie logics. Finally we present some sufficient conditions under which a pas-
ting of an admissible system of MV-algebras is a lattice-ordered D-poset.

2. Basic definitions and facts

In this section, we summarize some necessary definitions and facts about
D-posets. For more details we refer to [3] or [6].

Let P be a bounded partially ordered set with the least element Op and the
greatest one 1p. Let © be a partial binary difference operation on P such that
there is b © a in P if and only if @ < b and the following axioms hold.

(D1) a©0p =a forany a€P.
(D2) a <b<c¢ implies cob<coa and (cSa)O(cOb) =bSa.
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The structure (P, <,0,0p, 1p) is called a difference poset (a D-poset). For the
simplicity of the notation, we write P instead of (P, <,8,0p,1p).
A lattice-ordered D-poset is called a D-lattice.

Ezxzample 1. Let (P,<,’,0p,1p) be an orthomodular poset (an orthomodular
lattice, resp.), where ’ is an orthocomplementation. For a,b € P such that
a < b we define b © a as follows

boa=bAd.
Then (P, <,8,0p,1p) is a D-poset (a D-lattice).

A D-lattice P is said to be o-complete if for any countable sequence

o0 o0
{an}5%, C P the least upper bound \/ a, and the greatest lower bound A a,

n=1 n=1
exist in P.

A non-zero element a of a D-poset P is called an atom if the inequality b < a
entails either b = 0p or b = a. A D-poset P is said to be atomic if for any
non-zero element b € P there is an atom a € P such that a < b.

For any element a in a D-poset, the element 1p © a is called the orthosup-
plement of a and is denoted by a'. The unary operation L:a — at is an
involution ((a*)* = a) and order reversing (a < b implies b+ < a’l).

The set [a,b] = {x € P: a <z < b} is called an interval in a D-poset P.

In every D-poset, a partial operation @ (an orthosummation) can be defined
as follows.

a®b=(at bt for a<bt.
It is easy to see that
(i) a®at =1p,
(i) a® O0p = a,
(i) a®b=b@®a if a<b*.

An additive counterpart to a D-poset is an effect algebra introduced by Foulis
and Bennett in [7]. Although D-posets and effect algebras are essentially equiv-
alent structures, D-posets seem preferable when we want to emphasize the pri-
mary role of the difference operation.

A D-poset (an effect algebra) P with the property a < a’ implies a = 0p is
called an orthoalgebra [§]. Orthomodular posets and lattices are special types of
orthoalgebras.

Let F' ={a1,...,a,} be a finite sequence in a D-poset P. We define

a1@~-~@an:(a1€B~-~@an71)€Bam ”23,
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supposing that a1 @ -+ ® ap—1 and (a1 ® - & ap—_1) ® a,, exist in P. We say
that a finite system F' = {a1,as,...,a,} is @-orthogonal, if a1 B as ® -+ B ay,
exists in P and then we write

n
Q®a® - ®a,=Pa.
=1

For every a € P and positive integer n we define 0a = 0p and (n+1)a = na®a,
if all involved elements exist. The greatest n such that na exists is called the
isotropic index of a and denoted 7(a). If na exists for every integer n then
T(a) = 0o. A D-poset P is called Archimedean if 7(a) < oo for every non-zero
element a € P. Every o-complete D-poset is Archimedean.

A finite set of atoms {ay,as,...,a,} of an Archimedean D-poset P is called
a finite atomic decomposition of the unity, if the set {7(a1)a1,7(az2)as,...
..., 7(ay)a,} is @-orthogonal and

n
@T(ai)ai =1p.
i=1
Elements a and b from a D-poset P are called compatible and we write a <> b, if
there are c,d € P,c<a<dand c<b<dsuchthat dba=0b6c.

If a <+ b then the elements of the set {a,b,a™, b} are mutually compatible.
In a D-lattice, a > b if and only if (a Vb) ©a=b6 (a Ab).

It is well known that an orthomodular lattice of pairwise mutually compatible
elements forms a Boolean algebra. According to [2], a D-lattice of pairwise mu-
tually compatible elements forms an MV-algebra (introduced by Chang in [I]),
therefore, MV-algebras play a similar role in difference posets as Boolean alge-
bras do in orthomodular structures.

Let P be a D-poset. A subset Q C P is called a sub-D-poset of P if 1p € Q
and b a € Q for every a,b € Q such that a <b.

If a sub-D-poset Q of a D-poset P is organized as a Boolean algebra (an MV-al-
gebra) with respect to the order and the difference defined in P, we call Q
a Boolean subalgebra (a sub-MV-algebra) of P.

Let P = (P,<p,5p,0p,1p) and T = (T,<7,S7,07,17) be D-posets.
A mapping w: P — T is called a D-morphism of P into T if the following
conditions are satisfied.

(DH1) w(lp) = 17.
(DH2) If a,b € P, b <p a, then w(a) <7 w(b).
(DH3) If a,b € P, b <p a, then w(b Sp a) = w(b) &7 w(a).

If, moreover, w is bijective and its inverse is also a D-morphism, then w is called
an isomorphism and we say that P and T are isomorphic.
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It is known (see [16]) that compatible events of a quantum mechanical system
belong to some classical subsystem. It means that from the algebraic point of
view compatible elements of a quantum logic (an orthomodular poset) belong to
a Boolean subalgebra of this logic. A maximal Boolean subalgebra of a quantum
logic (an orthoalgebra) is called a block. In D-posets, a more general definition
of a block has been used.

DEFINITION 2. A block in a D-poset P is a maximal sub-MV-algebra of P.

Note that if A is a maximal sub-MV-algebra of an orthoalgebra P then A is
simultaneously a maximal Boolean subalgebra of P.

If {a1,as,...,a,} is a finite atomic decomposition of the unity of an Archi-
medean D-lattice P, then the set

n
B:{xGP: x = P a;a,, OgaiST(a,—)}
i=1
is a block in P.

In [13], Navara showed that every orthoalgebra is the union of its blocks.
A similar result for D-lattices was achieved by Riecanova in [I7]. This outcome
evoked a question how we could construct a D-poset from a given collection
of MV-algebras. The first attempts to solve this problem appeared in [4], but
later it has been revealed that some notions require a revision, especially the
definition of an admissible system MV-algebras for a pasting.

3. Construction of an MV-algebra pasting

In this section, we will deal with the problem of constructions of difference
posets by the method of an MV-algebra pasting. At first we have to bring an
answer to the question: What do we mean by an MV-algebra pasting? The
answer consists in the following definition.

DEFINITION 3. Let S = {A; : t € T} be a countable system of atomic

o-complete MV-algebras. By an MV-algebra pasting of the system S we under-

stand a construction of a difference poset P such that the following conditions

are fulfilled.

(P1) There is asystem S* = { A : ¢t € T'} of maximal sub-MV-algebras (blocks)
of P.

(P2) There is a bijection 9 from S onto §* such that the MV-algebras A; and
blocks A} = 1(A;) are isomorphic for every ¢ € T'.

(P3) P= U A;f.

teT
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We denote the set of all atoms of an MV-algebra A by At(A) and the cardi-
nality of a set A by |A].

DEFINITION 4. Let A and B be different atomic o-complete MV-algebras. Let
A and B be finite sets of atoms such that A C At(A), B C At(B) and |A| = |B|.
We say that the sets A and B are isotropically equivalent, and write A ~. B, if
there is a bijection ¢: A — B such that 7(a) = 7 (¢(a)) for every a € A.

Note that the relation ~. is symmetric and transitive, and moreover, A ~, B
whenever A = () and B = .

Let S = {A;: t € T} be a countable system of atomic o-complete MV-alge-
bras. We choose exactly one pair (A, B) of isotropically equivalent sets of atoms
from every couple (A, As) (t # s) of MV-algebras of the system S and one
bijection ¢;s such that B = p5(A) and 7 (¢s(a)) = 7(a) for any a € A. Let
us denote such a choice by ¢. Thus

U= {((A, B),pis): ACAt(A:), BCAt(A), B=ps(A), T(pis(a)) = T(a)}.
We demand, in addition, that the choice U has the following properties.

(U1) If (A, B),ps) € U then ((B, A), 3. ) € U, where ¢7, is the inverse map
Of ths.

(U2) If A C At(As), B C At(As), C C At(A,) such that ((4,B),ps) € U
and ((B,C),psr) € U, then ((A4,C),p4) € U, where @1 = Qg 0 @y
(i.e. @ir(a) = @sr (prs(a)) for all a € A).

DEFINITION 5. Let S = {A; : ¢t € T} be a countable system of atomic
o-complete MV-algebras and U be a choice of pairs of isotropically equivalent
sets of atoms (described above). A couple (S,U) is called the admissible system
of MV-algebras (for a pasting), if the following conditions hold for arbitrary
MV-algebras A;, A, A, € S.

(AS1) If ((A,B),ps) € U such that A C At(A;) and B C At(A;), then
At(Ay) N A # 0 and At(As) N~ B # 0. Moreover, if At(A;) ~ A = {a},
resp. At(As) \ B = {b}, then 7(a) > 1, resp. 7(b) > 1.

(AS2) If A C At(Ay), B C At(As), C C At(A,) such that ((A, B), ¢:s) € U and
((At(A:) N A,C), ¢4r) € U then there are an MV-algebra A, € S, a sub-
set D C At(A,) and bijections ¢ s, , ¢ p such that ((At(As) ~ B, D), ¢ sp)
€U and ((At(A,) N C,At(A,) N D), ¢,p) €U.

Note that every countable system S of atomic o-complete MV-algebras is
admissible with respect to a choice U of pairs of empty sets.

Let (S,U) be an admissible system of MV-algebras, where S = {A; : t € T}.

