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COMPARISON RESULTS

FOR FUNCTIONAL DIFFERENTIAL EQUATIONS

WITH IMPULSES

Li Xiao
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ABSTRACT. Comparison principles play an important role in the qualitative
and quantitative study of differential equations. In this paper, we investigate
a first order functional differential equations with impulses and establish new

comparison results.
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1. Introduction

Impulsive differential equations are a basic tool to study evolution processes
that are subject to abrupt in their state. For instance, many biological, physical
and engineering applications exhibit impulsive effects [1,2]. Therefore it is of the
utmost importance to develop a general theory for differential equations with
impulses.

It is well-known that comparison principles play an important role in the qual-
itative theory of differential equation, see [5–12], for example, they are essential
for developing the monotone iterative method, a powerful theoretical method,
which permits us to construct a sequence of approximate solutions converging
to a solution of certain differential equations problems [8–11]. So the study of
comparison results has attracted the interest of many researchers, see [3,4] and
relevant references therein.

2010 Mathemat i c s Sub j e c t C l a s s i f i c a t i on: Primary 34A37; Secondary 34C25.
Keywords: comparison result, impulsive differential functional equation, boundary value
problem.
This work was supported by by Hunan Provincial Natural Science Foundation of China
(No:10JJ6002).



LI XIAO

In this paper, we consider a periodic boundary value problem for a first-order
impulsive differential equation of the form

v′(t) +mv(t) + [ϕv](t) = σ(t), a.e. t ∈ J0 = J\{t1, . . . , tp},
∆v(t) = Ik(v(t)), t = tk, k = 1, 2, . . . , p,

v(0) = v(T ) + λ

(1.1)

where J = [0, T ], m,λ ∈ R, 0 = t0 < t1 < · · · < tp < tp+1 = T , Ik ∈ C(R,R),
k = 1, . . . , p, σ ∈ L1(J), ϕ : L1(J) → L1(J), ∆v(tk) = v(t+k )− v(t−k ), v(t

+
k ) and

v(t−k ) denote the right and left limits of v(t) at t = tk, respectively.

Let v : J → R. For j = 0, 1, . . . , p, define the functions vj : (tj , tj+1) → R,
vj(t) = v(t). Consider the following Banach spaces [13,14]:

E =
{
v : J → R : vj ∈ L1(tj , tj+1), j = 0, 1, . . . , p

}
and

E1 =
{
v : J → R : vj ∈ W 1,1(tj , tj+1), j = 0, 1, . . . , p, v(0+) = v(0),

v(t−j ) = v(tj) for j = 1, . . . , p+ 1,

and v(t+j ) exists for j = 1, . . . , p
}

with the norms

‖v‖E =

p∑
j=0

‖vj‖L1(tj ,tj+1), ‖v‖E1 =

p∑
j=0

‖vj‖W 1,1(tj ,tj+1).

By a solution of (1.1), we mean a function v ∈ E1 satisfying (1.1).

In the recent paper [3], the author considered the corresponding form of (1.1)
without impulses

v′(t) +mv(t) + [p(v)](t) = σ(t), a.e. t ∈ I = [0, T ],

v(0) = v(T ) + λ,
(1.2)

and presented several comparison results for (1.2). As p ≡ 0, the following
theorem is one of the main results of [3].

������� 1.1� Consider problem (1.2) with p ≡ 0, m > 0, λ ∈ R, and
σ ∈ L1(I). If

T∫
0

e−m(T−s)σ(s) ds+ λ ≤ 0, (1.3)

then v ≤ 0 on I.

We note that Theorem 1.1 is not valid as σ(t) > 0, the following example is
an illustration.
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Example 1.1. Let T = 2, m = 1, σ(t) = et − 1
2 , λ = 1

2 (1− eT ). We consider

v′(t) + v(t) = et − 1

2
, t ∈ [0, 2],

v(0) = v(2) + λ.
(1.4)

By inspection, we see that v(t) = 1
2 (e

t − 1) is a solution of (1.4), and

2∫
0

e−m(2−s)σ(s) ds+ λ = 0.

That is, the inequality (1.3) is valid, but v(t) > 0 in (0, 2].

