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SEMIGROUP ACTIONS ON ORDERED GROUPOIDS

N1ovi KEHAYOPULU* — MICHAEL TSINGELIS**

(Communicated by Miroslav Plo¢ica)

ABSTRACT. In this paper we prove that if S is a commutative semigroup acting
on an ordered groupoid G, then there exists a commutative semigroup S acting
on the ordered groupoid G := (G x S)/p in such a way that G is embedded in
G. Moreover, we prove that if a commutative semigroup S acts on an ordered
groupoid G, and a commutative semigroup S acts on an ordered groupoid G in
such a way that G is embedded in G, then the ordered groupoid G can be also

embedded in G. We denote by p the equivalence relation on G x S which is the

intersection of the quasi-order p (on G x S) and its inverse p~1.
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1. Introduction and prerequisites

Actions of commutative semigroups on groupoids have been considered by
Tamura and Burnell in [2], based on the following definition: If G is a groupoid
and ' a commutative semigroup, the pair (G,T') is called a groupoid G with T if
there is a mapping of I' x G into G, (a, ) — ax such that a(z +y) = ax + ay,
(af)x = a(fz) = (Ba)r and ar = ay implies © = y for every «, 5 € T and
x,y € G. In their paper in [2], they proved that each (G,T') can be embedded
in a groupoid G with I', and studied groupoids G with T', in general. In the
present paper we study actions of commutative semigroups on ordered groupoids.
Keeping the terminology in [2], we could say “an ordered groupoid G with S”
instead of saying “S acts on the ordered groupoid G”.

A relation p on an nonempty set S is called a quasi-order on S if it is reflexive
and transitive. The concept of quasi-order plays an essential role in studying
the structure of ordered groupoids. This is because if p is a quasi-order on S,
then the relation p := p N p~! is an equivalence relation on S and the set
S/p is an ordered set. In the present paper we first introduce the concept of
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acting semigroups on ordered groupoids, and using the concept of quasi-order
we show that if a commutative semigroup (S,-) acts on an ordered groupoid
(G, +,<g), then the relation p on G x S defined by “(x,a)p(y, ) if and only if
Bxx <gaxy” is a quasi-order on G x S. As a result, (G x S)/p is an ordered
groupoid, which plays the main role in studying the action for ordered case. The
main result of the paper is the following: Let (.5,-) be a commutative semigroup
and (G, +, <¢) an ordered groupoid. Suppose that S acts on G (by *) which
is denoted by (G, S, *). Then we construct a commutative semigroup S acting
on the ordered groupoid G := (G x §)/p in such a way that G is embedded in
G. Moreover, if G is an ordered semigroup, then G is an ordered semigroup as
well. If G is a commutative groupoid, then so is G. If G is a cancellative ordered
groupoid, then G is also so. Suppose now that S acts on G and S acts on G in
such a way that G is embedded in G. Then we prove that the ordered groupoid
G := (G x S)/p can be embedded in G.

For convenience, we give the following well known: An ordered groupoid,
is a groupoid at the same time an ordered set, the operation being compati-
ble with the ordering. Let now (G,+, <g), (G',+,<¢’) be ordered groupoids
and f a mapping of G into G’. The mapping f is called isotone if v <g y
implies f(z) <g f(y) and reverse isotone if x,y € G, f(z) <g f(y) im-
plies © <G y. (Observe that each reverse isotone mapping is one-to-one). The
mapping f is called a homomorphism if it is isotone and satisfies the property
flea+y) = f(z)+ f(y) for all z,y € G. A surjective homomorphism f is called
an isomorphism if it is reverse isotone. We say that G is embedded in G’ if G
is isomorphic to a subgroupoid of G’, i.e. if there exists a mapping f: G — G’
which is homomorphism and reverse isotone [I]. An ordered groupoid (G, -, <)
is said to be cancellative if for each a,b,c € G, we have

(1) ab < ac implies b < ¢ and
(2) ba < ca implies b < c.
2. Main results
DEFINITION 1. Let (G, +, <) be an ordered groupoid and (S, -) a commutative
semigroup. Suppose there exists a mapping
x: SXG—=G|(,z)—»axx

satisfying the properties:

(i) Vae S Vr,ye G ax(x+y)=(a*xz)+ (ax*y).

(ii) Va,B €S Ve eG (af)sxx=ax*(f*x).

(iii) Vo€ S Vr,ye G axx<gaxy < x<gy.
Then we say that S acts on G (by (*)) and write (G, S, ).
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Similarly, if G is an ordered groupoid, S a commutative semigroup and S acts
on G by V, we write (G, S, V). If S acts on G by &, we write (G, S, ).