We define a relation ~ on |J A in the following way.
teT
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GRAPHIC REPRESENTATION OF MV-ALGEBRA PASTINGS

(1) If ((@,@),(Pts) €U, then 04, ~04, and 14, ~ 14,.

(2) If z,y € Ay, then z ~ y if and only if z =y.

(3) Let z € (Atvgta@tvoAmlAt)v ye (Asvgsa@SaOAsles)v ((AvB)aQOts)e Z/{a
A={ay,as,...,ap}, n>1. Then x ~y if there are a; €{0,1,2,...,7(a;)}
for i =1,2,...,n, such that either

n
T = ara1 By agaz Dy - - O Qpapn = @t Qi@
i=1

and
n

Y= 0101s(a1) D a2 15(a2) By -+ D AP ra(an) = @) s itprs(as),
=1

or n n

et =@Praia;  and gt =P aipr(a).
i=1 i=1
(4) Let v € Ay, y € As, t # s, A = {ay,...,a,} C At(A), n > 1, a; €
{0,...,7(a;)} for i = 1,2,...,n, B = {by,...,bpy} C At(As), m > 1,
B €{0,1,...,7(b;)} for j =1,2,...,m, such that

n m

x:@taiah y:@sﬁibi-
i=1 j=1
Let (A, X) ¢ U and (Y, B) ¢ U for every X C At(A;) and Y C At(Ay).
Let A, A, € S, C C At(A,), D C At(Ay), such that ((4,C),pw) € U,
((At(A)NC At (As)NB), o rs) € U, (At(A)NA, At(AND), pq) €U,
((B,D),psq) €U and At(A,) N C ={e1,...,en }, n1 > 1, At(Ay) N D =
{fl, .. .,fn2}, N9 2 1. Let

C:@raz@tr(ai) and d:@qﬂjﬂpsq(bj)
i=1 Jj=1

(x ~ cand y ~ d in the sense of (3)). If there are vy, € {0,1,...,7(ex)}
for k=1,...,n1,and 6; € {0,1,...,7(f;)} for I =1,...,ng, such that

=P rmer, v =D mprsler)  (c~y in the sense of (3))

k=1 k=1

and
ng na

d+e = @qélﬁ, ztt = @t 01p gt (f1) (d ~ z in the sense of (3)),
=1 =1

then x ~ y.

Note that = ~ y if and only if - ~ y's. In addition, 04, ~04, and 14, ~ 14,
whenever ((A, B),pts) € U.
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The relation ~ is reflexive, symmetric and transitive, so it is an equivalence

on |J A;.

teT
Let [z] be an equivalence class determined by x and let P be the quotient set,
i.e.

[x]:{yGUAt:ywx} and P:{[x}:xEU.At}.

teT teT

If we denote A = {[2]: = € A} then P = |J A}
teT

A partial ordering < and a difference © on P are defined as follows.
[z] < [y] if and only if there is an MV-algebra (A, <;,6¢,04,,14,) € S and
elements u, v € A; such that u € [z], v € [y] and u <; v. In this case we define

Y] © [2] := [v ©; u].

We prove that the relation < and the partial operation & are independent of
the choice of representatives.

Let ((A,B),pws) € U, A ={a1,...,a,} C At(Ay), B = ps(A). Suppose
that uy,v; € Ay and ug,ve € A, such that u; ~ us and vy ~ ve. We show
that u; <; vy if and only if us <; vg, and moreover, v; S u; ~ vg S; uz. The

inequality w; <y vy yields only three possibilities.
n

n
(i) If v1 = P ¢ aa; then necessarily uy = € ¢ fia;, where 0 < 3; < o

i=1 i=1
< 7(a;) for every ¢ = 1,2,...,n. Since u; ~ ug and vy ~ vy, it follows that
n n
us = P s Biprs(a;), va = P s aipis(a;) and thus ug < vy. In addition,
i=1 i=1
n n
v orur =@ (i —Biai and vy S up = P« (0 — Bi)pus(ai),
i=1 i=1
S0, U1 Ot U ~ vy O Uz, therefore (v O; us] = [v1 O u1] = [y] © [2].
n Le n Le
(11) If U = (EBt@(h) then v = <@toziai> s where 0 S (67 S 51
i=1 i=1
< 7(a;) for every i = 1,2,...,n. Then using of duality and (i) we immediately
obtain

n Ls n Ls
Uz = (@sﬁi@ts(%)) <s <®sai¢t5(ai)> = V2

i=1 =1

and also v1 ©; uy ~ v S5 us.
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GRAPHIC REPRESENTATION OF MV-ALGEBRA PASTINGS

n n J—t
(iii) If uy = € ¢ Bia; and vy = (EB + oziai) , then B; + a; < 7(a;) for every
i=1 i=1

n n Le
i=1,2,...,n, because the inequality € ¢ B;a; < <@ " aiai> implies that
=

i=1

(@t ﬁiaz) P (@t Oéi%) = @t (Bi + a)a; <y ¢ T(a;)a;.

i=1 i=1 i=1 =1

~.

[

s

Apparently us = @ s Bips(ai) and vo = (@ s Oéi@ts@i)) . As

=1 =

n

1.AS Zs @sT(az QOts az Zs @s 51 + oy @ts(az)
1=1

=1
S 04180 ts az)) )
1

= (@sﬁz@ts a; ) (
1=1 %

n s
we get uz = @ s Bipis(a;) < <€B s 0GP 1s(ag) = vy. We have

1=1 7
n n

(v1 ©pur) 't =07 By uy = (@t 0%%’) b1 ¢ 51‘“1’) = @ ¢ (i + Bi)as,
i=1 i1

and similarly

3

3

3

i=1

n
(’1)2 @s 'U/Q)J_S = ’U2 @s U2 = @ s (Oéi + Bi)@ts(ai),
=1

€

which gives (v ©; u1)*t ~ (vy O, uz)** and consequently vy Oy uy ~ v2 O Us.

n Ls n
Note that the case u; = (@ tﬁial) < P +a;a; = vy is impossible.
i=1 i=1
n

Indeed, if we denote v = @ ; 7(a;)a;, then

" 1. " 1y "
vt = (@tﬂ%)%)) <i (@tﬁi%) <t @tai @ 7(ai)a; = v,

=1 =1

hence vt = v Ay v+t = 0.4,, which gives v = 14,, a contradiction. In the same
manner it can be proved that us <g vo implies u; <; v1.

For this reason P is a partially ordered set with the greatest element [14,]
(denoted by 1p) and the least element [04,] (denoted by 0p). The partial ope-
ration © satisfies the axioms (D1) and (D2), so (P, <,1p,0p,0) is a D-poset.
Moreover, P is an MV-algebra pasting in the sense of Definition Bl
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We note that the Greechie logic is a specific case of an MV-algebra pasting
described above. Contrary to the Greechie logic, the intersection of blocks in an
MV-algebra pasting may contain more than one atom.

If (S,Up) is an admissible system of MV-algebras with respect to a choice of
pairs of empty sets, then such a pasting is called the 0-1-pasting or the horizon-
tal sum of MV-algebras. Every 0-1-pasting of MV-algebras is a lattice-ordered
D-poset, specifically, the 0-1-pasting of an admissible system of Boolean algebras
creates an orthomodular lattice.

4. Graphical diagrams of MV-algebra pastings

A very useful tool for a graphical representation of finite partially ordered sets
(posets) and Greechie logics are Hasse and Greechie diagrams. A Hasse diagram
of a finite poset P is an oriented graph (digraph) where objects, called vertices,
are elements of P and edges correspond to the covering relation. Vertices are
usually drawn as points or small black circles and edges as lines going from
lower to higher covering elements, i. e. edges are upward directed. A Greechie
diagram of a Greechie logic £ is a hypergraph where vertices are atoms of £
and edges correspond to blocks (maximal Boolean sub-algebras) in £. Vertices
are drawn as points or small black circles and edges as smooth lines connecting
atoms belonging to a block. Greechie diagrams are basically condensed Hasse
diagrams.

A Greechie diagram of a finite Boolean algebra enables to reconstruct this
algebra. If a Boolean algebra A contains n atoms (the Greechie diagram of A
consists of n vertices lying on one line), then A is isomorfic to the power set of
a set with n elements and |A| = 2™.

If At(M) = {a1,az2,...,a,} is a set of all atoms of a finite MV-algebra M,
then M is uniquely determined, up to isomorphism, by isotropic indices of its
atoms and in this case we write M = M(7(a1),7(az2),...,7(ay)). The cardi-
nality of the MV-algebra M(7(a1),7(az),...,7(ay)) is equal to the following
expression

(M(7(a1),7(az),...,7(an))| = (T(a1) + 1) (7(a2) +1) -+ (t(an) + 1).
Let us assume MV-algebras A(2,3) and B(3,2). Then |A(2,3)| = |B(3,2)| = 12
and it is obvious that A and B are isomorphic.