If (1.2) is subject to impulsive perturbations, e.g. (1.1), the sign of the solution
of (1.2) may or may not continue to persist under impulsive perturbations. Here
we have a question: what is the sufficient condition for the persistence of sign of
solutions of (1.2) under impulsive perturbation? Solving the above problem is
the main goal of this paper. As a corollary of our results, the above Theorem 1.1
will be improved.

2. Linear problem

In this section, we consider the linear problem of (1.1)

v′(t) +mv(t) = σ(t), a.e. t ∈ J0,

∆v(t) = ckv(t), t = tk,

v(0) = v(T ) + λ.

(2.1)

We know that BVP (2.1) is not always solvable ([7]), but we have the following
solvability theorem ([4: Proposition 2]).

����� 2.1� If
p∏

k=1

(1 + ck) �= emT , then problem (2.1) admits a unique solution

v ∈ E1, and the unique solution is given by

v(t) = e−mt
∏

0<tk<t

(1 + ck)

[
λ+

T∫
0

∏
s<tk<T

(1 + ck)e
−m(T−s)σ(s) ds

]

·
(
1− e−mT

p∏
k=1

(1 + ck)
)−1

+

t∫
0

∏
s<tk<t

(1 + ck)e
−m(t−s)σ(s) ds, t∈J.

Considering the sign of λ, we can get the following theorem:
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������� 2.1� Suppose m > 0, λ ≤ 0, σ ≤ 0 a.e. on J, ck ≥ −1, and
p∏

k=1

(1 + ck) < emT . If v(t) is a solution of problem (2.1), then v(t) ≤ 0 on t∈J.

P r o o f. Since ck ≥ −1, λ ≤ 0, σ ≤ 0 a.e. on J and e−mT
p∏

k=1

(1 + ck) < 1, by

Lemma 2.1, we obtain

v(t) ≤ 0.

The proof is complete. �

If we don’t need the sign of m and λ, we have:

������� 2.2� Suppose m ∈ R, λ ∈ R, σ ≤ 0 a.e. on J, ck ≥ −1, and v(0) ≤ 0.
If v(t) is any solution of problem (2.1), then v(t) ≤ 0 on J.

P r o o f. For t ∈ [0, t1], we have

v(t)emt = v(0) +

t∫
0

σ(s)ems ds ≤ 0,

thus

v(t) ≤ 0.

In particular, v(t1) ≤ 0, and so

v(t+1 ) = (1 + c1)v(t1) ≤ 0.

For t ∈ (t1, t2], we have

v(t)emt = v(t+1 )e
mt1 +

t∫
t1

σ(s)ems ds ≤ 0,

hence

v(t) ≤ 0.

By a simple induction, we can prove, in general, that

v(t) ≤ 0 for t ∈ [0, T ],

which completes the proof. �

Remark 2.1� In this theorem we don’t consider the sign of m, so it is a gener-
alization of [3: Proposition 1] even if there are no impulses in (2.1).
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������� 2.3� Let m > 0, λ ∈ R, σ(t) ≤ 0 a.e. on J, ck ≥ −1 and

T∫
0

∏
s<tk<T

(1 + ck)e
−m(T−s)σ(s) ds+ λ ≤ 0, (2.2)

p∏
k=1

(1 + ck) < emT . (2.3)

If v(t) is any solution of problem (2.1), then v(t) ≤ 0 on J.

P r o o f. For a.e. t ∈ J , by Lemma 2.1, we have

v(t) = e−mt
∏

0<tk<t

(1 + ck)

[
λ+

T∫
0

∏
s<tk<T

(1 + ck)e
−m(T−s)σ(s) ds

]

·
(
1− e−mT

p∏
k=1

(1 + ck)
)−1

+

t∫
0

∏
s<tk<t

(1 + ck)e
−m(t−s)σ(s) ds.

(2.3), (2.4) and the above inequality imply

v(t) ≤ 0 on J.

The proof is complete. �

Remark 2.2� This theorem improves Theorem 1.1 when ck = 0, for all k.

