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ABSTRACT. In this paper, the properties of transformation matrices between

the normal bases in orders of algebraic number fields of degree 3 are shown.
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Let K be a finite extension of the rational number field Q and let the ZK be

integral closure of the ring Z in K — i.e. the ring of integral numbers of the

field K.

���������� 1� Let K be an algebraic number field of degree n over the rational

numbers Q. A Z-module B ⊂ K is called an order of the field K if B satisfies

the following conditions:

(1) 1 ∈ B,

(2) B has a basis over Z consisting of n elements,

(3) B is ring.

Let K be a cyclic algebraic number field of degree n over Q. Such a field

has a normal basis over Q, i.e. a basis which consists of all conjugations of one

element.

Transformation matrices between two normal bases of K over Q are exactly

regular rational circulant matrices of degree n.

In [5] Kostra characterized the special class of circulant matrices with rational

integral elements by:
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�	��
�� 1� Let K be cyclic algebraic number field of degree n over Q. Let

A = circn(a1, a2, . . . , an)
T

be a circulant matrix and ai ∈ Z for all i. By Ai for i = 1, 2, . . . , n we denote
the algebraic complement of ai in the matrix A. Let

(1) a1 + a2 + · · ·+ an = ±1 and

(2) ai ≡ aj (mod h) for all i, j ∈ {1, 2, . . . , n} where h = detA
gcd(A1,...,An)

Then the matrix A transform a normal basis of an order B of the field K to a
normal basis of an order C where C ⊆ B.

In [3] the matrices satisfying the Theorem 1 have been characterized as follows:

�	��
�� 2� Let G be a multiplicative semigroup of circulant matrices of degree

n satisfying the assumptions of the Theorem 1. Let U be multiplicative group of

unimodular circulant matrices of degree n. Let H be the semigroup of circulant

matrices of the type circn(a, b, . . . , b) such that a+(n−1)b = ±1. Then G = H ·U .

In this paper, the properties of such transformation matrices between the

normal bases in orders of algebraic number fields of degree 3 are shown.

�	��
�� 3� Let A = circ3(a, b, c) be a circulant matrix over Z such that a+b+c

= ±1. Then a ≡ b ≡ c (mod gcd(A1, A2, A3)) and gcd(A1, A2, A3) is the largest

such number.

P r o o f. Let Ai be an algebraic complement of element ai in the matrix A. So
A1 = a2− bc, A2 = b2−ac and A3 = c2−ab. Let us denote gcd(A1, A2, A3) = g.

We can write

A1 −A2 = a2 − bc− b2 + ac = (a− b)(a+ b+ c)

and because gcd(A1, A2, A3) = g then g | A1 and g | A2 so g | (A1 − A2) and

with respect that a+ b+ c = ±1 it follows g | (a− b), i.e. a ≡ b mod g.

Analogously,

A2 −A3 = (b− c)(a+ b+ c)

so g | (b− c) and we can write a ≡ b ≡ c (mod g).

On the other hand, let us suppose that a ≡ b ≡ c (mod g�). Then a2 ≡ bc

(mod g�) and so g� | A1. Analogously, g� | A2 and g� | A3. Because the
gcd(A1, A2, A3) = g then g� | g. �
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��
���� Let ζn be the n-th primitive root of unity and denote by Z[ζn] the ring
of integers of n-th cyclotomic field. Let

A = circn(a1, a2, . . . , an)

be the circulant matrix of degree n. It is known (see for example [1]) that the

eigenvalues of A are exactly

λj = pγ(ζ
j−1
n )

for j = 1, 2, . . . , n, where pγ(z) := a1 + a2z + · · · + anz
n−1 is the polynomial

corresponding to γ = (a1, a2, . . . , an).

In this case we have n = 3 so the eigenvalues of the circulant matrix A =

circ3(a, b, c) are

λj = pγ(ζ
j−1
3 )

for j = 1, 2, 3 where pγ(z) := a + bz + cz2 is the polynomial corresponding to

γ = (a, b, c) and the ζ3 is the primitive third root of unity. So

λ1 = a+ bζ03 + cζ03 = a+ b+ c,

i.e. sum of the first row, and using the fact 1 + ζ3 + ζ23 = 0 we have

λ2 = a+ bζ3 + cζ23 = (a− c) + (b− c)ζ3

and

λ3 = a+ bζ23 + cζ43 = (a− b) + (c− b)ζ3.

�	��
�� 4� Let A = circ3(a, b, c) be a circulant matrix over Z such that a+b+c

= ±1. Let g ∈ N be the largest such number that a ≡ b ≡ c (mod g). Then g is

the largest such that g | λ2 and g | λ3 where λ2 = a+bζ3+cζ23 , λ3 = a+bζ23 +cζ3
are the eigenvalues of the matrix A.

P r o o f. Let A = circ3(a, b, c) such that a+ b+ c = ±1. The eigenvalues of the

circulant matrix A are λ1 = a+ b + c, λ2 = a + bζ3 + cζ23 = (a− c) + (b − c)ζ3
and λ3 = a+ bζ23 + cζ43 = (a− b) + (c− b)ζ3.

Let a ≡ b ≡ c (mod g). Then g | (a− b), g | (a − c) and g | (b− c) so g | λ2

and g | λ3.

Let us suppose that for some g� ∈ N we have g� | λ2 and g� | λ3. Because

1, ζ are linearly independent over the Z, it follows g� | (a − c), g� | (b − c) and

so a ≡ b ≡ c (mod g�). Using the fact, that g was the largest such number we

get g� | g. �

�	��
�� 5� Let A = circ3(a, b, c) be a circulant matrix over Z such that a+b+c

= ±1. Then the eigenvalues λ2 and λ3 are associated in Z[ζ3], if and only if

a = b or b = c or a = c.

