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ABSTRACT. A new construction of mixed Poisson processes with prescribed
distributions for their claim interarrival times is given. As a consequence, some
concrete examples of constructing such processes useful for applications are pre-
sented and the corresponding disintegrating and claim measures are computed.
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Introduction

In [5; Theorem 4.10], some characterizations of mized Poisson processes, de-
fined on a probability space (§2, X, P) (P-MPPs for short), via disintegrations
were obtained. In particular, it was proven there, that a claim number process
{Ni¢}ier, is a P-MPP with parameter a random variable © on ({2, %) if and
only if it is a Poisson process with parameter § under the disintegrating mea-
sure Py for Po-almost all (Pg-a.a. for short) 6 € R, equivalently if the sequence
{W, }nen of its claim interarrival times is conditionally independent and for each
n € N the equality Py, |0 = Exp(©) holds true almost surely (see Section 1 for
the notations).

Based on the last result, the existence of MPPs with prescribed distributions
for their claim interarrival processes is proven, see Theorem .11
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The proof of the above theorem also relies on a result concerning disinte-
grations and product reqular conditional probabilities, see Proposition [Z.5] which
may be of independent interest, since it asserts that the existence of a product
regular conditional probability (product r.c.p. for short) is equivalent to that of a
disintegration consistent with an inverse-measure-preserving map (see Section 2
for the definitions).

As an application of Theorem B.I] some concrete examples of constructions
of MPPs are presented. More precisely, given Borel probability measures Q,,(0)
and v on T := (0,00) for n € N and 6§ € 7", we construct a probability space
(2, X, P), a disintegration {Py}ocr of P over v, an inverse-measure-preserving
random variable © from {2 onto 7", such that {Py}ecr is consistent with @, and
a P-MPP {N;}icr, having a claim interarrival process {W, }nen distributed
according to Q,(6). Moreover, we compute the corresponding claim measures
for each case.

The standard construction of a MPP (cf. e.g. [4: pp. 61-63]) is given by
totally different methods than ours, since in that case Kolmogorov’s forward
differential equations are involved and the underlying probability space ({2, X', P)
with 2 = NI(;M is much more enlarged than that of Theorem [3.11

Since each MPP is a Markov process (cf. e.g. [8 Theorem 4.2.3]), the con-
struction of MPPs is guaranteed by a refinement of Kolmogorov’s Existence
Theorem for stochastic processes (cf. e.g. [3} Theorem 455A]). But in such a
construction the underlying probability space is a triple (£2, X, Q) again with en-
larged (2 = NI§+, while the computation of ) becomes quite complicated, since
Q is represented as a mixture of projective limit (hence non-direct product)
probability measures.

1. Preliminaries

By N is denoted the set of all natural numbers and Ny := NU{0}. If m € N,
then N, := {1,...,m}. The symbol R stands for the set of all real numbers,
while Ry :={z € R: z > 0}.

Given a probability space (§2, X, P), a set N € X with P(N) = 0 is called a
P-null set (or a null set for simplicity). The family of all P-null sets is denoted
by Xy. For arbitrary sets A, B € X we write A = B P-almost surely (P-a.s.
for short), if AAB, the symmetric difference of A and B, is a P-null set. For
measurable functions X, Y : 2 — R we write X =Y P-as., if {X #Y} € X.

If A C {2, then A° := 2\ A, while by x4 is denoted the indicator (or char-
acteristic) function of the set A. A family D of subsets of 2 is a Dynkin class
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if it satisfies the following conditions: (2 € D, B\ A € D whenever A, B € D

and A C B, and |J A, € D whenever {A,},en is a non-decreasing sequence
neN
in D (cf. e.g. [2t 136]). For any Hausdorff topology 7 on {2 by B(f2) is denoted

the Borel o-algebra on (2, i.e. the o-algebra generated by 7. In particular, by
B := B(R) is denoted the Borel o-algebra of subsets of R.

The family of all real-valued P-integrable functions on {2, that is of all real-
valued measurable functions f on 2 with [|f|dP < oo, is denoted by L£'(P).
Functions that are P-a.s. equal are not identified. By S is denoted the restriction
of the Lebesgue measure A to B, while any restriction of 8 to B(A), where A
is any Borel subset of R will denoted again by 8. The o-algebra generated by
a family G of subsets of 2 is denoted by o(G), o(f) := {f~*(B) : B € B}
stands for the o-algebra generated by any real-valued function f on (2, and
o({fiticr) == o(U o(fi)) denotes the o-algebra generated by a family {f;}ics

iel
of real-valued functions on 2.