Clearly, if (G, S,*), « € S and z,y € G, then we have a *x x = a * y if and
only if x = y.

Remark 2. If (G, S, %), o, 8 € S and z € G, then 8 (a*xx) = a* (f * ).

THEOREM 3. Let (G, S, *). Then there exists a (G, S, ) such that
(1) G is embedded in G under a mapping T.

(2) There exists a homomorphism H: S — S satisfying the conditions:
(A) T(B*z)=H(B)OT (x) for every p € S and every x € G,
(B) For each 8 € S and each x € G there exists hf € G such that
H(B)Ohg = T(x).

Moreover, if G is a semigroup, then G isalso a semigroup. If G is a commutative
groupoid, then so is G. If G is a cancellative ordered groupoid, then G is also
so. Conversely, suppose (G,S,V) such that:

(i) G is embedded in G under a mapping T".

(ii) There exists a homomorphism H': S — S having the properties:
(A) T"(axz) = H' (a)VT'(x) for every a € S and every x € G,
(B) For each o € S and each x € G there exists h, € G such that
H'(a)VhE =T'(x).

Then G is embedded in G.

The proof consists of a series of constructions and steps.

A relation p defined on an nonempty set S is called a quasi-order on S if it
is reflexive and transitive.

Remark 4. As one can easily see, if p is a quasi-order on (the set) S, then the

relation p := p N p~! is an equivalence relation on S.

One can easily prove the following lemma.

LEMMA 5. Let p be a quasi-order on a set S. Each of the following 3 equivalent
definitions defines an order relation on the set S/p.

(1) <= (@) (v),) | Fa € (2), TbeE W), (ad) € p).
(2) <p={((2),,(v),) | Ya € (x), Vb€ (y), (ab)€ p}.
(3) (@) <p (v)p = (w,y) € p.
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PROPOSITION 6. Let (G, S, *) and p the relation on G x S defined by
p = {<<I70‘)a (yaﬁ)) ‘ ﬁ *T SG Qx y}

Then p is a quasi-order on G X S.

Proof. Clearly the set G x S is nonempty. If (x, @) € G xS then, since axz € G
and < is an order on G, we have a*xz <g axz ie. ((z,a),(z,a)) € p, so pis
reflexive.

Let (z,a)p(y, B) and (y, B)p(z,7). Then (z,a)p(z,v) i.e. v*xx <g axz. In
fact:

(2,004, 8) — Bz <cary
vx(Bxx) <gyx(axy) (by Def. 1(iii))
(v8) *z <@ (ya) xy (by Def. 1(ii))
(By) xx <g (ay) *y (since S is commutative)
Bx(y*x) <g ax(y*xy) (by Def. 1(ii)).
Yxy <g Bxz
ax(yxy) <g ax(Bx*2) (by Def. 1(iii)).

(Y, B)p(z,7)

Ll

Thus we have

Bx(yxx)<gax(Bxz)=(af)*xz=(Ba)*z=[x*(ax*z).
Then, by Definition 1(iii), we have yxz <g a*z, and the relation p is transitive.

Hence it is a quasi-order on G x S. O

In the following we always denote by p the quasi-order on G x S defined in
Proposition 6. Since p is a quasi-order on G' x S, by Remark 4, p is an equivalence
relation on G x S. We write G x S/p instead of (G x S)/p.

PRrROPOSITION 7. Let (G,S,*). Then, for each o, 8 € S, z,y € G, we have

(i) ((@,0))p = ((4:8))p = Bra=axy.
(i) ((axz,a)), = ((6*,5)),-
(iil) (s, b))y = ((x,5)),-

Proof.

(i) Since p is an equivalence relation on G x S, we have
(@, 0))p = ((,8))p = (,2)p(y, B)-
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On the other hand,

(z,0)p(y, B) <= (z,0)p(y,5) and (z,a)p”'(y,5)
= (z,a)p(y, f) and  (y,P)p(z,q)
— fBrxax<gaxy and axy<gfx*z
— fBxx=axy.
(ii) Since B * (a*z) = a* (S *x), condition (ii) follows from (i).

(iii) Since f* (o * ) = (af) * x, condition (iii) also follows from (i). O

PROPOSITION 8. Let (G, S, %) and &, <, the operation and the order on Gx.S/p,
respectively, defined as follows:

@: (Gx S/p) x (GxS/p)—GxS/p
(((@;0))p, ((1:8))p) = (B #2) + (axy),0B)) .