For a graphical representing of MV-algebra pastings we use also Greechie
diagrams. In this case we denote a vertex a of a Greechie diagram in the form
a(7(a)), where a is an atom and 7(a) is its isotropic index. Then a finite MV-al-
gebra is uniquely determined by its Greechie diagram.
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1a 15
c “ at 2e et
K e d
A B
[ J ([ ([ [ J [ J
a(l) b(1) ¢(1) 04 d(1) e(2) 0B
a) b) c) d)
o lc](2)
A B*
[ J [ J [}
[a](1) [6)(1) [c](1)=[d](1)

FIGURE 1. Greechie and Haase diagrams (Example [6])

Ezample 6. Let A = {(0,0,0), (1,0,0), (0,1,0), (0,0,1), (1,1,0), (1,0,1),
(0,1,1), (1,1,1)} and B = {(0,0),(1,0),(0,1),(1,1),(2,0),(2,1)}. If an orde-
ring and a difference of comparable elements are defined by coordinates, then A
becomes a Boolean algebra and B becomes an MV-algebra. Greechie diagrams of
A and B are displayed in Fig.[Th) and[Ik), respectively. Their Hasse diagrams are
displayed in Fig.[Ib) and[Id). Let us put 04 = (0,0,0), a = (1,0,0), b = (0, 1,0),
c=(0,0,1), 14 = (1,1,1), 05 = (0,0), d = (1,0), e = (0,1), 1z = (2,1). Then
At(A) = {a,b,c} and At(B) = {d,e}. We see that 7(c) = 1 = 7(d), therefore, if
we put
U= {(({ch{d}),9), (({d}, {ch), ¢7")},

where p(c) = d and ¢~ 1(d) = ¢, then {c} ~, {d} and hence ¢ ~ d, ¢+ ~ d* = 2e,
04 ~0p, 14 ~ 1g. This gives that [C} = [d}, [Cl} = [26], [O_A] = [03], [IA] = [13]
and in the remaining cases z € [y] if and only if x = y. The structures A and
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B create an admissible system of MV-algebras with respect to the choice U, so
their pasting P exists and P = {[x] s r e AUB } The pasting P is presented by
the Greechie diagram in Fig.[Ik) and by the Hasse diagram in Fig.[IF). Evidently
P is a D-lattice.

Greechie diagrams are useful only in the case if the intersection of blocks
contains a small number of atoms. Otherwise we suggest to use so-called cluster
Greechie diagrams.

DEFINITION 7. Let P = |J A be an MV-algebra pasting of an admissible sys-
teT
tem (S,U), where S = {A; : t € T} is a countable system of atomic o-complete

MV-algebras and U is a choice of pairs of isotropically equivalent sets of atoms.
A cluster Greechie diagram (a CG-diagram for short) is a hypergraph (V,€),
where V (the set of vertices) is a system of pairwise disjoint subsets of At(P)
such that [JV = At(P) and & (the set of edges) is a system of sets of atoms of
individual blocks in P, i.e. £ = {At(A4;): t € T}.

Vertices of a CG-diagram are drawn as small circles and edges as smooth lines
connecting all sets of atoms belonging to a block.

A b(2)

. <

a1(2)  a2(2) a3(3)
B P

® [ ] ® ® ® [ ] @ @

bi(2)  ba(3)  bs(3)  a(2) d(3) c(3)
a) b) c)

FIGURE 2. Greechie and CG-diagrams (Example [])

Ezample 8. Let A = A(2,2,3) and B = B(2,3,3) be MV-algebras such that
At(A) = {a1,a2,a3}, At(B) = {b1,ba,b3} (see Fig. Bh)). Then 7(a1) = 2,
7(az) =2, 7(ag) = 3, 7(b1) = 2, 7(ba) = 3, 7(b3) = 3. If we put A = {a1,as},
B = {b1,b3} and define a bijection ¢: A — B such that ¢(a;) = by and
w(az) = bz, then A ~. B, so the MV-algebras A and B create an admissi-
ble system with respect to a choice U = {((A, B), ), ((B, A), gp_l)}. We ob-
tain the following equivalence classes: [04] = {04,058} = [05], [14] = {14,158}
= [15], [a1] = {a1,b1} =[], [a2] = {az}, [as] = {as,b3} = [bs], [b2] = {b2},
[2a1] = {2a1,2b1} = [2b1], [2b2] = {2b2}. Because (2a2)t = (2a;) ® (3a3) and
(3ba)* = (2b1) @ (3b3), we get that (2a2)" ~ (3by)* and hence (2az) ~ (3bs),
s0 [2ag] = [3bs]. Then P = {[z] : = € AUB} is a pasting of the MV-algebras
A and B. For the simplicity we denote a = [a1] = [b1], b = [a2], ¢ = [as] = [bs],
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d = [be] and we put Vi = {a,c}, Vo = {b}, V5 = {d}. The Greechie diagram of
the MV-algebra pasting P is displayed in Fig. 2b) and the CG-diagram of P in
Fig. 2k).

In the whole following text we will identify an equivalence class [x] with the
element = determining this class.

5. Loops in MV-algebra pastings

In this section we give conditions under which a pasting of an admissible
system of MV-algebras is a lattice-ordered D-poset (a D-lattice). We follow
Dichtl ideas (cf. [5]), but we present them in a different way.

LEMMA 9. Let P be a pasting of an admissible system of MV-algebras. Let A*
and B* be different blocks of P with countable sets of atoms At(A*) and At(B*),
respectively. Let At(A*) N At(B*) be a finite non-empty set of atoms,

At(A") N AYB*) = {v1,v2,...,0,}, n>1.
Then the following statements are true.
(i) A*NB* is a sub-MV-algebra of P.
(i) At(A* N B*) = {v1,va,...,vn, 0"},

where v = @ 7(v;)v; and, moreover, T(vt) = 1.
i=1

(iii) A* N B* = [0p,v] U [vt, 1p] and [0p,v] N [vt, 1p] = 0.

Proof.

(1) It is straightforward.

(ii) Let x € A* N B* and = < v; for some j € {1,2,...,n}. Because z € A*
and v; is an atom in A*, either x = Op or z = v;, which means that v; is an
atom in A* N B* and so {v1,vs,...,v,} C At(A* N B*). Denote

A= At(A) N (AL(AY) NAKB)) ={ar: te€T},  a=Pr(ar)a,
teT

B =At(B*) \ (At(A)NAL(B*) = {b,: s€ S}, b=EDr(ba)bs,
ses

where T,S are countable index sets. Then At(A*) = {vi,ve,...,v,} U A,
At(B*) = {v1,v9,...,0,} UB, v@®a=1p = v @b and hence a = v = b.
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We prove that vAvt = 0p. Let w € P such that w < v and w < v'. Suppose
that w > 0p. Because a; Av = 0p and by Av = 0p for every t € T and s € 5,
there is an atom v; (j € {1,2,...,n}) such that v; <w. We have

T(vj)v; <v < wt < ij,

which contradicts the isotropic index of v;, therefore w = O0p.

Suppose that z € A* N B*. Because x € A*, the element x can be expressed
in the form x = x1 @ xo, where

xl—@alvz, o €{0,1,2,...,7(vy)}, i=1,2,...,n,

mg—@ﬁtat, ﬁt€{0,1,2,...,7(at)}, teT.
teT

The element x belongs simultaneously to the block B* and this is possible if and
only if either x5 = 0p or x = v'. Indeed, supposing x5 > Op and zo # v+ we
have zo € B*, 25 < b, b© 29 € B*, b S x5 > 0p, which implies that there is an
atom ¢ € B* such that ¢ < b© x5. There are two possibilities: either ¢ = v;
for some j € {0,1,...,n} or ¢ = by, for some sy € S. The first possibility gives
v; <bO 2o < b and hence

vjzvj/\bgv/\vJ‘=Op.
If bs, < bSO xo then by, < :v2L < atlo for tg € T such that £;, > 1, therefore
bs, <> at,. It means that as,, bs, € A* N B* and thus ay,, bs, € At(A*) NAL(B*),

which is in contradiction with the definition of sets A and B. Thus the element
x can be expressed in the form

xr = (é aivi> @ kvt ke{0,1}. (1)

If k=0 then x € [0p,v], and k = 1 implies that x € [v*, 1p].

In order to prove that v’ is an atom in A* N B*, we assume that there is
x € A* N B* such that < v'. As above, the element x can be expressed in the
form (). If k = 0 then # < v and consequently z < v A vt = 0p. If k =1 then
x > vt so x = v', which proves that v is an atom in A* N B*.

The statement 7(v") = 1 follows immediately from the equality v A vt = 0p.

(iii) In accordance with the above mentioned results, we can write

A*NB* = {x = (é aivi> ®kvt, o € {0,1,2,...,7’(1@)}, ke {0,1}}

=1

= {x = éaivi} U {x = (é}laivd @vl} = [0p,v] U [vt, 1p].
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Suppose that there is w € [0p,v] N [v,1p]. Then v+ < w and w < v, hence
vt < v, which gives v+ = v+ A v = 0p, a contradiction. O

COROLLARY 10. If the assumptions of the previous Lemma[d are fulfilled, then
[A* N B*| =2(7(v1) + 1)(7(v2) + 1) - -+ (7(vy) + 1).

THEOREM 11. Let P be an MV-algebra pasting of an admissible system (S,U),
where S = {A,B}. Then P = A*UB* is a D-lattice.

Proof. From the construction of a pasting of an admissible system of MV-al-
gebras we know that P is a D-poset. We prove that P is a lattice. Let us

denote
n

V = At(A*) NAt(B*) = {v1,v2,..., 0.}, v = @T(vi)vi, n>1,

=1

A=At(A" )NV ={as: teT}, a=@7(at)at,
te’T

B=At(B*)\V ={bs: sc S}, b= P 7(bs)bs,
ses

where T and S are countable index sets. Then At(A*) = AUV, At(B*) = BUV
and a = vt =b. Let 7 € A*, 2 = 71 ® 22 and y € B*, y = y; @ ya such that

n n
Ty = @alivi; xo = @Oémau y1 = @511%, Y2 = @525175;
i=1 teT i=1 ses
where ay;, 815 € {0,1,...,7(v;)} for i = 1,2,...,n, ag; € {0,1,...,7(az)} for
teT, Pas € {0,1,...,7(bs)} for s € S. Then 1 < v, 22 < a, y1 < v, y2 < b.
It is obvious that xy @ x5 is the supremum of x; and x5 in the block A*, i.e.
T1 D ro = 21 V A+ To. Similarly y1 ®ys = y1 Vi« y2. Observe that the supremum
n
of z1 and y; exists in P, because z1 V y1 = @ 7;v;, where v; = max{a,, f1i},
i=1
i=1,2,...,n. Let usdenote ¢ = 21 Vy;. Thenc < v = bt < y%‘ and cAys = Op.
If 29 = 0p then z,y € B*, so
cDYys =cVys= ($1\/y1)\/y2 =$1\/(y1 \/y2) =z Vy.
Similarly z V y exists in P if yo = Op.

