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AN EXTENDED STICKELBERGER IDEAL
OF THE COMPOSITUM OF A BICYCLIC FIELD
AND AN IMAGINARY QUADRATIC FIELD

VERONIKA TRNKOVA

(Communicated by Stanislav Jakubec)

ABSTRACT. We consider certain extension of the Stickelberger ideal of the com-
positum of a bicyclic field and a quadratic imaginary field, obtained by adding
new annihilators to the Stickelberger ideal. We compute the index of this exten-
sion, from which we get some divisibility properties for the relative class number
of the compositum.
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1. Introduction

The Stickelberger ideal for abelian fields (i.e. algebraic number fields hav-
ing over Q a commutative Galois group G) was introduced by W. Sinnott in
1980 in the paper [4]. It is an ideal of the group ring Z[G| and has a very
important property: it consists of elements which annihilate the class group of
the corresponding abelian field. Usually, there exist much more such elements.
However, these other annihilators we can not, in contrast to the elements of the
Stickelberger ideal, define by an explicit formula.

In [I] C. Greither and R. Kucera proved the existence of certain annihilator
of the class group of the compositum of an imaginary quadratic field and a
cyclic field. This annihilator is not contained in the Stickelberger ideal of the
compositum, but can be expressed in terms of a known Stickelberger element.

Let us consider the compositum of an imaginary quadratic field F' and a
bicyclic field K. We call a field bicyclic if its Galois group is a non-cyclic group
of order [? for an odd prime I. Except for F, proper imaginary subfields of
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KF are just the composita of F' and cyclic subfields of K. Therefore, for these
subfields, there exist new annihilators, described by Greither and Kucera, which
are not contained in the Stickelberger ideal. Mapping these new annihilators to
the group ring Z[G], we can gain new annihilators of the class group of KF.
Hence we can consider the extension of Stickelberger ideal, obtained by adding
annihilators which were constructed in such a way.

The index of the Stickelberger ideal S of K F was computed by P. Kraemer
in [3]. Our aim is to compute the index of the extended Stickelberger ideal and
to show that if there are at least three primes ramifying in K, the extended
Stickelberger ideal is strictly larger then S. The resulting index is determined
by the Hasse unit index and the relative class number of K'F', and by the degree
of K and the number of primes ramifying in K, while the index of S depends,
in addition, on what subfields K possesses. Moreover, knowing the index of the
extended Stickelberger ideal we can easily deduce divisibility of the relative class
number of K F' by a certain power of [.

2. The compositum of a bicyclic field and
an imaginary quadratic field, and the Stickelberger ideal

Let us take an arbitrary bicyclic field K of degree 12, where [ is an odd
prime, i.e. K/Q is a Galois extension whose Galois group Gk is isomorphic to
ZJIZ x ZJIZ. Assume that | does not ramify in K. Let us denote by f the
conductor and by hg the class number of K. The non-trivial subfields of K will
be denoted by Ky, K1, ..., K; and their conductors by fo, f1, ..., fi, respectively.

From [2! Lemma 3.1] we know that f is square-free. Hence we can write
f = pip2...p,, where p1, pa,..., p, are pairwise distinct primes. Moreover,
z > 2, because G is non-cyclic. Further, for each i € {0,...,1}, let us take the
set Py ={je{l,...,2}: p;j1fi} andset z; = 2 —|P;|. So z equals the number
of ramifying primes in K;/Q.

We take an imaginary quadratic field F' such that py, ..., p, split completely
in F' and the number [ does not ramify in F'. This means, among others, that the
number w of roots of unity in K F' is not divisible by [. Let m be the conductor
of F and @ € {1,2} the Hasse unit index of the compositum KF. The class
number hxp of KF is the product of the relative class number Ay and hg.
For the Galois group G of KF we have G = (Gx U {J}) where J means the
complex conjugation.

For each i, let §; € G be a fixed automorphism whose restriction to K;F is
a generator of Gal(K;F/F), by abuse of notation denoted by 4; as well. For
each i and each j € F;, let k;; be the non-negative integer satisfying k;; < [
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and (55 Y= Frob_l(pj, K;F). This means that Frobenius automorphisms of all
primes dividing f are determined by numbers k;;.