(z,0)), <p ((y,8))p, = Brx<gaxy.

Then (G x S/p,®,<,) is an ordered groupoid.

Proof. (GxS/p,®)is agroupoid. Using property (i) of Proposition 7, one can
prove it as a modification of the corresponding result by Tamura and Burnell in
[2]. Since p is a quasi-order on G x S, by Remark 4, p is an equivalence relation
on G x S. Then, by Lemma 5, the relation

((z, @)y <5 (9, 5)), = (x,2)p(y; B)

is an order relation on G x S/p. On the other hand,
(z,0)p(y, B) = Bz <gaxy.

It remains to prove that the operation & is compatible with the ordering.
Let ((z,0)), <, ((4.)), and (z,7) € G x S. Then

((z:7))p @ ((2,0))p <, ((2:7)) @ (4, 5)) -

In fact, we have to prove that

(((axz) + (y*2),7a)), <, (((B % 2) + (v y),78)),

equivalently, that

(v8) * [(ax 2) + (v ¥ 2)] <@ (va) *[(B* 2) + (v *x y)].

First of all, since ((z,a)), <, ((y,5))p, we have fxx <g a*y.
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Now
(vB) * [ 2) + (v * )]
= [(v8) * (ax 2)] +[(v8) (v xx)]  (by Def. 1(i))
= [(vBa) * 2] + [(vB7) * 2] (by Def. 1(ii))
= [(yap) * z| + [(vyB) * x] (since S is commutative)
= [(va) « (B 2)] +[(y7) * (B*x)]  (by Def. 1(ii)).

Since B *x <g a*y and vy € S, by Definition 1(iii), we have
() * (B* ) <g (v7) * (a *y).
Since (G, +, <¢) is an ordered groupoid and (ya) * (8 * z) € G, we have

[(ya) * (B * 2)] + [(v7) * (B x 2)] <c [(va) * (B * 2)] + [(v7) * (a x y)].

Hence we have

(v8) * [(a* ) + (v * )]
<c [(va) = (B 2)] + [(77) * (e x y)]
= [(va) = (B * 2)] + [(vye) * y] (by Def. 1(ii))
= [(ya) * (B * 2)] + [(yay) * y] (since S is commutative)
= [(ya) * (Bx2)] + [(va) x (v y)]  (by Def. 1(ii))
= (ya) *x [(B*2) + (v *y)] (by Def. 1(i)).

Analogously it can be proved that ((z,«)), <, ((y,5)), and (z,7) € G xS imply

((z,0))p @ ((2,7))p <p ((1:8))p © ((2,7)) -

PROPOSITION 9. Let (G, S, ) and o € S. The mapping
FOC: (G X S/p,@, Sp) — (G X S/p7®7 Sp) ‘ ((xvﬁ))p = ((a * xvﬁ))ﬁ

s an isomorphism.

Proof. The mapping F, is well defined and it is an algebraic isomorphism [2].

The mapping F, is isotone and reverse isotone. Indeed, if (z,f), (y,7) €
G x S, then we have
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(@, 8))p <p ((y,7))p = v*x<cB*y (cf. Prop. 8)
= ax(yxz) <gax(Bxy) (by Def. 1(iii))
= y*(axz) <gB*(axy) (by Remark 2)
—= (axz,8)), <, (a*xy,7)), (cf. Prop. 8).

g

In the following, for (G, S, %), we denote by S the set {F, | & € S} and “o”
is the usual composition of mappings.

PROPOSITION 10. (S, 0) is a commutative semigroup.
Proof. F,oFs = F,3. In fact, if (z,7) € G x S, then
(Fo 0 F)(((2,7))p) = Fu(Fs((2,7))p) = (Fa((B * 2,7)),)

= ((ax(Bxx),7))p = ((af) x2,7)),  (by Def. 1(ii))
= Fap(((z,7)),)-

Since the composition of mappings is associative, (§, o) is a semigroup. The
semigroup S is commutative. Indeed, since S is commutative and «, 5 € S, we
have FaOFBZFaﬁzFBQZFﬁoFa. U

By Proposition 9, we have the following proposition.
ProrosITION 11. Let (G, S, *). We consider the mapping
1 (8,0) X (G x S/p,®,<p) = (G x §/p,®,<,)

(Fa, ((z,8))p) = Fol((z,8)), = Fu(((z, 8)))-
Then, for each a, 3,y € S and each x,y € G, we have:

(1) Fa [((z,8))p @ ((y,7))0] = [Fal((2,8))p] @ [Fal((y:7))p)-
(i) (Fu o Fp)O((2,7))p = FaQ(FpO((2,7)))-
(iil) Fal((2,8))p <p FaO((y,7)), if and only if ((z,5)), <p ((4;7))p-
By Proposition 11, we have the following theorem.
THEOREM 12. If (G, S, %), then (G x S/p,S,$).
THEOREM 13. Let (G, S,*) and a € S. The mapping
To: (G +,<¢) = (G x5/p,@,<,) |w = ((axx,0)),

18 a reverse isotone homomorphism.
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Proof. The mapping T, is an algebraic homomorphism [2]. Let z <g y. Since
a? € S, by Definition 1(iii), we have a?*x <g a?x*y, that is (aa)*z <g (aa)*y.
Then, by Definition 1(ii), a * (a * z) <g a* (a* y), from which ((a*z,®)), <,
((axy,@)),, and T, is isotone. If z,y € G such that ((axz,a)), <, ((axy,a)),,
then a * (a * ) <G a* (o *y) then, by Definition 1(ii), (aa) * z < (aa) * y,
and by Definition 1(iii), z <& vy, so the mapping T, is reverse isotone. ]

We remark that if (G, S, *) and «, 8 € S, then T, = T;3. Indeed, if z € G then,
by Proposition 7(ii), we obtain Tj, () := ((a x x, ), = (B * x, B)), := Ts(x).

ProproOSITION 14. Let (G, S,*). The mapping
H:(S,-) = (5,0) | a— F,

s an onto homomorphism.

Proof. If o, € S then, by Proposition 10, we have
H(af) :=Fup = F,0Fz=H(a)o H(B),
thus H is a homomorphism. It is clearly an onto mapping. O

ProrosITION 15. T, (8 *xx) = H(B)OTu(x) for all B € S and for all x € G.

Proof. We have

Ta(Brxz) = ((ax(Bxx),a)),=(B*(axz),a)), (cf. Remark 2)
= Fﬁ((a*xa Oé>>p:F5<>((Oé*13,0Z))p
= F5<>Ta(x) = H(ﬂ)OTa(x)

PRrROPOSITION 16. Let (G,S,*) and o € S. Then
For each B € S and each x € G there exists (y,v) € G x S such that

H(,@)(}((y, 'Y))p =Ta <I>

Proof. Let € S,z € G. Since T, (z) € GxS/p and Fj is a mapping of GxS/p
onto G x S/p, there exists (y,v) € G x S such that Fz(((y,7)),) = Ta(z). On
the other hand, since F3(((y,7)),) = Fs(y,7)), and Fz := H(B), we have

H(B)O((y;7)p = Tul(z). O
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PROPOSITION 17. Let (G, S,*). Then we have the following:
(i) If (G,+) is a semigroup, then (G x S/p,®) is a semigroup.
(i) If (G,+) is a commutative groupoid, then (G x S/p,®) is a commutative
groupoid.
(iii) If (G,+,<¢q) is a cancellative ordered groupoid, then (G x S/p,®,<,) is
a cancellative ordered groupoid as well.

Proof. For conditions (i) and (ii) we refer to [2]. Let now (x, @), (v, 8), (2,7) €

G x5 such that ((z,)), ® ((y,5)), <, ((,a)), @ ((2,7)),- Then ((y,5)), <,
((2,7)),. In fact: Since

(z,0))p & (¥, 8))p == ((Bx2z) + (axy),aB)),
and
(z,0))p & ((2,7))p = (v *x @) + (0 * 2), 7)),

we have

)+ (axy),ap)), <, (v*2) + (ax2),av)),
(Bxz)+ (axy)] <g (aB) * [(v*2) + (a * 2)]
(ay) * (B x)] + [(a7) * (a* y)] < [(@B) * (v * 2)] + [(af) * (o * 2)]
(ayB) * 2] + [(aya) xy] <g [(aBy) * 2] + [(afa) * 2]
(aBy) * ] + [(@®7) x y] <a [(aBr) * 2] + [(@?B) * z].
) i

(((Bxz
(ay) * |
[
[
[

Pl

Since (G, +, <g) is cancellative and (af7) * x, a?y*y, (a?3) * 2 € G, we obtain
(a?y) *y <g (a?B) * z. Then, we have

024 (yey) <cats(Bez)  (by Def. 1(i))
— yxy<gfBxz (by Def. 1(iii))
= ((1,8))p <p ((2,7))p-

THEOREM 18. Let (G, S,*) and (G, S, V) having the properties:
(i) there exists T': (G, +,<qg) — (G, +, <) reverse isotone homomorphism.