Now let x5 # 0p and y, # Op. We prove that 1 @ x93 = x1 V 22 and
Y1 Dys = y1 V ya. Let z € P such that ;1 < z and x5 < 2. Then necessarily
z € A* (z € B* if and only if z € A* N B*), therefore x1 & xo = x1 V 4+ x2 < 2,
which gives that z1®xs = x1Vxs. In a similar manner we obtain y; ®ys = y1 Vyo.
Further we have 1 < ¢ < vt @ ¢ and 25 < v < v+ @ ¢, therefore z < vt @ ¢,

and also y < v @c. We prove that v @ ¢ is the supremum of = and y. Suppose
that w € P such that * < w and y < w. Then w € A* N B* = [0p,v] U [vt, 1p].
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There are two possibilities: either w € [0p,v] or w € [vt,1p]. If w € [0p,]
then w < v and ¢ = vt < wt <zt < xé- Inasmuch as x5 # Op, there is an
atom ay, for some ¢y € T such that a;, < z2. Then

7(ag,)ay, <a=vt <xy < atlo,

which contradicts the isotropic index of the atom a;,. Then necessarily w €
[v1, 1p]. Since ¢ < v and c Avt < vAvt = 0p, it follows that

vl@c:vL\/A*mg*cgw,

which proves that v @ c = xVy. Especially, if 21 = 0p = y; then 25 Vys = v,

Moreover, if V =0, i.e. P is the 0-1-pasting, then z Vy =z V y3 = 1p. (]
DEFINITION 12. Let P = |J Aj be an MV-algebra pasting of an admissible sys-

teT
tem (S,U), where S = {A; : t € T} is a countable system of atomic o-complete

MV-algebras and U is a choice of pairs of isotropically equivalent sets of atoms.
Let A§, Af,..., A% _; be a finite system of n mutually different blocks of P,
n > 3. For every i = 0,1,...,n — 1 we define the index set

K;={0,1,2,....,.n—1}~{i,i +1} (mod n)
and we put

Vigr = At(A7) NAL(AF L) N U At(A%) (indices mod n),
keK,
n—1
W =[] At(4)).
i=0
(1) The system of blocks Af, Aj,..., Ax_; is said to be a loop of order n
(n-loop for short), if the following conditions are fulfilled.
(L1) V; # 0 for every i = 0,1,...,n— 1.
(L2) For every i =0,1,....,n—1and j ¢ {i,i +1,i + 2}
At(A7 ) VAL (A N () At(A;) =0 (indices mod n),
keK;;
where K;; ={0,1,2,...,n =1}~ {i+ 1,7} (mod n).

(2) Atoms belonging to the sets V; (i = 0,1,...,n—1) are called nodal vertices,
and atoms belonging to the set W are called central nodal vertices of the
n-loop.

(3) A 4-loop is called an astroid if
At(AF) =V, UV UW for every i =0,1,2,3 (mod 4).
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Comments on Definition

(a) The sets V; (i =0,1,...,n— 1) and W are finite.

(b) ViNV; =0 for every i # j.

(c) VinAt(Af, ) =0 for every i = 0,1,...,n (mod n).

(d) Tt follows from the condition (L2) that either At(A7, ;) N At(A) = 0
(and then W' = 0), or At(A}, ;) NAt(A}) # 0, which gives that At(A7 ;)N
At(A}) =W forevery i =0,1,...,n—1and j ¢ {i,i+1,i+2} (mod n).

(e) An astroid is generated only by nodal vertices (including central nodal

vertices).

Fig. Bh) displays an astroid with the least number of atoms and with the
empty set of central nodal vertices. Fig. Bb) displays an astroid with the only
one central nodal vertex (W = {c}). A CG-diagram of an astroid is visible in

Fig. Bk).

d2) A5 c(2)

A A A As
A Az
[ ] [ ] [ ] o
a(2) A5 b(2) a(2) b(2) A c(1) @ A
a) b) c)

[ ] [ ] [ ] [ ]
a(l) A" b(1)  e(1) d(1)

B ®01)

al) A5 b(1) ()
a) b)

FIGURE 4. Loops of order 3
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The Greechie diagram in Fig.[dh) (called Wright triangle) represents a pasting
2
P of three Boolean algebras, P = |J Aj, where At(Af) = {a,b,c}, At(A}) =
i=0

{e,d,e}, At(A%5) = {e, f,a}. The pasting P is an orthoalgebra which is not
an orthomodular poset ([9]). The atoms a,c,e are nodal vertices, Vy = {a},
Vi = {c}, Vo = {e} and W = (). Tt is easily visible that the blocks Aj, A; and
A% generate a 3-loop.

In Fig. @b) we see the Greechie diagram of a pasting Q@ = A* U B* UC* of
Boolean algebras A, B,C, where At(A*) = {a,b,c,d}, At(B*) = {b,d, f,g} and
At(C*) = {a,d,e, f}, Vo = {a}, Vi = {b}, Vo = {f} and W = {d}. There is no
question that the blocks A*, B* and C* generate a 3-loop.

LEMMA 13. Let A§, A7, ..., A%_; be an n-loop in an MV-algebra pasting P of
an admissible system (S,U). If v € AT andy € A5 (i,j € {0,1,...,n —1}) are
elements generated by atoms that are not nodal vertices of the n-loop, then x Vy
exists in P.

Proof. Let V; = {vi1,vi2,...,0ia,} (1 =0,1,2,...,n — 1) be the sets of nodal
vertices and W = {ws, w1, ..., wr} be the set of central nodal vertices of the
n-loop A§, Aj, ..., A%_,. Let us denote

Ai = At(.A;k) AN (V; U ‘/i+1 U W) = {ait cte Tl}, a; = @ T(ait)ait,

o k teT;
v; = @T(vij)vij, w = @T(ws)ws,
j=1 s=1
where T; are countable index sets, ¢ =0,1,2,...,n — 1.

Let z € Af and y € A7, for some i,m € {0,1,2,...,n—1}, such that x > 0p,

T = @ gty O € {0,1,...,7’(@”)}, a‘nd ) > OP? Yy = @ Bsams > OPa
teT; $€Tm

Bs € {0,1,...,7(ams)}. Then x,y are generated by atoms that are not nodal
vertices of the n-loop and, moreover, x < a;, y < a,,. Obviously x V y exists in
P if i = m. Suppose that m =i+ 1 (mod n). We have
U Da; Bvip1 Dw=1p =041 ® ajr1 © viy2 Ow,
and hence
v; Da; = (Ui+1 D IU)J_ = Qj41 D Viyo,

which gives r < a; < (v;ip1 D w)t and y < a1 < (vip1 ® w)t. We prove that
(viy1 @ w)* is the supremum of = and y in P. Suppose that z € P such that
z,y < z. Then

2 € A NAL = [0p,vit1 ® w] U [(vi1 ® w)*, 1p).
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There are two possibilities: either z € [0p, v;11 ®w] or z € [(vit1 ®w)t, 1p]. In
the first case z < v;41 @ w and there is an atom a;,, to € 15, such that a;, < .
Then

ity <2 <2< v Dw = (v ®a)t <af < (T(ai,)air,) ",

which contradicts the isotropic index of the atom a;,. For that reason the only
eventuality z € [(viy1 ® w)*, 1p] is possible. This gives that (v;41 © w)* < z,
therefore (v;11 ®w)t =z Vy.

Now suppose that z € Af and y € A%, form ¢ {i—1,4,i+1} (mod n). In the
event that At(AF)NAt(A},) = 0 then ATNAY, = {0p, 1p}, therefore zVy = 1p.
If At(A7) NAt(A%) # 0 then At(AF) NAt(AL) =W and 2 Vy = wt. O

We give some sufficient conditions under which a pasting of an admissible
system of MV-algebras is not a lattice-ordered D-poset.

2
THEOREM 14. Let P = |J A} be an MV-algebra pasting of an admissible sys-

1=0
tem (S,U), where S = { Ao, A1, As}. If blocks A§, Ay, A5 form a 3-loop then
a D-poset P is not lattice-ordered.

Proof. LetV; = {vi1,vi2, ..., 0ia, } (1 =0, 1,2) be the sets of nodal vertices and
W = {wi,ws,...,wr} be the set of central nodal vertices of the 3-loop
Af, Af, As. Let us put

Ai = At(.A;k) AN (V; U ‘/i+1 U W) = {ait cte Tl}, a; = @ T(ait)ait,
teT;

Vi = @T(Uij)vij7 w = @T(ws)ws, i=0,1,2 (mod 3),

j=1 s=1

where T; (i = 0,1,2) are countable index sets.

Obviously v; # 0p, a; # 0p, (w @ a;)* € A and (w B viq2)™ € Af NAL,
fori =0,1,2 (mod 3). The elements (w@®a;)* and (wv;42)" are two different
minimal upper bounds of v; and v;41 for i = 0,1,2 (mod 3) and it is easily ve-
rifiable that there is no block containing a smaller common upper bound, so the
supremum of v; and v; 41 does not exist in P for every ¢ = 0,1,2 (mod 3). For
the sake of completeness, we note that also the supremum of a; and v;42 does
not exist in P for every i =0, 1,2 (mod 3). O

The following corollary of Theorem [I4lis in accordance with Greechie’s Loop
Lemma [9] (cf. also [14]).
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COROLLARY 15. Let P = U A¥ be a pasting of an admissible system of three

Boolean algebras. If blocks .AO, 1, A% (Boolean subalgebras of P) form a 3-loop
then P is an orthoalgebra that is not an orthomodular poset.

