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OSCILLATION CRITERIA
FOR A CLASS OF NONLINEAR FOURTH ORDER
NEUTRAL DIFFERENTIAL EQUATIONS

A. K. TRIPATHY

(Communicated by Michal Feékan)

ABSTRACT. In this paper, sufficient conditions are obtained for oscillation of
a class of nonlinear fourth order mixed neutral differential equations of the form
"

(i (@O 5= 1)")* ) = 4wt = o) + rO)atue+ a2)) ()

under the assumption
o0

1
/(a(t)) o dt = oo.
0
where « is a ratio of odd positive integers. (E) is studied for various ranges of p(t).
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1. Introduction

Interest in Functional differential/difference equations is growing due to the
development in science and technology and the challenges that the new classes
of such equations provide in these application areas. Equations involving delay
and those involving advance and a combination of both arise in nerve conduction
(Life Sciences), organizational behaviour (Social sciences), signal processing pan-
tograph equations (mechanical engineering), to mention a few (see e.g. [2L3.[6]
and [12]). Study of such equations has been an active area of research of many
researchers. In this work, an attempt is made to study the oscillatory behaviour

of solutions of a class of nonlinear neutral differential equations of the form
1

(o) (OO + 50— 7)")") = 0701t = 02) +rOg(u(e +02). (11
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where a € C([0,00),(0,00)), p, f,g € C([0,0),R), ¢, € C([0,00),[0,00)), f
and g are nondecreasing with wf(u) > 0, ug(u) > 0, for u # 0, « is the quotient
of odd positive integers, 7 > 0, 01 > 0 and g5 > 0 under the assumption

oo

(Ao) [ (a(t)* dt = .
0
In [I0] and [II], Parhi and Tripathy have discussed the oscillatory and as-
ymptotic behaviour of solutions of a class of fourth order nonlinear differential
equations of the form

(r(t) (y(®) + p(t)y(t — 1)) + Gyt — o)) =0 (1.2)

under the assumptions

T t Vi t
/T(t)dt—oo, /r(t) dt < o0.
0 0

It is observed that, the associated forced equations

"

(r(®)(w(t) + POyt = 7))")" + 4G (y(t — 0) = £ (1)
is oscillatory but not the unforced equations (1.2), for various ranges of p(t).
This is happened due to the analysis incorporated there. However, the study
of (1.2) to investigate the oscillatory results is still under progress. For recent
contribution in this area we refer the reader to ([ILEL5E7LOI13]) and the references
cited there in.

We may note that the study of oscillatory and asymptotic behaviour of solu-
tions of (1.1) and the following equations

1

(a(lt> ((y(t> +p(t)y(t — T))")“) =qt)f(y(t —o1)) —r(t)g(y(t —02)), (1.3)

are more or less similar(e.g. refer to [4]). Hence (1.1) and (1.3) are comparable.
Interestingly, Eq. (1.2) is a particular case of Eq. (1.3). But unlike the analysis
in [I0] and [I1], the objective of this work is to establish new oscillation criteria
for Eq. (1.1) under the assumption (Ap).

By a solution of (1.1) we understand a function y € C([—p, ), R) such that
(y(t)+p(t)y(t—7)) is twice continuously differentiable, a(lt) ((y(t)+p(t)y(t—7))" )
is twice continuously differentiable and (1.1) is satisfied for ¢ > 0, where p =
max{7, 01}, and sup{|y(t)| : ¢t > to} > 0 for every t; > 0. A solution of (1.1)
is said to be oscillatory if it has arbitrary large zeros; otherwise, it is called

nonoscillatory.

244



OSCILLATION CRITERIA FOR NONLINEAR NEUTRAL DIFFERENTIAL EQUATIONS

2. Oscillation results

We define the operators:

Loz(t) = z(t),

le(t) = (;itL()Z(t),
Loz (1) a(lt) (ile(t)> ,
L3Z<t) iLQZ(t),
L4Z<t) = iLgZ(t),

where z(t) = y(t) + p(t)y(t — 7). Then Eq. (1.1) becomes

Lyz(t) = q(t) f(y(t — o1)) +r(t)g(y(t + 02)). (2.1)

For our use in the sequel, we assume the following conditions:

(A1)
(A2)

fluv) > f(u)f(v), g(uv) > g(u)g(v), for u,v € R and u,v > 0,
f(=u) = =f(w), g(~u) = —g(u), for u € R,

there exist A > 0, u > 0 such that f(u)+ f(v) > Af(u+v), glu)+g(v) >
ug(u+ v), for u,v € R and u,v > 0,

Qt) = min{q(t), q(t — 7')}, R(t) = min{r(t), r(t — 7')}, fort >,

1
f(qia) > 1 >0, g(za) > P2 >0, u#0,

lim sup f Q(@)f[B(Q — Jl,tl)} do > 1nr\égb),

5—00 s—0q

s+o2
limsup [ R(0)g[A(0+ 02,5+ 02)] df > 1+g(b)

A
5—00 s B2

limsup [ Q(0)f[C(s — 01,0 — 01)] df > 11O,

8§00 s—0q

s+o2
limsup [ 7(0)g[A(0 + 02, s+ 02)]df > 512,

5—00 s

(Aso) lmsup [ g(0)f[BO o1, 12)]d0 > .

§—00 s—0

(An) limsup | q(8)f[C(s — 1,0 — 00)] 0 > |,

8§00 s—0y
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(Ap) limsup | q(O)f[D(O+7— 01,047 —01)]d0 >

5400 a47—0 mscy > 0TS0,
1 1
(Az) 720 >85>0, 970 > B, >0, for u#0,
S+O’2 t4 t3 t2 ‘i clx
(Asa) imsup | f[ t) [ | Rt ydedty| " dtsaty > (AP 4

where b > 0 and ta > tg > to,

1

(As) limsup <fQ ) Bls—7t] > ; (”{(”))“,

5§— 00

(Agg) limsup f f[a(tg)fs(t —t3)Q(t) dt} : dts dty > (1+f\’(b)>3¥ 5137

8§—00 S—01 t4 t2
S+O’2 t4 t3 t2
(A17) hill)solip f f t3 ff dtdtQ dtg dty > 5 s
s

(Ag) hfi,song(s —o1,t1) Lf q(t) dt} > 513,

1

(Ag) limsup | fs[a(tg)fs(t—tg)q( 0 dt]* digdta > 2,

8—00 s—0q ty ts
1

(Agg) limsup D[t — 01,60 — 0y (fq ) > ;3,b>0,

t—o0

A21 fq

where

S

Als, v] :/(s—t)(t—v)iai(t)dt,

v
S
1

Bls,t1] = /(5 )t aga (t)dt,

ty
v

Clv, u] = /(t —u)(v—t)aan(t)dt,

D[s,e]://<s—t)iaé(t)dtda:/(t—u)<s—t)éai(t)dt.
u 0 0
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OSCILLATION CRITERIA FOR NONLINEAR NEUTRAL DIFFERENTIAL EQUATIONS

THEOREM 2.1. Let 0 < p(t) < b < oco. If (Ag)—(Ag) hold, then (1.1) is oscilla-
tory.

Proof. If possible, let y(t) be a non-oscillatory solution of (1.1), for ¢ > .
Without loss of generality, we may assume that y(t) > 0, for ¢ > ¢y. Ultimately,
it follows from (2.1) that Lsz(t) > 0 eventually and hence L;z(t), i = 1,2,3 are
eventually of one sign. In what follows, we shall consider the following three
cases:

(a) Liz(t) >0, i=1,2,3, for t>1t; >ty+p,
(b) Liz(t) >0, i=1,2, for t>t,

L3z(t) <0 for t>ty,
(¢) (=1)'Liz(t) >0, i=1,2,3, for t>t.

Case (a): Assume that L;z(t) > 0,i=1,2,3, for t > ¢;. Then for u > v > #;,

u

Loz(u) — Laz(v) = /ng(s) ds > (u—v)L3z(v)
implies that Laz(u) > (v —v)Lsz(v), that is,
2(w) > (u— v)eas (W)L 2(v). (2.2)