We will denote the group ring Z[G] by R. Let A be the set of all elements « of
the group ring R such that (14 J)a liesin ( ) o)R. The G-module A contains

oceG

the Stickelberger ideal S (see [4]). Let us recall the definition of S. For an abelian
field L and its subfield M, let resy, /5 : Q[Gal(L/Q)] — Q[Gal(M/Q)] be the ring
homomorphism determined for o € Gal(L/Q) by restriction resz /y(0) = ol
and let cory/ps : Q[Gal(M/Q)] — Q[Gal(L/Q)] be the additive group homomor-

phism satisfying
corp n(7) = Z 7’
7'€Gal(L/Q)

=T
for 7 € Gal(M/Q). The Stickelberger ideal S is defined as the intersection of
Z|G] and

at\ _
S = <COI‘KF/QanFI'eSQn/QnﬂKF Z < - >Jné; n€N,a € Z>,

0<t<n
(t,n)=1

where @Q,, is the n-th cyclotomic field, automorphism o, ; of Q,, maps each n-th
root of unity to its t-th power, and (r) denotes the fractional part of a real
number x. We set M~ = 1;JM N M for an arbitrary G-module M.

According to [3t Corollary 5.1] S’~ for our field K F is generated as a G-module
by elements 0y, 0 and 0p  for every subfield K;F, where

Orp = 9 resqQ;,, /KF Z <fm>afm’t

(t,fm):l
_ 1-J t\ _
0 = 9 COTK [/ FT€SQ,, /F Z <m>am’1t
(t,m)=1
_ 1-J t _
Okir = o COTKF/KFTSQy,./KiF > <f,m>0fi1n,t
(t.fim)=1 "

We will write S~ = <9[}F,9}, {9;“1_ i€ {0,.. .,l}}>G. Moreover, denote by
T the subgroup of S’~ generated as a G-module by 6 and by all Ok . p

3. The construction of an extended Stickelberger ideal

Let us denote by Z; the ring of [-adic integers. Due to [I} Theorem 6.1]
there exists for each ¢ an annihilator ¥, € Z;[Gal(K;F/F)] of the minus part
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of the [-Sylow subgroup of the class group of K;F of the form (6; — 1)¥}, for
¥y € Zi|Gal(K,; F/F)] such that

Z2;— t —
(1= J)(6; = )" = (1= Jyresq, ko > <fim>0f;“’t'
(t,f,;m):l

LEMMA 1. For each i € {0,...,l} we have
¥, € Q[Gal(K,;F/F)].

Proof. The statement follows from
-1 -1
(6~ 1) goly—t, = 1= S ) 1) = 171
Jj=1 Jj=0

since ¥, = (§; — 1), and (§; — 1)* "1, € Q[Gal(K,;F/F)] according to [It
Theorem 6.1]. d

We can set 9; for 15JcorKF/KiF19;. Then we have

1—J
0; = ) (6; — 1)COI‘KF/KiF19;0'

Recall that the group ring Z[G] is denoted by R. The following lemma gives
some properties of ;.

LEMMA 2. For each i we have 0y , = (0; — 1)*=Y9;. Moreover, 1?7109, € S’
and wd; € R.

Proof. By substituting we obtain
_ 1—-J t _
Ok,r = 9 COTKF/KFTeSQy . /KiF Z <f_m>afiin7t
(t.fim)=1 7"
1—-J S
= corg gk, (0 — 1)% 1]
= (§; — )71,

Since G;Q r €5, we can similarly as in the proof of the previous lemma show that
the same holds for [#~14;. [4: Proposition 2.1] states that [S" : S] = w, therefore
wl*~19; € S C R. From the fact that ¥} € Z;[Gal(K;/F)] and consequently
¥; € Z;[G] we obtain wi; € R. O

We can consider the additive group Z' C Q[G] generated as a G-module by
S’ and all elements ;. The submodule of Z'~ generated by 6 and all 9; is
called V. Similarly as in the definition of Stickelberger ideal, we set Z = Z' N R.
Clearly, S C Z. Therefore we call Z the extended Stickelberger ideal of KF.
We want to show that Z annihilates the class group C of KF. We need the
following lemma:
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LEMMA 3. The index [Z : S] is a power of | and the index [Z' : Z] = w.

Proof. From the previous lemma it follows that the index [Z’ : S’] is a power

of I and consequently the same holds for the index [Z : S]. Lemma [2] also gives

that [Z" : Z] divides a power of w. On the other hand,
Z':Z)-Z:8]=[Z2":8]=w-[Z2":95].

We obtain [Z' : Z] = w, because [ { w. O

PROPOSITION 4. The ideal Z annihilates the class group C of KF'.

Proof. Since S annihilates C (see [4: Theorem 3.1]), we get using the previous
lemma that Z annihilates every g-Sylow subgroup of the class group C for a
prime q # .