Proof. The pasting P is a regular D-poset, this means that if a € P and
a < a* then a = 0p. It suffices to prove that there are two orthogonal elements
of P such that their supremum does not exist in P. We use the same notation
as in the proof of Theorem T4l It is obvious that the elements v; and v;11 are
orthogonal, i.e. v; < vj;Ll, but the supremum of v; and v; 1 does not exist in P
for every i =0,1,2 (mod 3). O

THEOREM 16. Let P = U A be an MV-algebra pasting of an admissible system

(S,U), where S = {AO,A1,A2,A3} If the blocks A* (i = 0,1,2,3) form a 4-loop
that is not an astroid, then P is not a lattice-ordered D-poset.

Proof. Let V; = {vi1,vi2,...,0ia,} (i =0,1,2,3) be the sets of nodal vertices
and W = {w;,wa,...,wi} be the set of central nodal vertices of the 4-loop A,
1, A, Aj. Let us denote

A = A(A) N (ViuVip UW) ={ai: te T}, a; = @) 7(ai)ai,

teT;
a; k
v; Z@T(UU Vij, @T W )Ws, i=0,1,2,3 (mod 4),
j=1 s=1

where T; (i = 0,1,2,3) are countable index sets.

Note that A; # () because this 4-loop is not an astroid, so a; # Op, v; # 0p and
v ®a; = (Vi1 ®w)t = vy D agy for every i € {0,1,2,3} (mod 4). Suppose
that P is a lattice. Then v; V Vi+2 S <Di+1 D w)J‘, v; V Vi42 S (Ui+3 D w)J‘ and

(Vig1 ®w)t © (v; Vi) = (vig1 @ w)t o v;) A ((vig1 @ w)t o Vit2)
= ((vi ®a;) ©vi) A((vig2 © ait1) © vig2)
= a;Naj41 =0p,
hence v; V Vi+2 = (Ui+1 D U])J‘. Likewise v; V Vi+2 = (’l)i+3 D U])J‘, SO Vi1 = V43
fori € {0, 1,2, 3} (mod 4) Then Vit1 = Vi41VUiqp3 = (’UiJFQGB’w)L = Vi+1DPai+1,
which gives a;41 = Op, a contradiction. We proved that the supremum of v;41
and v; 43 does not exist in P for ¢ = 0,1 (mod 4). O

Note that the supremum of orthogonal elements exists in a 4-loop. Moreover,
if all blocks forming a 4-loop are Boolean subalgebras, then this pasting is an
orthomodular poset.
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Now we give sufficient conditions for a pasting of an admissible system of
MV-algebras containing a 3-loop or a 4-loop, respectively, to be a lattice-ordered
D-poset. These conditions are inspired by Dichtl’s results from the construction
of orthomodular lattices as the pasting of a pasted family of finite Boolean
algebras, that were published in [5]. First we prove the following very useful
lemma.

LEMMA 17. Let P be a D-lattice and a,b,c € P. Ifa < c*t, b<ct, aNnb=0p,
then (c®a) A (c®b) =c.

Proof.
(cea)Alcab)=(ctca) At o) = ((ctea)v(ctab)
= (" e(and) = (- o0p)t = 0

THEOREM 18. Let P = AjU A7 UA5UB* be a pasting of an admissible system
(S,U), where S = { Ao, A1, A2, B} and the blocks Aj, Af, A5 form a 3-loop.
If the block B* contains all nodal vertices of the 3-loop, then the pasting P is
a lattice-ordered D-poset.

Proof. Let V;, A;, W, v;,a;,w (i = 0,1,2) be defined as in the proof of Theo-
rem (4 and B = At(B*) N (Vo UVIUVLUW) ={bs: s € S}, b= @ 7(bs)bs,

seS
where S is a countable index set. The situation where W = () is illustrated in
Fig. Bh).
‘We have

Vi B a; BV Ow=1p =0v; Bvi41 Bvi12D 0D w,
hence a; = (v; ® vy 1 D w)t = v;102 ®b. Then v;410 < a; and b < a;, thus
vi+2\/ai = a; :b\/ai

for every ¢ =0,1,2 (mod 3).
Let z;,0;,u € Af and by € B* such that z; < wv;, 0; <a; fori=0,1,2, u < w,
bog <b. Then z; < v; B v;+1 ®w and 2,41 < v; B Vi1 S w, therefore

Ziy Zi+1 € A;k NB* = [Op,’Ui D Vit @w} U [(’Ui D Vit @w)l, 173].

We prove that z; @ z;4+1 is the supremum of z; and 2,41 in P. Let z € P such
that z; < z and z;41 < z. Then

< = (1,0 2) v ®a; ®w) € AN B,

2t < ZiJ_+1 zvieB(le@ziH)EBaiEBw EA?OB*.
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Using Lemma [ and the fact that z; A z;.1 = Op, we obtain

2T < (0,6 2) ®vig1 B a; Bw) Aazage (Vi © (Vig1 © zit1) © a; S w)
= (((vi © 2i) ® (vit1 © 2ig1) D a; Dw) D zi41)
Aazes (Vi © 2i) @ (Vig1 © zig1) © a; Dw) S z;)
= (v; ©2;) B (V410 2it1) D a; Dw,
and thus
22> ((vi© 2) ® (Vig1 © zig1) Da; @ w)J' = 2; D zi41,

which gives that z; & 2,01 = 2; V 2;41. In the same way it can be proved that
zi@u=2zVuand (2; @ ziy1) Du = (2 V z;+1) V u. Similarly, the element
(20 @ z1) D 22 exists in P and it is the least upper bound of zy @ z; and 22 in
the block B*. If z € P such that zy @ z; < z and z5 < z then necessarily z € B*
and consequently (zo @ z1) @ 22 < z, which implies that

(20D 21)P2a=(20®21)V2za=(20V 21) V 23.

In a similar manner, zg ® 21 ® 29 D u = 29 V 21 V 22 V u. Thus we have shown
that the supremum of the elements generated by nodal vertices exists in P.

If o; > Op and 0,41 > Op, resp. 0; > Op and 0,42 > Op, then according to
LemmalI3 0;Vo; 11 = (vip1®w)*, resp. 0;Vo;40 = (v;@w)* foreveryi =0, 1,2
(mod 3). Suppose that og, 01, 02 are nonzero elements. Then ogVo; = (v; Bw)t,
01V 0s = (v @ w)*t and in addition

oo V01,01 Vo3 € AT NnB* = [073,’(11 D vg @w] U [(U1 D vg @w)L,lp].

We prove that w™ is the least upper bound of 0g, 01,09 in P. Let z € P such
that op < z, 0y < z and 0y < z. Because z > 0y Vo1 = (v1 ® w)* and
2> 01V oy = (v2 ®w)t, then using Lemma [[7 and the fact that v; A vy = Op,
we get
2t < (v Bw) Aazns (v2 B w) =w,

and hence w' < z. We have proved that w® = (09 Vo1)V (01 V03) = 09 Vo1 Voy.
Recall that W = () implies og V 01 V 03 = 1p.

It can be proved in a routine manner that o;Vz; = 0, ®2;, 0;V2zi+1 = 0; B 2i41
and, moreover, if o; > 0p, by > 0p and z;42 > Op, then

0; V Ziyo = (Ui D viy1 D UJ)J' =0; Vb

for every i = 0,1,2 (mod 3).

Let x € A}, © = 2, DTq, D X0, , DTy, Where z,,, < vy, To, < a4, Ty, < Vig1,
Ty < w, i € {0,1,2} (mod 3). We show that z,, ® za, D To,,, ® Ty is the
supremum of elements Z,,, Tq,, To,,,, T, in P. As above, we have x,, ®x,,,, DTy
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= Zy; V Ty, VTy. Let z € P such that z,, <2, x4, < 2, Ty, <2 and x, < 2.
Then
22 Ty V Ty V Ty = Ty, D Xy O Ty
= ((05020) B0 ® (V41 O 70,,,) ® (WO L)) € AL
= (v ® (a; © 24,) B vip1 B w) " € AL
Using Lemma [ and the fact that

Z 2 X,

i

Tay N (To; B Toy g  Tww) = Tay A (o, V Ty V ) < a5 A af = 0Op,
we get
2L < (((vi © @y,) ® (a5 © Ta;) B (Vi1 © Tyyyy,) B (WO Ty)) B Ta,)
NAx (((Ui © Zy,) © (a; © Ta,) © (Vig1 © Ty,,,)
B (WO Ty)) B (T, B Ty, B Tw))
= (((vi ©2v,) ® (a; © Ta,) & (Vig1 © Tuyy,) B (WO TY)))
and thus
2 2 ((1©2) @ (0 ©a) ® Vi1 © ) & (WS 2w))

I’Ui @ xai @ ‘/'U'UH»l @ xwa

SO, & = Ty; D Ta; B Ty, ) ®Tw = Ty, V Ta, V Toyyyy V Toy-

Let y € B*, ¥y = Yo, ® Yoip1s D Yvin D Yw D Ybs Yo, < Uiy Yoy < Vil
Yoiro < Vig2, Yo < w, yp < b. Similarly as above, ¥ = yu, Vv, VUviio VYw Vb

If 24, = 0p (Yo, .0 V y» = Op) then x € B* (y € Aj), so x Vy exists in P. If
Tq, > Op and yu,,, Vyp > Op then x4, V (Yo, V ¥b) = (Vi ® vig1 @ w)t = q;
= V42 © b. Without doubt the element (z,, V ¥u,) V (T, V Yoiyy) V (T V Yu)
exists in Pand we denote it by d. In addition, d € A N B*, a; ®d = a; V d,
r<a;®dand y < a; Bd. Let z € P such that z < z and y < 2. Then
2 2 Ta; V Yoo YV Yp = a; and also z > d, which gives a; ®d = a; Vd < z,
therefore x Vy =a; ©d = (v; vy S w)*t G d.