Applying Taylor’s expansion to z(t), we obtain

S

z2(s) = z(t1) + (s — t1)2'(t1) +/(s — 02"t dt, s>t

> 2(t) + (5 — 1) (81) + /(s C )t —v)bat (B)L8 2(v) dt

ty

Consequently,
2(0+ 02) > Al0 + 02,5+ 02| L$ 2(s + 02), 0+09>s+09>1t1 +02. (2.3)
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From (1.1), it follows that
Lyz(t) = r(t)g(y(t + 02))

and hence
Lyz(t) + g(b)Laz(t — 7) = r(t)g(y(t + 02)) + g(b)r(t — T)g(y(t — 7 + 02))
> R(t)[g(y(t + 02)) + g(b)g(y(t — 7 + 02))]
> R(t)[g(y(t + 02)) + g(by(t — 7+ 02))]
> pR(t)g(z(t + 02)),

where we have used the fact that z(t + o2) < y(t + 02) + by(t + 02 — 7). Upon
using (2.3), the last inequality becomes

Lyz(0) + g(b)Laz(0 — 7) > pR(0)g(2(0 + 02))
> WR(0)g[A(0 + 02,5 + 02) L 2(s + o))

> pR(0)g[A(D + 0,5+ 02)lg [ L 2(5 + 0)]
due to (A7), (Az) and (Ay4). Thus
s+o2
g [Léi 2(s + 02)] / R(9)g[A(0 + 02,5 + 02)] db
< L3z(s+02) + g(b)L3z(s — 7+ 02) — L3z(s) — g(b)L3z(s — )
< L3z(s+ 02) + g(b)L3z(s — T + 02),
that is,

s+o2

R(0)g[A(0 + 02,5+ 02)] dO < Lsz(s + 02) —i—lg(b)L3z(5 — T +03)
s pg[Lg 2(s + o2)]

Since L3z(t) is nondecreasing, then the last inequality yields that

S+U’2

R(e)g[A(G + 09,8 + 0’2)} do < 1+ g(b)

w2

due to (As), a contradiction to our assumption (Az).
Case (b): Let L;z(t) > 0, i = 1,2 and L3z(t) < 0, for ¢ > t;. Then for
s > wu > t1, we have

S

Loz(s) — Laz(u) = /ng(t) dt,
which then yields '
Loz(u) > (s — u)(=Lsz(s)),
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that is,
2"(u) > (s —u)eao (w)(—Lg z(s)).
Applying Taylor’s expansion to z(t), we obtain

S

2(s) > /(s —1)2"(t) dt, s>t

t1

S
1

> /<s—t)<s—t)iaé@)(—L;z(s))dt

— (~L§ 2(5))Bls, ]
and hence
d0—01) > (L§2(0—0))BlO —ou,ta],  O—o1 >t (2.4)
Since (2.1) can be reduced to
Lyz(t) = q(t) f(y(t — 01))
then following Case (a), we obtain
Lyz(t) + f(b)Laz(t — 7) 2 AQ(1) f(2(t — 01)) (2.5)
due to (Ay), (As), and (Ay). Consequently,
Laz(0) + F(B)Laz(0 — 7) > AQ(O) F[B(O — o1, t1)|f [~ L5 2(6 — o))

due to (2.4). Proceeding as in Case (a), we obtain a contradiction to our as-
sumption (Ag).
Case(c): Using the fact that L3zz(t) < 0, we obtain from the Case (b) that

1

2"(u) > (s —u)eae (u)(—Léz(S)), s> u>t.

On the other hand,
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implies that

v

() > /(t —w)(v—t)sas (t)(—Lg 2(v)) dt

:C[v,u](—Léz(v)), v>u >t

Consequently, for v —o; >0 — 01 > t1

1

2(0 —01) > Clv — 01,0 — 01](—Lg 2(v — 01)).

Proceeding as in the Case (b), we obtain

Lyz(0)+ f(b)Lyz(0 — 7) > AQ(O) f[C(v — 6,0 — 01)]f[—L§} z(v—01)],

that is,

A / QO)FIC(w— 0,0 — o1)]f[~L§ =(v — 01)] d6

v

< [ L0+ FOLax(0 - )] do

< —Lsz(v—01) — f(b)Lgz(v—01 — T)
and hence
—Lsz(v—01) — f(b)Lsz(v— 01 — T)

/ QUO)FIC(v— 0,0 — 1) d < :
oo Af [—L?‘j z(v — 01)]

L L1
AB1
due to (Az) and (As), a contradiction to (Ag). This completes the proof of the
theorem. 0

THEOREM 2.2. Let —oo < —b < p(t) < 0, b > 0. If (Ag), (A1), (A2),
(Ag)—(A12) and (Az21) hold, then every solution of (1.1) oscillates.