From [I} Lemma 1.6] it follows that each 9J; annihilates the minus part of the
[-Sylow subgroup of C, and hence the same does Z. Since the plus part of the
[-Sylow subgroup of C is annihilated by ¥; trivially, the statement is proved. U

4. Finding a basis of 2~ /V

First, we express 0, in terms of generators of the G-module V. By substi-
tuting (d; — 1)*~10; for O . (see Lemmal2) in [3: Corollary 5.2] we obtain the
following proposition:

PROPOSITION 5. The Stickelberger element 05 satisfies

l

L Opp = (6 -1, [T (1—a).

i=0 JEP;

PROPOSITION 6. The set M = {0} U {5f 9, 0<1<1,0<j<1-2} forms

a Z-basis of V.

Proof. Since ¥; = (§; — 1)8;0, where ¥;9 = 1§JcorKF/KiF19;0 € 7;|G], we have

( lz: 55 )1% = 0. Therefore 5571 -1); can be expressed in terms of elements of M
o

and V is generated by M.
Recall that 7' is the G-module generated by 0 and by all 0y . Since T' C
V C ! R™, and Z-rank of both R~ and T is equal to {? (see [3; Proposition 5.2]),

the Z-rank of V is equal to [ as well. This is exactly the number of elements of
M, and therefore the set M is a basis of V. (I
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If for a certain 7 there exists j € P; such that k;; = 0, the following equality

holds:
9:00; - 1) [ (1 - 6/) =0.
JEP;

Hence we do not have to consider all such 4 in the product from Proposition
Let ¢ denote the number of subfields K; such that k;; is non-zero for every
j € P;. For the simplicity we can assume that subfields K; are numbered in
such a way that this holds just for i € {0,...,q — 1}. Further, in what follows,
we will write F; for the finite field of [ elements.

ki]'—l
PROPOSITION 7. Let d = | — z and p;(6;) = (=1)%7L [ > " for each
JjEP; h=0
1€{0,...,q—1}. Then

q—1
D Ogp=> i pa(8i)(1—6;)' 1
i=0
Moreover, 1;(6;) is not divisible by 1 — 0; in Fi[(d;)] .

Proof. By rewriting the statement of Proposition Bl we obtain

= kij—1
l.91_<F = 2191' . (51' - 1)zi—1 H ((1 — 51’) Z 5?)
= JeP, Pt
q—1
- Zﬁi s (85) (1 = &;) 1Pl ==t
1=0

The first statement follows from |P;| + z; = 2 =1 — d.
Now let us prove the second statement. We have §; =1 (mod 1 — §;), so

pi(6;) = (1% I kij  (mod 1—6;).

JEP;
However, each k;; is non-zero, because ¢ < g, therefore the right side of the
-1
congruence is a unit in F;[(;)]. On the other hand, (1 —4;) > 6] = 0, and so
§=0
1 —§; is not a unit. Hence 1 — §; does not divide p;(d;). O

Let o be a fixed generator of Gal(KF/KyF) and 7 a fixed generator of
Gal(KF/K1F). Then for every i > 2 there exists a generator of Gal(KF/K;F')

of the form 7o!=" where n; € {1,...,] — 1} is uniquely determined. This im-
plies that restrictions of 7 and o™ to K, F are the same for all i € {2,...,l}, so
we can assume that 6o = 7 and §; = o for i € {1,...,1}.

Since Z'7/V is a G-module generated by 0, and [ - 0, € V by Propo-
sition [ the quotient Z’'~/V forms a vector space over F;. For polynomials
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Viy...,Um € Z[s,t], the set U = {0 -v1(0,7),...,0p - Um(o,7)} is a basis of
Z'=/V if and only if both
(UuVvy=2""
and for each choice of ¢; € Z, i € {1,...,m} the following implication holds:
GIQF-ZCivi(J,T)EV:>01£-~EcmE (mod 1).

i=1
In order to determine generators of Z’~/V we need the following two lemmas
similarly as in [2] and [5]:
LEMMA 8. Let g, h € Z[t] and N(t) = li ti. Then ¥; - g(8;) = V; - h(8;) if and
only if g(t) = h(t) (mod N(1)) in Z[f].
LemMmA 9. Ifd <0, we have

Oi - pi(6)(1 =) el V.

Using these lemmas, we can prove the statement, which reduces the set of
generators of Z'~ /T

PROPOSITION 10. Letv € F[s,t] be a polynomial and assume that d > 0. Then
wp V(1 —0,1—7) €V is satisfied if and only if all the following conditions
hold in F[s,t]:

v(0,t)
v(s,0)

(mod t%) if q¢>0,

0
0 (mod s9) if g>1,

and for alli € {2,...,q}
v(s,1—(1—5)")=0 (mod s
Proof. Similarly as the proof of [2: Proposition 4.1] using Lemmas8 and O

Now, we can formulate the following theorem, which states that the set of
generators, obtained by applying Proposition [I0 is a basis:

THEOREM 11. The set
U={1-7)'(1-0)0gp: i,j >0, i+j<d}

is a basis of the vector space Z'~ V.