Define σ+(t) = max{σ(t), 0}, σ−(t) = −min{σ(t), 0}, then σ+(t) ≥ 0,
σ−(t) ≥ 0 and σ(t) = σ+(t)− σ−(t).

������� 2.4� Suppose m > 0, λ ≤ 0, ck ≥ −1,
p∏

k=1

(1 + ck) < emT and

emt

t∫
0

∏
s<tk<t

(1 + ck)σ
+(s) ds ≤

t∫
0

∏
s<tk<t

(1 + ck)σ
−(s) ds.

Then v(t) ≤ 0 on J.

P r o o f. In view of Lemma 1, we get

v(t) = e−mt
∏

0<tk<t

(1 + ck)

[
λ+

T∫
0

∏
s<tk<T

(1 + ck)e
−m(T−s)σ(s) ds

]

×
(
1− e−mT

p∏
k=1

(1 + ck)
)−1

+

t∫
0

∏
s<tk<t

(1 + ck)e
−m(t−s)σ(s) ds,
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= e−mt
∏

0<tk<t

(1 + ck)

×
[
λ+

T∫
0

∏
s<tk<T

(1 + ck)e
−m(T−s)σ+(s) ds

−
T∫
0

∏
s<tk<T

(1 + ck)e
−m(T−s)σ−(s) ds

]

×
(
1− e−mT

p∏
k=1

(1 + ck)
)−1

+

t∫
0

∏
s<tk<t

(1 + ck)e
−m(t−s)σ+(s) ds

−
t∫

0

∏
s<tk<t

(1 + ck)e
−m(t−s)σ−(s) ds

≤ e−mt
∏

0<tk<t

(1 + ck)

×
[ T∫
0

∏
s<tk<T

(1 + ck)σ
+(s) ds− e−mT

T∫
0

∏
s<tk<T

(1 + ck)σ
−(s) ds

]

×
(
1− e−mT

p∏
k=1

(1 + ck)
)−1

+

t∫
0

∏
s<tk<t

(1 + ck)σ
+(s) ds

− e−mt

t∫
0

∏
s<tk<t

(1 + ck)σ
−(s) ds ≤ 0.

This proof is complete. �

3. Nonlinear problem

In this section, we consider the equations

v′(t) +mv(t) + [ϕv](t) = σ(t), a.e. t ∈ J0,

∆v(tk) = Ik(v(tk)), k = 1, 2, . . . , p,

v(0) = v(T ) + λ,

(3.1)

where ϕ : L1(J) → L1(J), Ik ∈ C(R,R).
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������� 3.1� Let λ ≤ 0, σ ≤ 0 a.e. on J, Ik(v) ≤ ckv, ck ≥ −1,
p∏

k=1

(1 + ck)e
−(m−n)T < 1, where n is a constant, and assume

−ϕ(v) ≤ nv a.e. on J for every v ∈ L1(tj , tj+1).

If v(t) is a solution of (3.1), then v(t) ≤ 0 on J.

P r o o f. For a.e. t ∈ J0, we have

v′(t) + (m− n)v(t) = σ(t)− [ϕv](t) − nv(t) = σ1(t) ≤ 0,

and
v(t+k ) ≤ (1 + ck)v(tk).

By [1: Corollary 2.4], we obtain

v(t) ≤ v(0)
∏

0<tk<t

(1 + ck)e
−(m−n)t +

t∫
0

∏
s<tk<t

(1 + ck)e
−(m−n)(t−s)σ1(s) ds

≤ v(0)
∏

0<tk<t

(1 + ck)e
−(m−n)t.

Clearly, it is sufficient to show that v(0) ≤ 0. If it is not true, then v(0) > 0.
Therefore we arrive at

v(0) = v(T ) + λ ≤ v(T ) ≤ v(0)

p∏
k=1

(1 + ck)e
−(m−n)T < v(0),

a contradiction and so v(0) ≤ 0. Therefore v(t) ≤ 0. The proof is complete. �

To deal with perturbations of a more general form, we introduce some new
conditions. We consider perturbation ϕ verifying for every vi ∈ C(ti, ti+1),
ϕ(vi) ∈ L∞(J), i = 0, 1, . . . , p. For v ∈ L∞(J), we define, as usual, the essential
infimum of v on J as the least upper bound of constants β such that v(t) ≥ β
a.e. on J , and it is denoted by ess inf

t∈J
v(t).