Proof. Let y(¢t) be a non-oscillatory solution of (1.1) such that y(¢) > 0, for
t > tp. Proceeding as in the proof of Theorem 2.1, we have three Cases (a),
(b) and (c). Further, from these three cases, it follows that z(¢) is a monotonic
function on [t1,00), t1 > to + max{7,o1}. Suppose that z(t) > 0, for ¢t > ;. In
what follows, we shall consider the three Cases (a), (b) and (c).
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Using the same type of reasoning as in the Case (a) of Theorem 2.1, we get
the inequality (2.3). From (2.1), it follows that Lsz(t) > r(t)g(y(t + 02)) and
hence

Laz(t) = r(t)g(2(t + 02)),
where z(t) = y(t) + p(t)y(t — 7) < y(t). Consequently,

Laz(0) = r(0)g(2(0 + 02))
(¢

+
> 1(0)g[A(0 + 02,5 + 02)]g[Lg 2(s + 02)]
due to (2.3). Therefore,

s+o2
1

g[Lg z(s + 03)] / r(0)g[A(0 + 02,5+ 02)]d0 < L3z(s + 02) — L3z(s),

that is,
s+o2

L 1
T(G)Q[A<9+O'2,S—|—g2)] dé S 3Z(S+0‘2) <

g[L?jlx z(s + 03)] T B

S

a contradiction to (Ag). Case (b) and Case (c) can similarly be dealt with.

Next, we suppose that z(t) < 0, for ¢ > ¢;. Then 2(t) > —by(t — 7), implies
that y(t —o1) > (})z(t+7—01)), for t > to > ;. Also, in this case we consider
the above three cases along with

(d) LiZ(t)<O, 1=1,2,3, for t >t > 1o+ p.

It is easy to verify that the Cases (a) and (b) imply that z(¢) > 0, for t > to, a
contradiction. Consider the Case (c), for ¢ > t5. Consequently,

2"(u) > (s —u)eae (u)(—L?il*z(S)), s> u >t

that is,

implies that

—(u) > (~Lg 2(s)) /(5 ~fead(b)at.

u

Integrating the above inequality from u to s, we get
—2(s) + 2(u) > (~Ls 2(s)) //<s —t)ean(t)dtdo,
u 0
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that is,

—2(s) > (—Lg 2(s)) D[s, 6.

Upon the last inequality, it follows that

—z(v+T—01) > (— La z2(v+T1—01))Dv+7—01,0 +7 —01].
In what follows, the Eq. (2.1) reduces to
Ly (2(v)) = q(v) f(y(v — 01))

qu)f( ) <v+f—al>) (2.6)
< )f z(v+71—01))f[Dv+7—01,0 +T — 01)].
Hence
/ La(2(v)) dv
N

2f<ll)> / () f(~L 2w+ 7 — o)) fID(v +7 — 01,0 + 7 — )] dv

s+T—01

> f <;> f<_L3C}Z(S+T —01)) / q)fIDw+7T—01,0 +7—01)]dv
s+71—01
implies that

))zf@) / G D+ 7 — 01,0 +7 — o1)] do,

s+717—01

—Lsz(s+7—01
1
f(=Lsz(s+T1—o01
that is,

S

lim sup / q<v>f[D<v+r—01’9“—"1)””S/alfl<>

s+T1—01
a contradiction to our assumption (A;2). In Case (d), we use the fact that z(t)
is nonincreasing for ¢ > t5. Hence there exist a constant C' > 0 and t3 > t5 such
that z(t) < —C, for t > t3. As a result, (2.7) becomes

Laet0) 2 a1 (= a7 on)) 2 )t ().

for ¢t > t3 and on integration from ¢; to t we get a contradiction due to (Azq).
Thus the proof of the theorem is complete. O
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THEOREM 2.3. Let 0 < p(t) < b < oo and 7 > o1. If (Ag)—(A4) and
(A13)—(A1g) hold, then (1.1) is oscillatory.