For any given random variable X on ({2, X, P), setting Tx := {B CR:
X_l(B) € E}, we clearly get that 8 C Tx. Denote by Px: Tx — R the
image measure of P under X and again by Py its restriction to 5. The notation
Py = K(6) will state that X is distributed according to the law K(#), where
0 € O and O is the parametric space.

In particular, we denote by P(0), Exp(f), Ga(r,v, a), Be(r,a,v), U(e1, c2)
and Del(r, v, a), where 7, ¢1, ¢3 and 0, vy, « are real and positive real parameters,
respectively, the law of Poisson, exponential, shifted (or generalized) gamma,
beta, uniform and Delaporte distribution, respectively (cf. e.g. [8] and [4]).

If X € £Y(P) and T is a o-subalgebra of X, then each function Y € LY(P | T')
satisfying for each A € T the equality f XdP = f Y dP is said to be a version
A A

of the conditional expectation of X with respect to (or given) T and it will be
denoted by Ep[X | T]. For X := xp € L}(P) with B € ¥ weset P(B | T) :=
Ep[xs | T].

Given a partially ordered set I, any non-decreasing family {X;};c; of o-sub-
algebras of X is said to be a filtration for (£2,X). For any family {Z;};c; of
random variables on (£2, X), the filtration {Z;},c; with Z; := o(J 0(Z;)) for

Jj<i
each i € I, is called the canonical filtration for {Z;}icr.
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We denote by (2 x7,X @ T, P ® Q) the product probability space of the
probability spaces (2, X, P) and (7,7,Q), and by p, and pr the canonical
projections of £2x7 onto {2 and 7, respectively. If C C 2x 7T and (w,y) € 2x7T
is fixed, then we shall be using the ordinary notation C,, and CY for the w- and
y-section of C', respectively.

2. A basic result on disintegrations

Throughout this section (£2, X, P) and (7,7, Q) are arbitrary but fixed prob-
ability spaces. We first give some basic results on disintegrations of P over Q
as well as on regular conditional probabilities and product regular conditional
probabilities, required for the purposes of this paper.

The following definition is a special instance of that in [3} 452E], proper for
our investigation.

DEFINITION 2.1. A disintegration of P over Q) is a family { P, },cr of probability
measures Py : X — R such that

(d1) for each D € X' the function P.(D): T — R is T-measurable,

(d2) the integral [ Py(D)Q(dy) is defined in Ry and equal to P(D) for each
DelX.

If f: 2 — 7 is an inverse-measure-preserving map (i.e. P(f~}(B)) = Q(B)

for each B € T), a disintegration {P,},cr of P over @ is called consistent with

[ if, for each B € T, the equality P,(f~'(B)) = 1 holds for Q-almost every

y € B.

For detailed information about a more general definition and its related exis-
tence results for disintegrations, see Pachl [6] or Fremlin [3t 452, 453].

DEFINITION 2.2. Let F be a o-subalgebra of X. A function Pr: X x 2 — R
is said to be a regular conditional probability (r.c.p. for short) of X' given F if
(cpl) foreach A € X the equality Pr(A,-) = Ep[xa | F|(:) holds true P | F-a.s.,
where Pr(A4,-) is F-measurable,
(cp2) for all w € 2 the set function Pr(-,w): X — R is a probability.
It is known that for a perfect probability space (£2, X, P) (cf. e.g. [7] for the
definition and properties of perfect measures), if X' is countably generated and

if F is a o-subalgebra of X, a r.c.p. Pr of X given F always exists, such that
for every w € {2 the measure Pr(-,w) is perfect (cf. [7: Theorem 4.2.1]).
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At this point, let us recall that for any two random variables X and Z on (2 a
conditional distribution of X given Z is a function Px|z: B x £2 — [0, 1] such
that the following holds true:

(cdl) For each w € {2 the set-function Px|z(-,w) is a probability measure on B,
(cd2) for each B € B we have
Px|z(B,-) =P(X ' (B) | 0(2))(:) P|o(Z)-as.,
where Px|z(B,-) is 0(Z)-measurable.