Proof. The theorem can be proved analogously to [B: Theorem 12]. ]
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5. Computing the index [A: 7]

In order to compute the index [A : Z], we first compute the index [V : T7.

LEMMA 12.
V.7 =0

-1 :
Proof. Due to Lemma[8 (¢;)¢ = Z[t]/( > ti)Z[t}. Let ¢, =e’T' be the I-th
i=0

primitive root of unity. Since this quotient ring is isomorphic to Z[(;], Lemma [2]
gives
(Wi e/ 0%, rla = Z[G)/ (G — 1% Z[¢).
Hence the number of elements of the quotient group is equal to % ~1. [3: Propo-
1
sition 3.1] states that the sets P; are pairwise disjoint and ) |P;| = z, hence
i=0
URE I § e =R e
i=0
O

For any finitely generated G-modules L, M C Q[G] such that QM = QL we
denote the generalized index of M in L by (L : M). See [& page 187].

PRrRoOPOSITION 13.

L3 (l2—2lz+l+2)h— >
(Rf . Zlf) _ Q1 k z Z
l 3 (z+1)(2— Z)h 2<l—1

Proof. For z > [ we have [Z’_ : V] =1 from Proposition [7] and Lemma [@ If
z <1 —1, Theorem [Tl gives
(z'—:v]=1V=

Using the fact that (R~ : T) = Qlwll(l K
Lemma [T2] the statement follows from

(R™:2Z'")=(R™:T)/([Z"~ : V][V :T).

(l—2)(l—z+1)
2 .

hyp due to [t Theorem 7.1] and

THEOREM 14. If z > [, then
[A: 7] = Ql (12—21z+z+2)h—F
For z <1l —1 we have

1
[A . Z] _ Qlfé(z+1)(272)hI—<F
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Proof. Since {a e A: (1+J)-a=0=A" =R and{a€Z : (1+J)-
a =0} = Z'~, we obtain using [# Lemma 1.2] for G-modules A and Z’ and
1+ J € Q[G] the equality

(A:Z)Y=(R™:Z"7)-(1+NA: 1+ N)Z").

Moreover, (14 J)A = (Y 0)Z, and we have (1 + J)Z’ = (1 + J)S’, which is
oceG
equal to (Y 0)Z due to [4: Lemma 2.1]. We get the equality
oceG

[A:Z|=[Z":Z)-(R™:Z'7),
and the statement follows from the previous proposition and Lemma B O

COROLLARY 15. The ideal Z coincides with the Stickelberger ideal S if and only
if z=2.

Proof. Since S C Z, the equality S = Z holds if and only if [A: Z] =[A: S].
From [3} Theorem 7.2] we have

1 S0-D= ¥ (ai—i)

[A: 5] = Ql e hir
where a; =1 —1— |P;| for each i < ¢ and a; = —oc for i > ¢. Here, subfields K;
are numbered in such a way that a; > a;41 for each i € {0,...,0—1}. From this

formula and the formula for the index [A : Z] (Theorem [I4]) we can see that the
equality of the indices is equivalent to the equality of the powers of [ in both of
them.

For the power of [ in the index [A : S] we have
1 .
=1 - Z (a; —i) > 0.
0<i<a;

On the other hand, if z > I, we have the inequality
1 1
2(12 —2lz+1+2)< 2(z+2—12)

for the power of [ in [A : Z]. Since [ > 3, the right side of this inequality is
negative.

In the case that 2 <1 —1 and z > 3 we have
1
—2(z+1)(z—2) <0

as well. Therefore in both cases the ideal Z is strictly larger then S.

For z = 2, the field K has two proper subfields having a prime conductor and
the conductor of all the other subfields is equal to f. [5: Lemma 10] states that
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q>1l—2z+1=1[1—1. Hence we get

-2
1 :
2l(l—1)—2(ai—z) I(1-1) ;l—l—z = 0.

0<i<a;
Therefore the equality Z = .S holds just for z = 2. O

6. Divisibility of the class number of KF

Immediately from Theorem [[4] we obtain the following divisibility property
of the relative class number hy by a power of I:

COROLLARY 16. If z > [, the relative class number of KF is divisible by

122=P=1=2) " [n the case that z < I —1 the relative class number of KF is
(z+1)(z-2)

divisible by 1

From this corollary and the divisibility property for K deduced in [5: Corollary
18], we get this result on the class number of K F":

COROLLARY 17. If z > [, the class number of KF is divisible by [(2=—*=21=1)
In the case that z <1 — 1 the class number of KF is divisible by 1?(*=2)
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