65
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P r o o f.

⇐= is trivial. If a = b then λ2 = (a − c) + (b − c)ζ3 = (b − c)(1 + ζ3) =

(b − c)(−ζ23 ) and λ3 = (a − b) + (c − b)ζ3 = (c − b)ζ3 so the λ2 and λ3 are
associated in Z[ζ3] because the ζ3,−ζ23 are the units. Analogously for b = c and

a = c.

=⇒: Let λ2 and λ3 are associated in Z[ζ3]. Then there exists a unit u ∈ Z[ζ3]
such that λ3 = uλ2. We know that units in Z[ζ3] are u = ±ζk3 where k = 0, 1, 2

so we get

λ3 = (a− b) + (c− b)ζ3 = ±ζk3 ((a− c) + (b− c)ζ3) = ±ζk3λ2

for k = 0, 1, 2. For k = 0 we obtain (a− b) + (c− b)ζ3 = (a − c) + (b − c)ζ3 or

(a− b) + (c− b)ζ3 = −((a− c) + (b− c)ζ3) so

a− b = a− c, c− b = b− c

which implies b = c or

a− b = c− a, c− b = c− b

which implies no solution in Z because a+ b+ c = ±1.

Analogously, the case k = 1 implies a = c and the case k = 2 implies a = b.
�

With regard to the Theorem 1 and Theorem 2 we can deduce the corollary

of the properties described in Theorems 3, 4 and 5 in the next example.

Example 1. Let A = circ3(a, b, c) be a circulant matrix over Z with a+ b+ c = 1

such that detA = p2 where the p is a prime number. It is easy to calculate that

detA = 1− 3b− 3c+ 3b2 + 3c2 + 3bc ≡ 1 (mod 3). So

(1) p ≡ 2 (mod 3) or

(2) p ≡ 1 (mod 3).

Because detA = λ1λ2λ3 and λ1 = a+ b+ c = 1 we have detA = λ2λ3.

In the case 1. if p ≡ 2 (mod 3) then p2 ≡ 1 (mod 3) so pZ[ζ3] = p. We get

λ2 = a + bζ + cζ2 = u1p and λ3 = a + bζ2 + cζ = u2p where u1, u2 are the

units in Z[ζ3]. The eigenvalues satisfy the assumptions of Theorem 5 and with

respect to the Theorems 1,2 the matrix transforms a normal basis of the order

to a normal basis of its suborder in a cyclic algebraic number field of degree 3.

In the case 2. if p ≡ 1 (mod 3) then pZ[ζ3] = P1P2 so there will exist two

types of matrices.
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The first type are such matrices that λ2 = u1P1P2 and λ3 = u2P1P2 where
u1, u2 the units in Z[ζ3] which satisfy the assumptions of Theorem 5 and so

transforms a normal basis of the order to a normal basis of its suborder in a

cyclic algebraic number field of degree 3.

For example if we take the cubic cyclic algebraic number field Q[ζ7 + ζ−1
7 ],

i.e. maximal real subfield of Q[ζ7], the order Z[ζ7 + ζ−1
7 ] with normal basis

{ζ7 + ζ−1
7 , ζ27 + ζ−2

7 , ζ37 + ζ−3
7 }, then the matrix A = circ3(9,−4,−4) has

detA = 132 and the eigenvalues are λ2 = 13, λ3 = 13. Such matrix satisfies

the assumptions of the Theorems 1,2 so it transforms a normal basis of any
order to the normal basis of its suborder in cyclic algebraic number field.

The second type are the matrices with λ2 = u1P
2
1 and λ3 = u2P

2
2. Such a

matrix does not satisfy the assumptions of Theorem 5, so there could exists a
basis of order of cyclic cubic algebraic number field which will not be transformed

by this matrix to a normal basis of its suborder.

If we take again the cubic cyclic algebraic number field Q[ζ7+ ζ−1
7 ], the order

Z[ζ7 + ζ−1
7 ] with normal basis

{ζ7 + ζ−1
7 , ζ27 + ζ−2

7 , ζ37 + ζ−3
7 } (1)

and the matrix B = circ3(−7, 8, 0) with detB = detA = 132. The eigenvalues

of B are λ2 = −7 + 8ζ3 and λ3 = −15− 8ζ3 which are not associated in Z[ζ3].

Let us transform the basis (1) by the circulant matrix B = circ3(−7, 8, 0).

We obtain a new basis
{−7(ζ7 + ζ−1

7 ) + 8(ζ27 + ζ−2
7 ),−7(ζ27 + ζ−2

7 ) + 8(ζ37 + ζ−3
7 ),

8(ζ7 + ζ−1
7 )− 7(ζ37 + ζ−3

7 )
}
.

(2)

The Z-module generated by this new basis (2) is not a ring, because it is not

closed under the multiplication. For example the square of the first basis element

is equal to

(−7(ζ7 + ζ−1
7 ) + 8(ζ27 + ζ−2

7 ))2 =− 43234

132
(−7(ζ7 + ζ−1

7 ) + 8(ζ27 + ζ−2
7 ))

− 45137

132
(−7(ζ27 + ζ−2

7 ) + 8(ζ37 + ζ−3
7 ))

− 44970

132
(8(ζ7 + ζ−1

7 )− 7(ζ37 + ζ−3
7 )),

so the coefficients are not integers, i.e. this element does not belong to the

Z-module generated by the new basis (2).

This matrix does not satisfy the assumption of Theorem 1 and will transform

the basis of order to a basis of the structure which will not be closed as a ring,

so it will not be a basis of suborder.
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