DEFINITION 2.3. Assume that M is a probability on the o-algebra X ® T such
that P and @ are the marginals of M. Assume also that for each y € T there
exists a probability P, on Y, satisfying the following properties:

(D1) For every A € ¥ the map y — Py(A) is T-measurable;
(D2) M(A x B) fP Q(dy) for each Ax Be ¥ x T.

Then, {P,}yer is sald to be a product r.c.p. on X for M with respect to Q
(cf. e.g. |9t Definition 1.1}).

It is well known that, if X' is countably generated and P is perfect, then a
product r.c.p. always exists (cf. [It Theorem 6]). For a more general definition
of a product r.c.p. and the related existence result see Pachl [6].

It should be pointed out that most of the probability spaces appearing in
applications are countably compact; hence perfect (see [7]).

LEMMA 2.4. Let M be a probability measure on X @ T such that {ﬁy}yey is
a product r.c.p. on X for M with respect to ). Put P, := 13y ® 0y fory €T,
where §, is the Dirac probability measure on T defined by 0,(B) := xp(y) for
each B € T'. Then {P,}ycr is a disintegration of M over Q consistent with the
canonical projection py from 2 x 7T onto 1.

Proof. Clearly P, is a probability measure on ' ® T for y € 7.
(a) The family {P,},cr satisfies property (d1).
In fact, it can be easily shown that the family

Dy:={Ee€X®T: P(E) is T-measurable}
is a Dynkin class. Furthermore, for each A x B € X x T and y € T we have
P,(A x B) = P,(A)xg(y), implying that P.(A x B) is T-measurable; hence
A x B € Dy. But since X x T is closed under finite intersections, taking into

account the fact that D; is a Dynkin class, we may apply the Monotone Class
Theorem (cf. e.g. [2t 136B]) to get ¥ ®@ T' C Dy; hence X' @ T' = D;.
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(b) The family {P,},cr satisfies property (d2).
In fact, it can be easily seen that the family

Dy:={E€X®T: M(E)= [ P,(F)Q(dy)}
is a Dynkin class. For each A x B € X x T we have
MxB) = [ B8, Bw) = [ P4 x BIQM);

hence Ax B € Dy. Again a monotone class argument as in (a) yields Y ®7 = Ds.

(c) The disintegration {P,},ecr of M over @ is consistent with py.
In fact, for each B € T we get

M(Q % B) = Q(B) = / B, (2)Q(dy) = / x5(1) Py (2)Q(dy)

B B
— [ B2 x BIQW) = [ P (5 ()Rl
B B
implying that [ Q(dy) = [ P, (py (B))Q(dy) or equivalently P,(py' (B)) =1
for Q-a.a. y € %; hence (cj)B holds true. This completes the whole proof. O

PROPOSITION 2.5. Let M be a probability measure on X @ T such that P and
Q@ are the marginals of M. Then the following assertions are equivalent:

(i) There exists a product r.c.p. on X for M with respect to Q;

(ii) there exists a disintegration of M over Q) consistent with py.

Proof. The implication (i) = (ii) is immediate by Lemma 2.4

To show the inverse implication, assume that a disintegration {ﬁy}yey of
M over () consistent with py exists. For each y € 7" define the set-function
P,: ) — R by means of

P,(A):=P,(AxT) forall AeX.

Clearly {P,}yer is a family of probability measures on X satisfying property
(D1).

To show (D2), fix on Ax B € X xT. Since {ﬁy}yey is consistent with pr, we
get ﬁy(!? x B) =1 for Q-a.a. y € B, and since also ﬁy(() x B¢) =1 for Q-a.a.
y € B¢, we get ﬁy(() x B) =0 for Q-a.a. y € B¢, implying

ﬁy(A x B)=0 for Q-a.a. ye B°. (1)

172



A CONSTRUCTION OF MPP VIA DISINTEGRATIONS

Again the consistency of {]Sy}yey with py yields for Q-a.a. y € B that
Py (Ax B)=P,((AxT)N(2x B)) = P,(AxT) = P,(A),
i.e. B
P,(Ax B) =P,(A) for Q-a.a. yeB. (2)
Applying now conditions () and ([2]) we obtain

MaxB) = [PBAxB)QE)

= /ﬁy(A x B)Q(dy) + /ﬁy(A x B)Q(dy)

B Be

- [ Pl
B
hence property (D2) follows. As a consequence, we get that assertion (i) holds
true. (I

3. The construction

Let (£2, X, P) be a probability space and © a random variable on it. A family
{X; }ier of o-subalgebras of X' is (P-) conditionally (stochastically) independent
relative to the o-subalgebra T of Y, if for each n € N with n > 2 we have

P(EiN---NE,|T)=]][P(E;|T) P|T-as.
j=1

whenever i1, ..., i, are distinct members of I and E; € X;. for every j < n. A
family {X;};c; of random variables on 2 is (P-) conditionally (stochastically)
independent relative to a random variable Y on 2, if the family {o(X;)}ier of
o-algebras is conditionally independent relative to the o-algebra o(Y).