(ii) there exists H': (S,-) — (S, ~) homomorphism such that
(A) Vae S VeeG T(axz)=H (a)VT'(2).
(B) VaeS VeeG 3hLeG H'(a)VRE=T'(x).
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Then the mapping
T: (G X S/pa@v SP) - (G7+7 SG) | ((.’E,Oé))p = hﬁ

s a reverse isotone homomorphism.

Proof. The mapping 7 is well defined and it is an algebraic homomorphism [2].

T is isotone: Let (z,c),(y,B) € G x S such that ((z,)), <, ((v,5))p-
Then hf, <. hj. Indeed: By condition (B), we have H'(a)Vhi = T'(z) and
H'(B)Vhj =T'(y). Since (z,a)), <, ((y,8)),, we have f*x <g axy. On the
other hand,

H'(aB)VhE = (H'(a) -~ H'(B))VhAE (since H' is a homom.)

— () V(H(H)VHL)  (by Def. 1)

= H'(B)V(H'(a)VhE) (by Remark 2)

— H'(5)VT ()

T (B ) (by (A))

<o T'(axy) (since T" is isotone)

= H'()VT'(y) (by (A))

= H'(a)V(H'(8)Vhi)

— (H'(0) ~ H(8)) VI

= H'(aB)Vh} (since H' is a homom.).
Since H'(aB)Vhi, <, H'(af)Vhy, by Definition 1(iii), we have hf, <, h.

The mapping 7 is reverse isotone: Let ((z,«),(y,B)) € G x S such that
he < . Then ((z,a)), <, ((y,8)), In fact:

by Def. 1(iii))

(

(since H' is a homom.)
(by Def. 1(ii))

(by Remark 2)

(by (B))

(by (A))

S
<
N

(a ) <¢ H'(a)VT'(y)
T’(B xx) <5 T'(axy)
Brax <, ax*y (since T" is reverse isotone)

(2, a))p <p ((y:8)) -

lHHHHHHHl

5
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The proof of Theorem 3. We put G = G x S/p. By Theorem 12, we
have (C~¥, §,<>). By Theorem 13, G is embedded in G under the mapping
T, (where « is an arbitrary element of S). By Proposition 14, the mapping
H:S—Sisa homomorphism, by Propositions 15 and 16 conditions (A) and
(B) of the first part of Theorem 3 are satisfied. By Proposition 17, if G is a
semigroup, then so is CN;'; if G is a commutative groupoid, then so is é; if G
is a cancellative ordered groupoid, then G is also so. As far as the converse
statement is concerned, under the hypotheses of Theorem 18, G is embedded in
G. The proof of the theorem is complete. O

3. Complete actions

In this paragraph, assuming that the commutative semigroup S considered in
Definition 1 is an ordered semigroup under the order <g, we add a new condition
in Definition 1, and we consider actions (G, S, *) for which the following condition
also holds:

(iv) a<g 8 = a*xx <gfx*zforallzed.

—_~—

Such an action is called a complete action and it is denoted by (G, S, *). We

—~—

speak about Definition 1(iv) when is needed. We prove that if (G, S, *), then
the semigroup (5, 0) is an ordered semigroup.

—_—

PROPOSITION 19. Let (G, S,*). Then
(a<gpB and x<gy) = axx<gf*y.

Proof. Since @ <g 8 and x € G, by Definition 1(iv), we have a * z <5 [ * x.
Since  <g y and 8 € S, by Definition 1(iii), we have 8 x z <g 8 *y. Thus we
have axx <g B *y. [

The following lemma is obvious.

LEMMA 20. Let (A, <) be an ordered set and F a nonempty set of isotone
mappings of A into A, closed under the composition “o” of mappings. Let “=<7”
be the order on F defined by f =< g if and only if f(x) < g(x) for all x € A.

Then (F,o,=) is an ordered semigroup.

P

PROPOSITION 21. Let (G,S,*). Then the semigroup (§, o) endowed with the
relation

Fo 2 Fs <= [Y((2,7), € GxS/p Fol(z,7)p <p Fs((2,7)),]

1s an ordered semigroup.

o1
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Proof. By Proposition 8, (G x S/p,<,) is an ordered set, by Proposition 9,
the set S is a nonempty family of isotone mappings of G x S/p into G x S/p.
Moreover, F, o Fg € S for all F,, Fs € S. According to Lemma 20, (S, 0, <) is

an ordered semigroup. (|
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