Proof. If possible, let y(¢t) be a non-oscillatory solution of (1.1) such that
y(t) > 0, for t > to. From (2.1), it follows that L3z(t) is nondecreasing on
[t1,00), t1 > tg + 7. Thus we have three cases as in Theorem 2.1. Assume that
the Case (a) holds. Integrating the inequality

Lyz(t) + g(b)Laz(t — 7) = pR(t)g(2(t + 02))
from s to t3, we get

ta

Lsz(te) + g(b)Lsz(ty — ) > M/R(t)g(z(t +09))dt

> gl o)) [ ROAE tazszh

due to nondecreasing z(t), for t > t;. Moreover, for t5 > to > s > t; the last
inequality yields

ta ts to

/[LgZ(tg) + g(b)L3z(ty — 7)] dty > u/g(z(s + 02)) /R(t) dt dts,

S S S

that is,
Loz(ts) + g(b)Laz(ts — 1) > pg(z(s + 02)) / / R(t) dt dts.

Consequently,

t3 to

(14 g(b))Laz(ts) > pg(z(s+ 02) // t) dt dts.
Hence

z”(t3)z<1+"g(b)>igi(2(s+ag [ t3) // dtdtg]

Integrating the last inequality from s to t4 for t4 > t3 > to > s > t1, we get

102 ) 200 o o] o
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and hence further integration from s to s + o9, we obtain

1 s+o2 tg
Z(S+02) > <1+Mg(b)> : g‘ll(Z(S‘f'O'Q)) / / |: t3 // dtdt2:| dt3 (11547
that is,
1 sto2 ty

giz((;(:fi)) > <1+/;<b)>a //{ (ts) // dtdtg] At dts.

Applying (Aq3), it follows that

S+O'2 t4 1
1+g)\~ 1
lim sup / /{ (t3) // dtdtz} dtsdty < ( +g<)> ,
s—00 1% B4

a contradiction to our assumption (A14).
Let the Case (b) hold. From (2.1) and (2.5), it follows that

oo

/[L4Z(t) + f(0)Laz(t — 7)]dt = A/Q(t)f(Z(t —o01))dt

> Mf(e(s — 1) [ QUe)de
that is, o:
~Laals) = FO)Laas = 1) 2 M(als - ) [ Qo)
for s > t;. Upon using o1 < 7, the last inequality becomes
—(1+ FB)Loz(s = 7) > Af(x(s = 7)) 7@(75) dt

and hence (2.4) yields that

1

Hemr = B (1 +Af<b)> RACE —T))<7Q(t) dt> |

Consequently,

iy 2Pl (1) (/Q dt)’
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hmﬁsusz—Ttl (/Q dt)a < <1+;(b)>a 5137

a contradiction to our assumption (Aqs).
Finally, we consider the Case (c). Proceeding as in the Case (b), we obtain

that is,

(14 F(0)) (= Laz(ts — 7)) = M (2(s — o1)) / Q) dt
Thus for s > t3 >ty > tq,

(1+ f(b))/(—L3z(t2 ~ ) dbs > Af((s — 01))//Q(t) dt dts
implies that 3 o
(14 F(0) Loz (ts — 7) = Mf(2(5 — 1) / (t— t2)Q(r) dt.

Hence
S

(L FB) 2"t — 7) 2 A& Fo (2(s — ) [a<t3> [i-wew dt]

t3

@

Integrating the last inequality from t4 to s, we get

A ta—7) = <1 +/\f(b)> i fola(s - 01))/5 {a(ts) /S(t —13)Q(t) dt] ; dts

4 3

Using the fact that z’(¢) is nondecreasing and further integration of the above
inequality, we obtain

S

/ 2! (tg) dty

= (1) st [ [ tg/t_t?,)Q()d@ s
that is e
z(s)z<1+”\f(b)> //[ t3) /t—t;ﬁ@()dt} dts dty.
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Therefore,
[ h : 1+ f(0)\* 1
lim sup / / {a(tg)/(t—tg)Q(t) dt] dty dts < < +f )> ,
500 A B3
S§—01 t4 t3
a contradiction to (A1g). Hence the proof of the theorem is complete. g

THEOREM 2.4. Let —oco < —b < p(t) < 0, b > 0. If (Ag), (Az), (A13) and
(A17)—(A21) hold, then (1.1) is oscillatory.

Proof. Suppose on the contrary that y(t) is a non-oscillatory solution of (1.1)
such that y(t) > 0, for ¢ > ty. Then proceeding as in the proof of Theorem 2.2,
we obtain

Laz(t) > r(H)g(=(t + 02)).