A stochastic process (or merely a process for short) {X;}icr, on (£2,X) has
conditionally independent increments (relative to ©), if for each m € N and
for each tg,t1,...,tm € Ry, such that 0 =ty < t; < --- < t,, the increments
Xi, —Xi,_, (j € Np,) are conditionally independent (relative to @). The process
{Xi}ier, has conditionally stationary increments (relative to ©) if for each
m € N, h € Ry and for each tg,t1,...,tm € Ry suchthat 0 =ty <t < -+ <t
condition

Pth+h—th_1+h|c—) = thj—xtj_l\e Pl o(0)-as.
holds true.
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Since the term conditionally is always used relative to the random variable
O, throughout what follows, we simply write “conditionally” in the place of
“conditionally relative to ©”.

For the definition of a claim number process {N¢}¢cr, with exceptional null
set 2y we refer to [8: Chapt. 2, Sect. 2.1, p. 17]. In what follows, we may assume
without loss of generality, that 2x = (.

A claim number process {N;}cr, is said to be a mized Poisson process on
(12,2, P) (or a P-MPP for short) with parameter © such that Pg ((0,00)) = 1,
if it has conditionally stationary independent increments, such that

Py, o =P(tO) P |o(0)-as.

holds true for each ¢t € (0, 00). In particular, if the distribution of © is degenerate
at 6p > 0 (i.e. Po({6o}) = 1), then {N,}ier, is a P-Poisson process with
parameter y in the sense of [8: Chapt. 2, Sect. 2.3, p. 23].

Recall the following notations concerning product probability spaces. Let I be
an arbitrary non-empty index set. If {(£2;, X;, P;)}ser is a family of probability
spaces, then for each () # J C I we denote by (£2;, X';, P;) the product probabil-
ity space @ (£2;,X;, P;) := ( 192, X, & PZ-). If (£2,X, P) is a probability

ieJ icJ  ied  ied
space, we write P for the product measure on 2! and ¥; for its domain.

Recall also some notions from the topological measure theory. Assume that

T is a Hausdorff topology on {2 and that P is a probability measure on B({2).

Then P is called inner regular with respect to a family F C B(£2) if
P(A) =sup{P(F): FeF, FCA} for all A € B(£2),

while P is said to be outer reqular with respect to the family T if
P(A)=inf{P(G): GeT, G2 A} for all A€ B(0).

A probability measure P on B((2) is called 7-additive if whenever G is a non-
empty upwards-directed family of open sets then

P(U g) = sup{P(G) : Ge g}.
Throughout what follows, we write T = (0, 00), Q=7 0:=0x7,
X :=8B(2) and X :=B(12) for simplicity.
Degote by C the family of all measurable cylinders B € %(ﬁ), i.e. of all

sets B C (2 expressible as I B,,, where B, € B(T) for every n € N, and
neN

L = {n € N: B, # T} is finite. Set C, := B, for each n € L. Then
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B= 11 Ch x ™ML, In the same way, C stands for the family of all measurable
k€L
cylinders B € B(12).

THEOREM 3.1. Let v be an arbitrary probability measure on B(Y), and let Q,,(0)
be probability measures on B(Y) such that Q,(8) = Exp(8) for alln € N and
for any fired 0 € . Then there exist a random variable © from (2 onto T, a
family of probability measures { Pp}ocr on X, a unique probability measure P on
X such that Po = v and {Py}ecr is a disintegration of P over v consistent with
O, and a P-MPP {N;}icr, with parameter ©, the claim interarrival process
{Wy}nen of which satisfies condition

(Po)w, = Qn(0) for all n €N,
if 0 €T is fized.

Proof. Fix on arbitrary 6 € 1. If Q,(8) = Exp(0) for each n € N, it follows

that there exist a unique probability measure Py := &) @,(0) on Y, and a
neN

sequence {Wn}neN of ﬁg—independent random variables on (ﬁ, ) ) such that
Wn(w) = w, = pp(w) foreach we 2 and neN,
where p,: TN — T is the canonical projection, satisfying
(Po)ip, = Qu(0)  forall neN. (3)

(a) The function § — Py(E) for fixed E € ¥ is B(Y)-measurable.