Now let y € A7 1, ¥ = Yoivo @ Yarsr © Yoiyy © Y, Where y,, ., < vigo,
Yasor < it Yoy < Vi1, Yo < w. Then certainly y = yu, 0 V¥aiir VYoiss VYuw-

If 24, = Op or Y4, , = Op then x € B* or y € B*, so xVy exists in P. Suppose
that x4, > Op and yq,,, > Op. Then x4, V yq,,, = (Viy1 @ w)* and, moreover,

To, Vi < 0V Uip2 =0 ®Viga = (Vig1 Dw D bt < (vig1 D w)t
- xai \/ ylli+17

therefore, (Zv, V Yu;12) V (Ta; V Yaisr) = Tay V Yars, = (Vg1 ® w) L. It is clear
that the element (x4, , V %u,,,) ® (Tw V ) exists in P and we denote it by c.
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Then ¢ < v;11 © w and we prove that (v;11 ® w)* @ ¢ is the supremum of z
and y. Observe that

(i1 QW) ®ec = v;Ba;® ((acvi+1 Vi) @ (2w V yw))
= Ui Va;V(Toy Vo) V(@0 VYw) = (0ig1 @ w)J‘ Ve,
We have
L, \ Ta; = Ty DTg, Svia; = (Ui+1 D w)l < (Ui+1 D w)l D e,
Toiiq VX, < (xvi+1 \ yvi+1) \ (xw \ yw) = (vi+1 S2) fw)L Dec,

soz < (Vi1 ®w)t @, as well as y < (vip1 ®w)t @ c. Let 2 € P such that
xz < zand y < z. Then
z 2> (xvi\/yvi+2)v<xﬂi\/y1) = (Ui+1 EBw)Lv z 2 (Ivi+l\/y’l}i+l)\/(xw\/yw) =
50 (Vi11Pw)tPe = (vi41Dw) Ve < z, which implies that (v, 11 Dw)tBe = xVy.

We proved that any two elements of P have a supremum and thus the proof
is complete. D

FIGURE 5. Lattice ordered D-posets containing: a) a 3-loop, b) a 4-loop.

DEFINITION 19. We say that a 3-loop is unbound in a pasting P of an admissible
system of MV-algebras, if there is no block in P containing all its nodal vertices.

The following theorem generalizes Theorem [41

THEOREM 20. Fvery pasting of an admissible system of MV-algebras containing
an unbound 3-loop is not a lattice-ordered D-poset.

Proof. The proof may be made in the same manner as the proof of Theorem [T4]
d
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THEOREM 21. FEvery astroid is a D-lattice.

3

Proof. Let P = |J A! be a pasting of an admissible system of MV-algebras
i=0

such that blocks Af, A5, A5, A5 create an astroid. Let V; = {v;1,vi2,..., ik, }

be the sets of nodal vertices, W = {wq,ws, ..., wi} be the set of central nodal

k 7
vertices of the astroid, w = @ 7(ws)ws, vi = @ 7(vij)vi; for i =0,1,2,3. This
s=1 j=1
situation is typified in Fig. Bk). The equalities

V; B Vi1 Bw=1p =0vi11 O Vi2 D W
immediately give v; = v;42 for i = 0,1. Let z; € A} such that z; < v; (i =
0,1,2,3) and u < w. Obviously z; Vu = z; ®u, z; V241 = 2; D zi41, 2 V 2ig1 Vu
= 2; ® z;+1 ® u. We still need to determine the supremum of z; and z;45 for
i1 =0,1. Suppose that z; > 0p and z;42 > Op. We have

2zi < (Vg1 B w)" = (vigz B W)™, zivz < (Vig1 B w) " = (vigs D w) ™,

thus z; V 240 = (Vi1 @ w)t = (vip3 D w)* fori =0, 1.

Let z € A, x = 1y, BTy, , DT, such that z,, < vy, Ty, < Vi1, Ty < wand
YEALL Y= Yviss D Yviss D Yw, Where Yy, < Vig1, Yo, pn < Vig2, Yo < w for
some i € {0,1,2,3} (mod 4). Then x =y, Vay,,, VEyw and y = Yo, VYo, o V-

If 2, = 0p (Yo, = Op) then z € A7, (y € Aj) and for that reason the
supremum of x,y exists in P. If z,, > Op and y,,,, > Op then z,, Vyy, ., =
(Vi1 ®w)t. Tt is clear that (zy,,, VYu,,,) V (Tw V yw) exists in P and we denote
it by ¢. In the same manner as in the proof of Theorem [I§it can be proved that
zVy= (v ®w)t de

Let y G A:J,—Q; y = va_Q @ y’l]i+3 @ yUH Where y’lii+2 S v’i-‘rzﬂ y’l]i+3 S fUiJ,.S,
Yo < w. Then y = yy, ., V Yu, 5 V Y and there are the following possibilities.

(i) If 2, = Op and y,,,, = Op then z € A7 NAJ,, y € A7, N A7, and
therefore

TVy= Loiiq \ Yvito v (Iw \ yw)'

(i) If zy,41 = Op and y,,,, = Op then z € A7 N A}, 3, y € A7 , N A} 3 and

therefore
VY =Ty, VYviy V(Tw V Yu)-

(iii) If 2,41 = Op (Or Yo,,, = Op) and x,, > O0p, Yu,., > Op, then
xVy = (vi+1@w)l\/yvi+3\/(xw\/yw) (a; Vy= (41D w)l V &y, V(Tw V yw)) )
(iv) If z,,, = 0p (or Yu,,, = Op) and x,,,, > Op, Yu,,, > Op, then

J:Vyz(vi@w)L\/yviH\/(xw\/yw) (:v\/y:(vi@w)J‘\/xvi\/(xw\/yw)).
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(V) If Ty, > Op, Loy > Op, Yvipo > Op, Yvips > 0p, then
Vy=w"® (Ty Vyy)
In this case, W = () implies = V y = 1p. O

THEOREM 22. Let P = AU AT U A5 U A5 U B* be a pasting of an admissible
system of five MV-algebras, where the blocks A, i =0,1,2,3, form a 4-loop and
the block B* contains all nodal vertices of the 4-loop. Then P is a D-lattice.

Proof. Let V; (i = 0,1,2,3) be the sets of nodal vertices and W be the set of
central nodal vertices of the 4-loop. Let us denote

B=At(B )\ (VoUW UV UVBUW) ={bs: s€ S},  b=ED7(ba)bs,

ses

where S is a countable index set. Since B # (), it follows that b > 0p. Fig. Bb)
shows this situation for W = (). We have

V; Da; D1 Ow=1p =0v; Bvit1 Dvi12DVi13DwWDDH,
and hence a; = (v; BV 1 Dw)T = Vi 2BV 3Db for every i = 0,1,2,3 (mod 4).
Apparently v; ®v;1o is the least upper bound of v; and v;42 in the block B*. We
claim that v; ® v;42 is the supremum of v; and v; o in P. Indeed, if z € P such
that v; < z and v;49 < 2z, then necessarily z € B*, so v; @ vj12 = v; V= V42 < 2
and thus v; ® v;42 is also the least upper bound of v; and v; 4o in P.

Let x € Af, o = 2, © To, © Ty, © Ty Ty < V4, Ty < Gy Ty < Vigds
x < w for some i € {0,1,2,3} (mod 4). Undoubtedly & =z, VZa, VTy,, , V.

Let y € B*, y = Yo, D Yvio1 D Yvio @ Yooz © Yuws Yo, < v, Yvigr < Vita,
Yvigs < Vi+25 Yot < Vi+3s Yw < w. Then Y ="Yu; V Yvip \ Yvita v Yvips V Y-

If 24, = 0P (Yo,00 V Yoips VUb = Op) then x € B* (y € A]), so x V y exists
in P. Suppose that 24, > Op and yy, , V Yu,.5 V ¥s > 0p. Then

Ta, V (y’Ui+2 V Yvigs V yb) = (Ui D vit1 @ w)J_ = a;

and by putting d = (2, VYu,) V (To,1 V Yuir) V (Tw V yu) We get zVy = a; S d.

Let y € A;—‘,—la Y = Yoipr D Yaipr D Yoipo © Yuws Yooy < Vit Yairs < @iy,
Yoo S Vig2, Y < W. Theny = Yois1 VYaisr VYvigs Vw- Ifzq, =0p (yai+1 = 07’)
then x € B* (y € B*), so x V y exists in P. If 24, > Op and y,,,, > Op then
Ta,Var, = i1 @w)t and 2Vy = (Vg1 BW) T B (Lo, V Yorpy) V (T V Yu)).

Let y € A;(J,-Za Y= Yoirs DYairo D Yvizo D Yuwy Yo,ug < Vi3, Yaiyo < Giyo,
Yoiro < Vig2, Yo S w. Clearly y =y, s Viaio VYvipe VYuw As above, 24, = 0p
(Ya;. = Op) gives that x € B* (y € B*), therefore x V y exists in P. If 24, > Op
and yq,,, > Op then o, V yq,,, = wr and hence z Vy = wt & (2w Vyyw). O
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THEOREM 23. Let P = AjUATUASUASUC; UCT be a pasting of an admissible
system of six M'V-algebras, where the blocks Af, i =0,1,2,3, form a 4-loop. Let
Vi (i =0,1,2,3) be the sets of nodal vertices and W be the set of central nodal
vertices of the 4-loop. If V;UV;11UV;1 oUW C At(CY) and V42UV 3UV; yUW
C At(CY) for somei € {0,1,2,3} (mod 4), then P is a D-lattice.