Thus
/L4z(t) dt > /r(t)g(z(t + 09)) dt
> g(x(s+02)) [ rlt) e

due to nondecreasing z(t) with z(¢) > 0 and L3z(t) > 0, for ¢ > ¢;. Consequently,
the last inequality yields
ta
L3z(ta) > g(2(s+ 02))/7"(15) dt

which on further integration from s to t3, we get

tg to
Loz(ts) > g(z(s—i—ag))//r(t) dt dt,
that is,
t3 to 1
2 (ts) > gi(z(s+az))[a(t3)//r(t) dtdtg} ,
where t3 >t > s > t;. Consequently,
ta ty ty ta 1
/z”(tg)dtg > gi(z(s+0—2))/ {a(tg)//r(t) dtdtz] dts
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implies that

ty

2 () zgi(z<s+02))/ {a(tg)]sjr(t) dtdtg];dt?,. (2.7)

Integrating (2.7) from s to s + o2, we obtain

s+oz by ty to !
2(s+ 02) > go (2(s + 02)) / / |:(L(t3) //T(t) dtdt2:| " dty dts
and hence
s+os ty ty to 1
lim sup / /[a(tg)//r(t) dtdt2:| adtg dty < 1,
e s s s s 64

a contradiction to (Aj7).
Consider the Case (b). From Eq. (2.1), it follows that

(o @]

Lya(t) > / 4(3)f(y(s — ov)) ds

> / 4(s) f(=(s — 01)) s

> f(a(t - 0v) / a(s) ds,

where z(t) < y(t), for t > t;. Thus the inequality (2.4) yields

z(t —o1) > B[t — o1, t1](—Ls 2(t — 1))
00 1
> B[t — o1, t1]f = (2(t — 01)) (/q(s) ds) :
t
for t — o1 > t;. Consequently,

[oe]

° 1
limsup B[t — 01, 1] (/q(s) ds) <
t—00 63

t

due to (Ai3), a contradiction to our assumption (Aig).
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Suppose that the Case (c) holds. For t > s > ¢; and we have from Eq. (2.1)
that

—Lsz(s) > [ q(0)f(y(6 — 01))do

v

m\w m\w

q(0)f(2(0 — 01)) O

t

> f(2(6 — o)) / 4(0) 6.

S

The rest of the proof follows from the Case (c) of Theorem 2.3 to obtain a
contradiction.

Next, we assume that z(¢) < 0, for t > ¢;. Then z(t) > —by(t — 7) implies
that y(t) > (—i)z(t + 7 —o01), for t > t9 > t1. Also for this case, we consider
the Cases (a), (b), (c) and (d). It is easy to verify that the Cases (a) and (b)
are not possible and the Case (d) is same as in Theorem 2.2. Let the Case (c)
hold. From (2.1), it follows that

Laz(t) = q(0) f(y(t = 01))

> a)f (= ste+ 7o)
> a0)f (= st - o)

and hence for s > o,

S S

/L4z(9) a0 > /qw)f <—l1)z(9—01)> do

t
s

> 1 (yxt-on) [ar,

that is, for s >t > to

S

L) 2 £ (=t - o)) [ a0y

t
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On the other hand, (2.6) yields that

—2(t—01) > D[t — 01,0 — 01](— L 2t = 01))
> D[t — 01,0 — o] (— L 2(t)),
that is,
—z(t —o1) ZD[t_Ulae_Ul}fé ( 11) <t_01)> (/q(@)d@)
Hence

—z(t —o1)

(ﬁ(—y@_ag)ZDV—mﬁ—od</«mdﬁ

implies that

S

limsupD[t—al,G—al](/q(@)d@) < Bb,
3

t—o0
t

a contradiction to our assumption (Agg). This completes the proof of the theo-
rem. (]

Ezxample 2.5. Consider

<t (y(t) + <1 + 1>y(t —W))" : 28)
:<i_g)y(t—;T)Jr<l—t62+1f>y(t+7r), |

fort >3, where 1 <1+ | =p(t) <2, a(t) =}, a=1A=1and f(u) =

g(u) = u. Clearly, all the conditions of Theorem 2.1 are satisfied. Hence (2.8) is
oscillatory. In particular, y(t) = sint is such an oscillatory solution of (2.8).