In fact, the measurability of @, (-)(B) for fixed B € B(T) is elementary; for
each n € N we have Q,,(0)(B) = [ h(x,0)B(dz), where h(z,0) := yp(z)0e™®
for every x,0 € 1, hence 6 — Q,(0)(B) is actually a continuous function
of 6, because the integrand is continuous as a function of two variables and
is dominated by an integrable function as € varies over any bounded interval.
Consequently, for any fixed E € C the function ﬁ(E) is B(7)-measurable as a
product of such functions.

Denote also by D the set of all E € X such that P.(E) is a 8(7)-measurable
function. It then can be easily seen that Dis a Dynkin class. Since C is closed
under finite intersections, we may apply the Monotone Class Theorem (cf. e.g.
[2: 136B]) to get & C D; hence X = D.

(b) According to (a), we may now define the set-function P: ¥ —» R by means
of

P(E) := / Py(E)v(d9)  forall EcX.
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Then P is a probability measure on Y and {ﬁg}gey is a disintegration of P
over v.

(c) Put P(E ng (E%)v(d6) for each E € X. Tt is easy to see, that P is a
probability measure on X' such that {ﬁg}@er is a product r.c.p. on X for P with
respect to v.

Foreach § € T put Py := ]39 ®4dp. Obviously, each Py is a probability measure
on X. So, we may apply Proposition 2Z.5] to get that {Py}ecr is a disintegration
of P over v consistent with the canonical projection py from Q2 x 7T onto T.
Clearly, putting @ := py we get Pg = v.

(d) Foreachn € N, let W,, := W, opg. Then each W), is the canonical projection
from {2 onto 7. As a consequence, the above fact together with condition (3]
yields

(Po)w, = Pé)op;}loﬁ//y:l = ﬁeoWn’l = (139)@17’ =Qn(0) forall neN (4)

and for any fixed § € 7. But the latter together with the fact that the sequence
{Wy}nen consists of Py-independent random variables implies, by applying a
standard computatlon that {W,, }nen is Py- mdependent forall e?.

(e) Setting T;, Z Wiy, for all n € Ny and N; := E X{rT,<¢t} for allt € Ry,

k=1
we get a claim arrival process {7}, }nen, (cf. e.g. [8. Chapt. 1, Sect. 1.1, p. 6],

for the definition) and a claim number process {N; };cr, with empty exceptional
null sets (cf. e.g. [8 Theorem 2.1.1]).
Since the process {W,, }nen is Pyp-independent for all § € T and {Pp}per is
a disintegration of P over v consistent with ©, we may apply [5: Lemma 4.1]
to get that the process {W, },en is P-conditionally independent. Furthermore,
condition () together with [5} Lemma 4.3] implies that for each n € N the
equality Py, |0 = Exp(©) holds P | o(6)-a.s. true. Consequently, we may
apply [5: Proposition 4.5] to obtain that {N; };er, is a P-MPP with parameter 6.
O

Remark 3.2. Denote by F := {F;},cr, the canonical filtration of the claim
number process {N;}ier, . If A := O’(ft U a(@)) for each t € Ry, then A :=

{A¢}er, is afiltration for (£2, X). Moreover, set Fo, := 0’( U .7-}) and Ay 1=
teR

0(Foo Uc(0)). The latter yields Foo = o({N;}ier,) = o({Tn}tnen,) = B(12),
where for the second and the third equality cf. e.g. [8 Lemmas 2.1.3, 1.1.1],
respectively; hence A, C B({2) = Fo since 0(0) C B(£2). Consequently,
Foo =B(2) =Y =Ax

The above shown equality X' = A, is an assumption under which [5} Theo-
rem 4.10] has been proven. But this equality is used in the proof of that theorem,
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exclusively for showing the equivalences of assertions involving claim measures
(cf. e.g. [8 Chapt. 1, Sect. 1.1, p. 8] for the definition) and martingales. The
equivalence (i) <= (ii) of [5: Theorem 4.10], which is exactly [5: Proposition 4.5]
used in the proof of Theorem [B.1] holds true without this assumption.

