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ABSTRACT. Weak relatively uniform convergences (wru-convergences, for
short) in lattice ordered groups have been investigated in previous authors’ pa-
pers. In the present article, the analogous notion for MV-algebras is studied.
The system s(A) of all wru-convergences on an MV-algebra A is considered; this
system is partially ordered in a natural way. Assuming that the MV-algebra A
is divisible, we prove that s(A) is a Brouwerian lattice and that there exists an
isomorphism of s(A) into the system s(G) of all wru-convergences on the lattice
ordered group G corresponding to the MV-algebra A. Under the assumption that
the MV-algebra A is archimedean and divisible, we investigate atoms and dual
atoms in the system s(A).
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The notion of relatively uniform convergence (ru-convergence, for short) has
been studied in archimedean vector lattices (cf. [17], [21]) and later in archime-
dean lattice ordered groups (cf. [2], [8], [9], [I6], [I8]). The notion of a regulator
of a convergent sequence is essential in this theory. (For definitions, cf. Section 1
below.) Distinct convergent sequences have, in general, distinct regulators. Each
positive element of the structure under consideration can serve as a regulator.

A different standpoint is applied in [5]; here, there are studied archimedean
lattice ordered groups with a fixed regulator.

The notion of ru-convergence in archimedean lattice ordered groups was gen-
eralized in [7] in two directions. First, the lattice ordered group G under consid-
eration was assumed to be abelian (this is a weaker condition than the assump-
tion of the archimedean property). Secondly, it was assumed that the regulators
form a set M # () of archimedean elements of G such that M is closed with re-
spect to the operation + . This type of convergence was called a weak relatively
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uniform convergence (wru-convergence, for short) generated by the set M of reg-
ulators and it was denoted by B(M). The system s(G) of all wru-convergences
on G is partially ordered in a natural way. In [7] there is proved that s(G) is a
Brouwerian lattice.

Let A be an MV-algebra. In view of the well-known result of Mundici [19],
there exists an abelian lattice ordered group G with a strong unit u such that,
under the notation as in [4], we have A = I'(G, u).

In [3], there is introduced the notion of an M V-convergence as a convergence
on an M V-algebra which makes the M V-operations continuous. In an analogical
way, a convergence on a unital lattice ordered group (G, u), called lu-converg-
ence, is defined. Connections between M V-convergences on the M V-algebra A
and lu-convergences on the unital lattice ordered group (G, u) are dealt with,
where A =T'(G,u) (cf. also Section 3 below).

A will be said to be archimedean if G is archimedean. In [4], a different
terminology for MV -algebras is applied: instead of “archimedean” the term
“semisimple” is used. A is archimedean if and only if A is semisimple (cf. [10]).

In [6], the notion of convergence with a fixed regulator on an archimedean
MYV -algebra A has been introduced and studied. In the definition of this type
of convergence on A, the operations of the lattice ordered group G have been
used.

The present paper can be considered as a sequel to the article [6]. First, a new
definition of convergence with a fixed regulator on an M V-algebra A is given.
In this definition, merely the operations in A are applied and the archimedean
property of A is not assumed to be valid. The definition used in the present
paper is equivalent with that from [6] in the case when the MV-algebra A is
archimedean.

Our main interest consists in studying the notion of wru-convergences on an
MYV -algebra A; the definition is analogous as in the case of lattice ordered groups
(in this definition, merely the operations from A are used). After deducing the
basic properties of wru-convergences on A, we consider the system s(A) of all
wru-convergences on A; this system is partially ordered in an analogous way
to s(G). We prove that s(A) is a Brouwerian lattice and that there exists an
isomorphism of s(A) into s(G). Under the assumption that the MV-algebra A
is archimedean and divisible, we investigate atoms and dual atoms of the lattice

s(A).
1. wru-convergence in abelian lattice ordered groups
The standard terminology and notation for lattice ordered groups will be used

(cf., e.g. [1], [I1]). All lattice ordered groups dealt with in the present paper are
assumed to be abelian.
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Let G be a lattice ordered group. In this section, we recall the notions of
b-uniform convergence, wru-convergence and some relevant results.