THEOREM 2.6. Let —co < —b < p(t) <0,b>0 and T < 01. Assume that (Aq),
(A2) and (Az21) hold. For B(m) <m, if

@' (t) — r(t)glA(t + o2, t + B(02))]g(z = (t + B(o2))
u'(t) + q(t) fIB(t — o1, t1)] f(u" (t—o1
V(1) +a() f[C(t = Blo),t — o)l f (ve (t = Blo
w'(t)+ f <ll)> q(t)f[D(lH—T—al,zH—B(T—al))]f(w«i (t+7—01)

are oscillatory, then every solution of (1.1) oscillates.

)
)
1))
)

(2.12)

259



A. K. TRIPATHY

Proof. If possible, let y(¢) be a non-oscillatory solution of of (1.1) such that
y(t) > 0, for t > tg. Proceeding as in the proof of Theorem 2.2, we have three
Cases (a), (b) and (c) when z(t) > 0.

For the Case (a), L;z(t) > 0,4 =1,2,3, for t > t;. Then z(s) > A[s, v}Lz;l* z(v),
s >wv >t1. Thus

1
2(t+ 02) > Alt + 02,t + B(0o2)|Ls 2(t + B(02)),
where 5(03) < 03. Consequently, Eq. (2.1) yields

d
Laz(t
dt 32(t)

> r(t)g(y(t + o2))

> r(t)g(z(t + 02))

> r(t)g(A(t + 0,1+ B(02))) g (L§ 2(t + 5(02)))
for t > t; due to (A;). Hence

d 1
dtng(t) —r(t)g(A(t + o2,t + B(02)))g(Lg 2(t + B(o2))) =0
has a positive solution L3z(t), for t > t;. By [4: Corollary 2.4.2], (2.9) has an

eventually positive solution, a contradiction to our hypothesis. Case (b) and

Case (c) are similar.

Next, we suppose that z(t) < 0, for t > ¢; and for this case, Case (c¢) and (d)
are the desired cases. Proceeding as in the proof of Theorem 2.2, we have

1

Laslt) = a0)f

for t > tq, that is,

> F(=Li 2t +7— o)) F[D(t+ 7 — o1t + B(r — o1))]

1
Listo) +a)f
has a negative solution L3z(t), for ¢ > ¢;. By [2t Corollary 2.4.1], (2.12) has a
negative solution, a contradiction to our hypothesis. The Case (d) follows from
the proof of Theorem 2.2. This completes the proof of the theorem. O

)f(Léle(t%—T—m))f[D(t—i—T—Ulvt‘f‘ﬁ(T_al))} 20

THEOREM 2.7. Let 0 < p(t) < b < 1. Assume that (A1) and (Ag) hold. For
B(m) <m, if

2(t) — g(1 = b)r(t)g[A(t + 0o, t + B(2)))g (= (t + B(02))) = 0
and
(1) + g(1 = b)g(t) f[B(t — o1, t)]f (ua (t — 1)) =0

are oscillatory, then every unbounded solution of (1.1) oscillates.

260



OSCILLATION CRITERIA FOR NONLINEAR NEUTRAL DIFFERENTIAL EQUATIONS

Proof. Suppose on the contrary that y(t) is an unbounded non-oscillatory so-
lution of (1.1) such that y(t) > 0, for t > t5. Using the same type of reasoning
as in the proof of Theorem 2.1, we consider the Cases (a), (b) and (c). For each
of the Cases (a) and (b), z(t) is nondecreasing on [t;,00). Hence for t > 1,

(1 —p(t)z(t) < z(t) — p(t)z(t)
< z(t) = p(t)z(t —7)
=y(t) —p)p(t — T)y(t —27) < y(?).

Following to the proof of Theorem 2.1 and 2.6, it is easy to verify the Case (a)
and (b). For the Case (c), 2(¢) happens to be bounded due to (—1)L;z(t) > 0,
1 =1,2,3. Hence this case does’t arise. Thus the theorem is proved. O

Remark 2.8. With a suitable transformation (see e.g. [I0J11] and [14]), we can
establish the existence of positive bounded solutions of (1.1).

Remark 2.9. Due to the method employed here, it is ensure to consider the
assumption (Ag). However, we can not apply the present method if

(Ass) [ a(t)s di < oo,

It seems that some more conditions or a different method along with (Ags) is
necessary to show that Eq. (1.1) is oscillatory.
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