In the following examples, assuming the situation of Theorem Bl the proba-
bility measure P, the disintegration {Py}gcr of P over v as well as the Py-claim
measures g, for § € 7, and the P-claim measure p are computed, for some
important cases of MPPs.

For simplicity, write & for the euclidean topology on 7" and N for the product

topology [] &, with &, = & for all n € N. It is well known, that (ﬁ,EN) is a
neN
Polish space (cf. e.g. [3t Definitions 4A2A, Proposition 4A2Q)]).

Ezample 3.3. Denote by jip and i the Py- and P-claim measures, where 0 € 7.
Assume that Po = Ga(7,a), i.e. that {N;}ier, is a Polya-Lundberg process
with parameters v and « (cf. e.g. [8 Chapt. 4, Sect. 4.3, p. 93] for the definition).

(a) Let us fix an arbitrary B = ] Cj x TMLe €. Then we get

kel
Py(B) = <®Qn(9))<§) =[] Q) =] /Qe_ew’“ﬂ(dwk); (5)
neN kel kefék

hence
P(B) = [ IT [ e % B(dwk)} Po(db).
/ kef(j{
Then from (Bl we get, for each E € B(Y'), that
Py(B x E) = (Py ® 89)(B x E) = Py(B)3s(E) = x5(0) [ | / e~ %% B(dwy, );
kel Cr
hence

P(Bx B) = VQ) E/ {H / e_‘)“kﬂ(dwk)]ﬁae_wﬁ(dé).

N L
kel Cr

As a consequence we get

RoB) =[] [ et (6)

kel Cr
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hence

P(B) = /[H/ —Owr g dwk] e 7% dp

keLC

for each B = [[ Cp x TN\ € C.
keL

(b) Let U C C be the standard basis for the product topology £ x £, consisting

of sets expressible as [][ G,, where G,, € & for every n € N, and the set
neN
={n e N: G, # T} is finite. Write Uy for the set of all finite unions

of members of U, and H for the set of all non-empty upwards-directed families
in Z/[f.
If G € &N x &, then
Vo ={Vels: VCG}

belongs in # and |J Vg = G. Since (£2,EN x &) is a Polish space, it follows that
the measures P and Py (for § € T°) are inner regular with respect to the closed
sets (cf. e.g. [3 Theorem 412E]). Moreover, they are T-additive (cf. e.g. [3
Proposition 4140]). As a consequence we obtain

P(G) = Vsél\l? P(V) and Py(G) = Vs;;)) Py(V) forall 7. (7)
G G

But since P and all Py are inner regular with respect to the closed sets, they are
outer regular with respect to the open sets, which together with (7)) yields

P(E) = inf sup P(V) for all E € B(£2)
GeENXE,GDE veyg

Py(F) = inf sup Py(V) forall EeB(2) andal 0eT.
G€£N><£ GDE veyg

(C) We focus now our interest on computing claim measures. First let 7, Ay,
= {Fi}ier,, A = {At}teR+, . and A, be defined in the same way
as in Remark B.2] but for the claim number process {Nt}tem . given by N, =

Z X{F, <t} for all t € Ry, where T, := Z Wy for all n € Ny. Then we
k=1

get 5 = Au. As a consequence, by [5t Theorem 4.10], we have fig | 0(Q) =
(0P9®/\) | 0(Q) for Po-a.a. § € T, where

Q:={Ax (s,8]: s,teRy with s <t, A A} C A, ®B;
hence for every A x (s,t] € Q we get

fig(A x (s,t]) = 0(t — s)Py(A)  for Peo-aa 0€T (8)
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and by [5: Lemma 4.9], we infer
RA (s,8) = (¢ = 5) [ 0Py(A) Po(ds). )
In particular, if B x (s,t] is an arbitrary set in O with B = I C xYN\L ¢ A,NC,
kel
applying (@) and () as well as (@) and (@), we get
fig(B x (s,t]) = 62(t — s) H /eewkﬁ(dwk) for Pg-a.a. €T
kel i
and
ﬁ(é X (8,t]) = (t — 3)/92 { H /e_e“"“ﬂ(dwk)} Po(d6),
kel Cr
respectively.
Put Q:={Ax (s,t]: s,t € Ry with s <t, A€ A} C A ®B.
In the same way, since by Remark we have X = A, we get
po(A X (s,t]) = 0(t — s)Py(A) for Po-aa. 0 €T (10)
and

p(A X (5.t = (= 5) [ OPs(A)Padt) (11)