������� 3.2� Let m > 0, λ ≤ 0, σ ≤ 0 a.e. on J, Ik(v) ≤ ckv, −1 < ck ≤ 0
and for every τ ∈ J,

vi ∈ C(ti, ti+1), ess inf
t∈[0,τ ]

[ϕv](t) ≥ n inf
t∈[0,τ ]

v(t), n > 0. (3.2)

Suppose
p∏

k=1

(1 + ck)

T∫
0

∏
s<tk<T

(1 + ck) ds

≥ nemT (3.3)

holds. If v is a solution to (3.1), then v(t) ≤ 0 in J.
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P r o o f. Suppose the conclusion is not valid, then there exists s ∈ [0, T ] such
that sup

t∈J
v(t) = v(s) > 0. Thus we have the following two possible cases.

Case 1. If v(0) < 0. Thus there exists s1 ∈ [0, s] such that v(s1) = inf
t∈[0,s]

v(t)

= −h, h > 0. We assume s1 �= t+k , if s1 = t+k for some k, we can prove it in a
similar way. For a.e. t ∈ [s1, s] ∩ J0, we have

v′(t) +mv(t) ≤ −[ϕv](t) ≤ ess sup
[s1,s]

{−[ϕv](t)} ≤ ess sup
[0,s]

{−[ϕv](t)}

= − ess inf
[0,s]

[ϕv](t) ≤ −n inf
[0,s]

v(t) = nh,

and so

v′(t) ≤ −mv(t) + nh.

Since v(t+k ) ≤ (1 + ck)v(tk), thus

0 < v(s) ≤ v(s1)
∏

s1<tk<s

(1 + ck)e
−m(s−s1) +

s∫
s1

∏
u<tk<s

(1 + ck)e
−m(s−u)nh du

≤ −h
∏

s1<tk<s

(1 + ck)e
−mT +

s∫
s1

∏
u<tk<s

(1 + ck)nh du,

we obtain
p∏

k=1

(1 + ck)

T∫
0

∏
u<tk<T

(1 + ck) du

≤

∏
s1<tk<s

(1 + ck)

s∫
s1

∏
u<tk<s

(1 + ck) du

< nemT ,

which contradicts (3.3).

Case 2. v(0) ≥ 0. It is clear that v(T ) ≥ 0.

(i). If v(t) ≥ 0 for all t ∈ [0, T ], then

v′(t) ≤ −mv(t)− [ϕv](t) + σ(t) ≤ 0, a.e. t ∈ J0,

and

v(t+k ) ≤ (1 + ck)v(tk) ≤ v(tk), k = 1, . . . , p.

It follows that v(t) is nonincreasing in J . Thus v(0) ≥ v(t) ≥ v(T ), but
v(0) ≤ v(T ), those show that v(t) = c for t ∈ [0, T ]. For c = const > 0, we
can deduce

0 = v′(t) = −mc− nc+ σ(t) < 0,

this is a contradiction.
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(ii). There exists s2 ∈ (0, T ) such that v(s2) = inf
[0,T ]

v(t) = −h1 < 0. In a

similar way as the proof of case 1, for a.e. t ∈ [s2, T ], we obtain

v′(t) ≤ −mv(t) + nh1,

v(t+k ) ≤ (1 + ck)v(tk).

Therefore

v(T ) ≤ v(s2)
∏

s2<tk<T

(1 + ck)e
−m(T−s2) +

T∫
s2

∏
u<tk<T

(1 + ck)e
−m(T−u)nh1 du,

that is

0 < −h1

∏
s2<tk<T

(1 + ck)e
−mT +

T∫
s2

∏
u<tk<T

(1 + ck)nh1 du.