Proof. Without loss of generality we assume that Vo UV3 U Vo UW C At(Cf)
and Vo U V3 U VoUW C At(CY). Let us denote

Co=At(CH)~ (Vo UViUVRUW) = {cor: t€T}, o =EP7(cor)cor,
teT
Cy = At(Ci‘) N (VQ uVsulWyu W) = {615 . s € S}, cp = @7'(015)0157

seS

where T" and S is are countable index set. Since C; # 0, it follows that ¢; > 0p
for j =1,2. We have

Vo PP cogPvsBw=1p =vyPBcy B vy P v P w,
and hence v @ co = (v9 ® v2 @ w)+ = v3 @ ¢;. Denote a = vy ® vy & w. We
prove that a is the supremum of v; and v5 in P. Let z € P such that v; < z

and v3 < z. Then z € C; NC; = [0p,a] U [at, 1p]. If 2 € [0p,a] then
v <z<a=v9®vBw=(v; ®co)t <y,

which contradicts the isotropic index of the element vy, because 7(v1) = 1. Thus
necessarily z € [a*, 1p], which gives a* < z. This proves that the supremum of
v1 and v3 exists in P, namely v; V v3 = a*. In the same way it can be shown
that ¢o V ¢1 = at.

Since vy @ vo is the least upper bound in the block Cj and also in the block
C7y, it is the least upper bound in C; N Cy, too. If z € P such that vy < z and
vg < z, then necessarily z € C§ N CY, therefore vg & va = v Vezner v2 < 2 and
thus vy @ vy is the suppremum of vy and v in P.

Let z € C5, y € CT, T = Ty BTy, DTy BTy, BT, Y = Yoo BYe, DYvs DYvy BYuw,
Ly < vp, Loy <y, Ly < ¢, Lyqy < v, Ty < W, Yoo < vy, Yey < ¢, Yoo < vg,
Yoy < U3, Yy < w. There is no doubt that © = xy, V Ty, V ey V Toy V Tay,s
Y= Yvo VY, VYvs V Yuy VY. If 2y, VX, = 0p (Yo, V Yoy = 0p) then x € Cf
(y € C§), so x Vy exists in P. If z,, V2, > 0p and y., V ¥y, > Op then
(o, V Tey) V (Yos V Te,) = at and

rVy= a® @ (og V Yug) V (Ty V Yuy) V (T V Yu)) -

Let x € AS, T = Ty, @xao Eval D Ty, Lyg < vg, Layg < ao, Ly, <1, Ty S W,
and y € Cg, ¥ = Yuy DYv, D Yeo D Yvo D Yws Yoo < V0, Yoi < V1, Yoo < CO5 Yoo < V2,
Yw K w. Then © = x4y, V Tao V Ty, V Ty a0d Y = Ypo V Yoy V Yoo V Yvy V Yoy If
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ZTag = 0p (Yoo VYv, = 0p) then z € C§ (y € Aj), so xVy exists in P. If x4, > 0p
and Yo, V Yo, > Op then 2o, V (Yey V Yu,) = (vo @ v1 @ w)L and hence

zVy= (o ®v ®w) O (To, Vo) V (o, VYu,) V(T V Y)) .

Let x € A§ and y € Cf, where = and y are defined as above. If z,, Vz,, = 0p
(Yvy VYus VY, = 0p) then z € Cf (y € Af), therefore 2V y exists in P. Provided
that x4, Ve, > 0p and Yy, Vyu, Ve, > 0p we get (Tag VT, )V Yoy VYvs Ve, ) =
(vo ® w)* and thus

wVy = (v ®w)" D (o Vo) V (Tw V Yu)) -

Similarly it can be shown that x Vy exists in P if x € Af (i =1,2,3) and y € C;
ory € Cy.

Let z € Af,y € Aj, y= Yvisr DYaiss DYvio DYwy Yoiq S Vitls Yagq S Qi1
Yoipo S Vig2, Yo < w. It is clear that y = yu,., V¥Ya,iy Vv VYuw- If 24y = 0p
(Yo, = 0p) then x € C§ (y € C§), so x Vy exists in P. If x,, > 0p and y,, > 0p
then (zu, V Tag) V (Yo, V Ya,) = (v1 © w)t and therefore

Vy= (1 ®w)T®(xe, Vo)V (Tw Vyw)).
In the same manner it can be shown that xVy exists in P if x € A§ and y € A5.

Now suppose that x € Af and y € A3, ¥ = Yu, BYar BYuvs Y, Where y,,, < vg,
Yas, < 42, Yoy < Vs, Y < w. Then, of course, y = Yy, VYay Vs VY- If 24, = 0p
(Yo, = 0p) then x € C§ (y € C), so x Vy exists in P. If x4, > 0p and y,, > 0p
then (Ty, V Zag V Zoy ) V Yoy V Yay V Yus) = W, 80 2V Yy = wh @ (2 V Yu)-

Finally we can say that  Vy exists in P whenever z € A} and y € Aj for
every i,j € {0,1,2,3}. O

THEOREM 24. Let P = AJUATUASUA3UB;UBTUB5 UB3 be a pasting of an
admissible system of eight MV-algebras. Let the blocks A}, i = 0,1,2,3, form
a 4-loop with the sets V; (i = 0,1,2,3) of nodal vertices and the set W of central
nodal vertices. Let the blocks B}, i = 0,1,2,3, form an astroid with the sets U;
of nodal vertices and the set Wy of central nodal vertices, such that V; C U; and
W Cc Wy for everyi=0,1,2,3. Then P is a D-lattice.

Proof. Let V;, A;, W, v;, a;, w be defined as in the proof of Theorem [16]
Ui = {uﬂ,uig, ce ,Uimi}, Bl = UI AN V; = {bil,biQ,. . -abiﬁi} for i = 0,1,2,3, and
Wo = {wo1,...,woq}t, W =Wy~ W = {wy,ws,...,wp}. Let us put

m; Bi q P
ui = @ (ui)uij, bi = @ T(bis)bis, wo = P T(wor)wor, w =P T(we)w.
Jj=1 s=1 r=1 =1

Since B; # 0, it follows that b; > 0p, u; = v; ® b;, and moreover, wg = w O w.
The equalities

0 ®a; Dvipr Bw = 1p =u; Dujp1 ®wo = (v; Db;) ® (Vig1 B biy1) & (WD w)
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imply that a; = (v; ® viy1 Dw)t =b; b1 ©w and u; = u; o fori =0,1,2,3
(mod 4).

Let x € A}, ¢ = 2, DTq, DTy, ,, DTy, Where z,, < vy, To, < a4, Ty, < Vig1,
Xy < w for some i € {0,1,2,3} (mod 4). Likewise as in the proof of Theorem [I8]
it can be proved that x = x,, Vx4, V Ty, V To.

Let y € A7y ¥ = Yooy D Yairs D Yoo D Yy Yoy < Vitkls Yan < i,
Yoipo S Vig2, Yo < w. Then y = yu, 0 VYo V Yoiys VY- I 24, Vzq, = 0p
(Yasi1 VYviys = 0p) then x € Af | (y € Af), so the supremum of = and y exists
inP. If z,, Ve, > 0p and yq,,, Vyv, ., > Op then (2, V2a,)V Yaisy VYviss) =
(1)1'+1 EB w)J‘.

Let us denote (Zu,,, V¥p,y,) V (Zw V Yuw) by ¢. Then z < (vi41 ®w)t & c and
also y < (viy1 @ w)t @ c and in the same manner as in the proof of Theorem I8
it can be proved that z Vy = (v;41 @ w)t @ c.

Let y € BY, ¥ = Yu, © Yb, D Yviys D Uiy © Yo D Yuws Yoi < Vis Yo, < iy Yoipy <
Vi1 Ybiyy < bit1s Yw S W, Yo < w. Then y =y, Vs, VYvigr VYbisr VYw V Yu-
If 24, = Op (Yo, V Ubsr V Y = Op) then x € B} (y € Aj), so x V y exists
in P. If zq, > Op and yp, V yp,,, V yuw > Op, then x4, V (Y, V U,y V Yu) =
(v; ® vip1 ® w)* and by putting d = (24, V yu,) V (Zoy V Yuisr) V (T V Yu) We
get zVy = (v; Bviy Qw)t @ d

Let y € By ¥ = Yo D Uniys © Yois © Ubiyo D Yu © Yy Yoy < Vi1,
Ybiga < bi, Yviyo < Vig2, Ybita < bit2, Yyw < W, Y < w. Then y = Y1 V
Ybiir ¥V Yoirs YV Ubiro VY0 V Y- I Za; = 02 (Yoiyy V Yviss V Ybirs V Y = Op)
then z € Bf (y € Af), so x Vy exists in P. If z,, > 0p and yp,,, V Yu,,, V
Ybio V Y > Op then za, V (Un, 0 V Yoirs V Ubiro V Yu) = (Vig1 @ w)*, therefore
TVy = (Ui+1 D w)J_ D ((xvi+1 \ y'Ui+1) \ (xw v yw))

Lety € B;k+2v Y= Yvipo DYbi o OYviys Uiy s DY DYy such that Yvits < Vit2,
Ybiwo < big2, Yoiis < Vig3, Yoiys < big3, Y < W, Y < w. As in previous cases
we have ¥ = Yo, V Ybivs YV Yoips V Uiy V Yuw V Y. Obviously z,, = Op gives
x € B} and on the other hand ¥y, ., V¥b,. 5 VYviio VYbiys VYw = Op gives y € A7,
soxzVy €eP. Ifxg >0p and Yo, V Uiy V Yoiin ¥V Yo V Yuw > 0p then
Tay V Wiy VUbivs V Yoiss V Ubiss V Yuw) = w and thus 2 Vy = wt @ (24 V yu).