for every A x (s,t] € Q. In particular, applying (@) and (I0) as well as (@) and

(), we get

po(B x (s,t]) = 0%(t — s) H /ee‘”’“ﬁ(dwk) for Pg-a.a. 0T
kel &,

and

(B (st = 7[ [T [ e ptan)|ovieas

keLCk

respectively, for every B x (s,t] € Q with B = [ C x TN\ € A,NC.
keL

Next we give examples for some other distributions of @ being of particular
interest for applications. We merely provide the formulas for the probability
measure P and the claim measure p in each case, without repeating the analytic
computations by which they were extracted, since the latter are similar with
those of Example 3.3l Note that the disintegrating probability measures Py as
well as the claim measures pyg, for € 7', remain the same as in Example
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Example 3.4. For P = Ga(r,v, ), that is for the case of {/N;}icr, being a
Delaporte process with Py, = Del(rt,y,a/(a + t)) for each t € Ry (cf. e.g.
[4: p. 34]), we obtain

P(Bx E) = / {H / e ( de)] (6 —r)*~te 707 B(d0)
Eﬂ[roo) kGLC

for all B x E € C x B(7) as in Example B3] implying

P(B) = FV(Z) ]O[,gc[e—ewkﬁ(dwk)]a(e —r)*le0-") gp

for all B = [[ Cx x YN\ € C. Moreover, by (@) and (II)) we get
keL

OL

W(B x (s,4]) = | /{H/ —0wr B(dwy,) ]92( ryele=76-m) qp

kEL &,
for all B x (s,t] € Q as in Example B3]

Ezample 3.5. For Pg = pdg, + (1 — p)dp, with 61,0 € T and p € (0,1), that is
for the case of {N;}icr, being a double Poisson process (cf. e.g. [ p. 77]), we
get

P(éXE)ZpXE<91) H /Gle_elwkﬂ(dwk)—k(1—p)XE(92) H /926_92wkﬁ(dwk)
kefék keZak

forall Bx E €C x B(T) as in Example B3] implying

=p]] /01e rerB(dwr) + (1-p) [] /02e B2k B (duwy, )

kEL &, KEL G,
for all B = ] Cx x Y™\E € C. Moreover, by (@) and () we get
keL
w(Bx (s,t]) = (t—2s) {pGQ H / 0@k B(dwy) + (1 —p)o2 H / ~02¢k B(dwy,) }
keL &, KEL

for all B x (s,t] € Q as in Example B3]
Ezample 3.6. For P = U(0,a) with a > 0, that is for the case of {N;}ier,

being a uniform-Poisson process (cf. e.g. [4: p. 76]), we obtain

rExp)-, [ [H / ee—mﬁ(dwk)}/ﬁ(de)
EN[0,) kefék
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for all B x E € C x B(T) as in Example B3] implying

P(B /{H/Gee“’kﬁdwk}dﬁ

keLC

for all B = [] Cx x Y™\E € C. Moreover, by (@) and () we get
keL

«

u sty =" [ [T [ eptaan]| a

0 kel &,
for all B x (s,t] € Q as in Example 3.3

Ezxample 3.7. For Po = Be(r,a, ), that is for the case of beta-Poisson dis-
tributed claim numbers (cf. e.g. [k p. 42]), the probability density function of ©
is given by ge(0) = [1/B(a, )]0 (r — 0)Y~1r1=(@+7) for all § € (0,7); hence
we get

P(B x E) = r;(;zj)) Eﬂér) { Ig(ze_ew’“ﬂ(dwk)} 0% (r — 6)"~'5(d0)

for all B x E € C x B(7) as in Example B3] implying
rl—(a+v)
P(B): /[H/ —Owr g( dwk}ea(r—e)v Lde
0 LkeL g

for all B = [[ Cx x Y™\ € C. Moreover, by (@) and (II) we get
keL

w(B x (s,1]) = i (;(;)7(5— s / {

for all B x (s,t] € Q as in Example 3.3

H/ ~09r B(duwy,) ]ea“( —6)""1dg

keL &

At this point it is worth noticing that in the above examples the structure
distributions Pg, that is the corresponding MPPs, under consideration find a
wide range of applications in insurance mathematics and risk theory. The beta
distribution in the last example is useful for certain biological ones as well. For
more on applications of Examples [3.4] and 37 cf. e.g. [& pp. 34, 46, 43],
respectively.
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