Thus

p∏
k=1

(1+ck) ≤
∏

s2<tk<T

(1+ck) <

T∫
s2

∏
u<tk<T

(1+ck)ne
mT du ≤ nemT

T∫
0

∏
u<tk<T

(1+ck) du,

so
p∏

k=1

(1 + ck)

T∫
0

∏
u<tk<T

(1 + ck) du

< nemT ,

which is a contradiction with (3.3). Therefore v(t) ≤ 0 on J . The proof is
complete. �

Now, consider problem (3.1) with the perturbation given by

[ϕv](t) = nv(θ(t)), (3.4)

where n ≥ 0, and θ : J → J is continuous. If Ik(v) ≡ 0, then the problem to
consider is

v′(t) +mv(t) + nv(θ(t)) = σ(t), a.e. t ∈ J,

v(0) = v(T ) + λ.
(3.5)

It is evident that if θ satisfies

θ(t) ≤ t, for a.e. t ∈ J, (3.6)

then the functional given by (3.4) satisfies (3.2).

In [8], the authors proved the following maximum principle for problem (3.5)
when σ ∈ C(J), but the proof is identical for σ ∈ L1(J). It is an immediate
result of Theorem 3.2.
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	���

��� 3.1� ([8: Theorem 3.1]) Consider problem (3.5) with θ : J → J
continuous and satisfying (3.6). Let v ∈ W 1,1(J) be a solution of (3.5) with
σ ≤ 0 a.e. on J, and m > 0, n ≥ 0, λ ≤ 0. If

nT emT ≤ 1,

then v ≤ 0 on J.

4. Examples

We conclude this section with two examples showing the applications of the
above theorems.

Example 4.1. Consider the following boundary value problem

v′(t) +
1

2
v(t) + [ϕ(v)](t) = −t2, t ∈

[
0,

1

2

]
, t �= 1

4
,

∆v(t1) = −1

2
v(t1), t1 =

1

4
,

v(0) = v(T ) + λ,

(4.1)

where λ ≤ 0, [ϕ(v)](t) = ev(t), m = 1
2 , c1 = −1

2 , T = 1
2 . It is clear that ev > v,

so we take n = 1. We have
p∏

k=1

(1 + ck)

T∫
0

∏
s<tk<T

(1 + ck) ds

=
4

3
> e

1
4 = nemT ,

which shows that (3.3) holds. By Theorem 3.2, if v(t) is a solution of (4.1), then
v(t) ≤ 0.

Example 4.2. Consider the following equations

v′(t) +
1

12
v(t) = t− 3

4
, t ∈ [0, 1], t �= 3

4
,

∆v(t1) = −3

4
v(t1), t1 =

3

4
,

v(0) = v(T ) + λ,

(4.2)

where λ ≤ 0. Taking

σ+(t) =

{
0, t ∈ [

0, 34
]

t− 3
4 , t ∈ [

3
4 , 1

]
,

σ−(t) =

{
3
4 − t, t ∈ [

0, 34
]

0, t ∈ [
3
4 , 1

]
.

Evidently, for 0 ≤ t ≤ 3
4 ,

emt

t∫
0

∏
s<tk<t

(1 + ck)σ
+(s) ds ≤

t∫
0

∏
s<tk<t

(1 + ck)σ
−(s) ds.
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For 3
4 < t ≤ 1, we have

emt

t∫
0

∏
s<tk<t

(1 + ck)σ
+(s) ds = e

1
12 t

t∫
3
4

(
s− 3

4

)
ds

=
1

2
e

1
12 t

(
t− 3

4

)2

≤ 1

32
e

1
12 <

9

128
,

and
t∫

0

∏
s<tk<t

(1 + ck)σ
−(s) ds =

3
4∫

0

1

4

(3
4
− s

)
ds =

9

128
.

Thus, by Theorem 2.4, if v(t) is a solution of (4.2), then v(t) ≤ 0.

Remark 4.1� We note that

T∫
0

∏
s<tk<T

(1 + ck)e
msσ(s) ds =

1

4

3
4∫

0

e
1
12 s

(
s− 3

4

)
ds+

1∫
3
4

e
1
12 s

(
s− 3

4

)
ds

=
81

8
+ 27e

1
16 − 69

2
e

1
12 ≈ 1.353 > 0,

which shows that [4: condition (14)] is not satisfied. So our result extends the
corresponding result of [4].

Acknowledgement� The author thanks the referee for helpful comments.
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