Finally let Yy € Az—}—Z? Y = Yvigs D Yaiio D Yviqo D Yw, where Yviys < Vits,
Yairs < Qit2y Yo n < Vigo, Yo < w. Clearly y = Yo,y V Yaiys V Yoips V Yu. I
Tq;, = 0p (Ya,un = Op) then x € Bf (y € Bf,), so as above, the supremum of
z and y exists in P. If z,, > Op and y,,,, > Op then x4, V yq,,, = w’ and
VY =wt D (Tw V Yw). d

DEFINITION 25. Let P be a pasting of an admissible system of MV-algebras
containing a 4-loop A}, i = 0,1, 2, 3, with the sets V; (i=0,1,2,3) of nodal vertices
and the set W of central nodal vertices.
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(i) We say that the 4-loop A} (i = 0,1,2,3) is bound in the pasting P if at

least one of the following conditions is satisfied.

(1) There are blocks C§,C; in P (not necessarily different) such that
VoUVIUVLUVZUW C At(CS)UAL(CT) and V;UV; 1o C At(CS)NAL(CT)
for some i € {0,1,2,3} (mod 4).

(2) There is an astroid B, i = 0, 1,2, 3, with the sets U; (i=0,1,2,3) of
nodal vertices and the set W, of central nodal vertices, such that
V; CU; and W C W for every ¢ =0,1,2, 3.

(ii) The 4-loop Af (i =0,1,2,3) is unbound in the pasting P if it is not bound.

Comments on Definition

(1) A 4-loop is bound in a pasting of an admissible system of MV-algebras P if
there is a block in P containing all its nodal vertices. In this case C§ = Cj.

(2) Every astroid in a pasting of an admissible system of MV-algebras is
a bound 4-loop.

THEOREM 26. A pasting of an admissible system of MV-algebras containing an
unbound 4-loop is not a lattice-ordered D-poset.

Proof. The proof may be made in the same manner as the proof of Theorem [T6l
a

The results of the previous theorems (Theorem [I4] Theorem [I6] Theorem
and Theorem 26]) can be summarized into the following corollary.

COROLLARY 27. Every pasting of an admissible system of MV-algebras contain-
ing an unbound 3-loop or an unbound 4-loop is not a lattice-ordered D-poset.

Finally we prove that a pasting of an admissible system MV-algebras forming
an n-loop is a lattice-ordered D-poset for every n > 4.

n—1

THEOREM 28. Let P = |J Af be a pasting of an admissible system of MV-al-
i=0

gebras, such that the blocks A7 (i =0,1,...,n—1) form an n-loop, where n > 4.

Then P s a lattice-ordered D-poset.

Proof. Let V; = {vi1,vi2,...,vi,} (i = 0,1,...,n — 1) be the sets of nodal
vertices and W = {ws,wa, ..., wr} be the set of central nodal vertices of the
n-loop. Denote
A, = At(A;k) ~N (V; UViy U W) = {ait 1t e E}, a; = @ T(ait)ait,
teT;
ki
v; = 7 (vi)vij, IU:@T(UJS)U)S, i=0,1,....,n—1 (mod n),
j=1 s=1
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where T; are countable index sets. From Lemma [[3]it follows that a; V a; exists
in P for every i,j € {0,1,...,n — 1}. It is not difficult to see that

v; V Vi+1 = U5 D Vi+1, v; V Vi+2 = (Ui+1 D U/)J', v; V Vi4+m = IUJ',
where m=3,4,...,n—3and i=0,1,...,n—1 (mod n).

Letx € A7,y € Aj,1,i€{0,1,...,n—1} (mod n), x = Ty, BTa, DTy, , DTw,
Y= Yois1 DYaiir OYvsi0 DYw, such that x,, < vy, xo, < g, Ty < Vig1, T < W,
Yvipr S Vitls Yasor < Gitls Yoo < Vig2, Y S W. Surely z = Ty, VTa; VT VT
and ¥ = Yo, 1 V Yassr VY Yoizo VY- H 20, VTa, = 00 (Yaryy V Yoy = Op) then
reAj, (ye€ Aj), soxVy exists in P.

If 2o, VZa, > 0p (Yarsy V Yoiye > 0p) then (24, V 24,) V (Yair V Yoirn) =
(viy1 @ w)* and thus

zVy= (i1 ®w)t P ((acvi+1 V Yuiir) V(20w V yw)) .

Let x € -A;ka Y € A;‘k-}—ra r = 2737“-7”_ 27 Yy = yvi+r @yai+r ®yvi+r+1 @yUH
Yoier < Vigrs Yaiy, < Gitry Yoory:r < Vigril, Yw < w, where all indices are

assumed modulo n. If z,, Vo, V&, ., = 0p (Yoir, V Yaisr V Yoirrn = Op) then
T=ay €A, (Y=yuw € A}),s0 xVy exists in P. If ,, Va4, V., >0pand

Yvigr VYairr VY0ipryr > Op then (xvi V&a; VTyyy ) \ (:y’Ui+r VYa;p, \/yvi+r+1) = wj_’
therefore x Vy = wt @ (2w V Yu)- d
REFERENCES

[1] CHANG, C. C.: Algebraic analysis of many-valued logics, Trans. Amer. Math. Soc. 88
(1958), 467-490.

[2] CHOVANEC, F.—KOPKA, F.: Boolean D-posets, Tatra Mt. Math. Publ. 10 (1997),
183-197.

[3] CHOVANEC, F.—KOPKA, F.: D-posets. In: Handbook of Quantum Logic and Quan-
tum Structures: Quantum Structures (K. Engesser, D. M. Gabbay, D. Lehmanm, eds.),
Elsevier, Amsterdam, 2007, pp. 367—428.

[4] CHOVANEC, F.—JURECKOVA, M.: MV-algebra pastings, Internat. J. Theoret. Phys.
42 (2003), 1913-1926.

(5] DICHTL, M.: Astroids and pastings, Algebra Universalis 18 (1984), 380—385.

[6] DVURECENSKIJ, A—PULMANNOVA, S.: New Trends in Quantum Structures,
Kluwer Acad. Publishers/Ister Sciences, Dordrecht/Bratislava, 2000.

(7] FOULIS, D. J.—BENNETT, M. K.: Effect algebras and unsharp quantum logics, Found.
Phys. 24 (1994), 1325-1346.

[8] FOULIS, D. J—GEECHIE, R. J—RUTTIMANN, G. T.: Filters and supports in or-
thoalgebras, Internat. J. Theoret. Phys. 31 (1992), 789-807.

[9] GREECHIE, R. J.: Orthomodular lattices admitting no states, J. Combin. Theory Ser. A
10 (1971), 119-132.

[10] JENCA, G.: Blocs of homogeneous effect algebras, Bull. Austral. Math. Soc. 64 (2001),
81-98.

379



(11]

(12]
(13]

(14]

(15]
(16]
(17]
(18]

(19]

FERDINAND CHOVANEC

JENCA, G.: The block structure of complete lattice-ordered effect algebras, J. Aust. Math.
Soc. 83 (2007), 181-216.

KOPKA, F—CHOVANEC, F.: D-posets, Math. Slovaca 44 (1994), 21-34.

NAVARA, M.: State spaces of orthomodular structures, Rend. Istit. Mat. Univ. Trieste
31 (2000), 143-201.

NAVARA, M.: Constructions of quantum structures. In: Handbook of Quantum
Logic and Quantum Structures: Quantum Structures (K. Engesser, D. M. Gabbay,
D. Lehmanm, eds.), Elsevier, Amsterdam, 2007, pp. 335-366.

NAVARA, M.—ROGALEWICZ, V.: The pasting constructions for orthomodular posets,
Math. Nachr. 154 (1991), 157-168.

PTAK, P.—PULMANNOVA, S.: Orthomodular Structures as Quantum Logics, Kluwer
Academic Publ., Dordrecht-Boston-London, 1991.

RIECANOVA, Z.: Generalization of blocks for D-lattices and lattice-ordered effect alge-
bras, Internat. J. Theoret. Phys. 39 (2000), 231-237.

RIECANOVA, Z.: Pasting of MV-effect algebras, Internat. J. Theoret. Phys. 43 (2004),
1875-1883.

XIE, Y.—LI, Y.—YANG, A.: The pasting constructions of lattice ordered effect algebras,
Inform. Sci. 180 (2010), 2476—2486.

Received 9. 2. 2010 Department of Informatics
Accepted 17. 4. 2012 Armed Forces Academy

380

of General M. R. Stefdnik
Demdnovd 393

Liptovsky Mikulds
SLOVAK REPUBLIC
Mathematical Institute
Slovak Academy of Sciences
Stefanikova 49

Bratislava

SLOVAK REPUBLIC

E-mail: ferdinand.chovanec@aos.sk



	Abstract
	1. Introduction
	2. Basic definitions and facts
	3. Construction of an MV-algebra pasting
	4. Graphical diagrams of MV-algebra pastings
	5. Loops in MV-algebra pastings
	REFERENCES


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts false
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings true
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldMT
    /ArialMT
    /Times
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /ENU <>
    /DEU <>
    /CZE ()
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [498.898 708.661]
>> setpagedevice