An element 0 < b € G is called archimedean if for each 0 < x € G there
exists n € N such that nx ﬁ b. If each element 0 < b € G is archimedean then
G is said to be archimedean. The set of all archimedean elements of G will be
denoted by A(G).

LEMMA 1.1. (Cf [7}) Let by, by € A(G) Then by + by € A(G)
Apparently, if b € A(G) and b’ € G, 0 <V < b, then also b’ € A(G).

DEFINITION 1.2. (cf. [7]) Let (z,) be a sequence in G, x € G and b € A(G).

We say that (z,) b-uniformly converges to = in G, written i)[g x, if for each
k € N there exists ng(b, k) € N such that

klz, —z| <b

for each n € N, n > ng(b, k).
The element b is referred to as a requlator of convergence.

In the whole section, M is assumed to be a nonvoid subset of A(G) closed
with respect to the addition.

DEFINITION 1.3. (cf. [7]) Let (x,) be a sequence in G and = € G. We say that
the sequence (x,,) B(M)-converges to x, in symbols, x,, —g(ar) , if there exists

b € M such that x,, —b>5 x.

We denote this type of convergence as wru-convergence on G with the set M
of regulators, or shortly, as 5(M)-convergence.

If G is archimedean and if M = G, then B(M)-convergence coincides with
ru-convergence (for definition of ru-convergence cf. [2], [18], [20]).

If the role of G is to be emphasized, then we write 8(G, M) instead of B(M).

Next, we will apply the basic properties of 3(M )-convergence presented in [7].

The symbol S(G) will denote the system of all nonempty subsets of A(G)
closed with respect to the addition and s(G) will be the system of all conver-
gences (M) where M runs over the system S(G). For My, My € S(G) we
put B(My) < B(Ma) if for each sequence (z,) in G and = € @G, the relation
Tn —pg(m,) * implies x, —g() ©. Then s(G) turns out to be a partially
ordered set.

When dealing with sequences in G, sometimes it is useful to consider a set () #
M C A(G) which needs not be closed under the addition. This is a motivation
to introduce the following definition.
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DEFINITION 1.4. (cf. [7]) Let M be a nonempty subset of A(G), (x,,) a sequence
in G and z € G. We say that the sequence (x,) [o(M)-converges to z, in
symbols, x, =g, () T, if there is b = by +-- -+ by, with b; € M (1 = 1,2,...,m)

such that x, —>b5 x.

If M € S(G) then So(M) = B(M).
Let Mj, M be nonempty subsets of A(G). Apparently, if My C M, then
Bo(My) = Bo(Mz), but not conversely.

Given §) # M C A(G), denote by M the set of all elements b € A(G) such
that for each sequence (z,) in G and = € G, the relation z, —b>5 x implies

Tn —)BO(M) x.
In [LAHL.8 we assume that G is a divisible lattice ordered group.

LEMMA 1.5. (cf. [T: Lemma 6.4]) Let § # M C A(G). Then Bo(M) = Bo(M).
LEMMA 1.6. (cf. [7: Lemma 6.5]) Let My and My be nonempty subsets of A(G).

Then Bo(My) < Bo(Ma) if and only if My C Ms.

LEMMA 1.7. (cf. [t Lemma 6.3]) If M is a nonempty subset of A(G), then
M e §(G).

THEOREM 1.8. (cf. [Tt Theorems 6.6, 6.7]) The set s(G) is a complete Brouw-
erian lattice. If I is a nonempty set and M; € S(G) for each i € I, then

A\ B() = 8( (M),

iel i€l
\ sa) = ()
i€l el

The equations fy(M) = BO(M ) = 6(]\7 ) holding on account of Lemma
for each 0 # M C A(G) and the relation So(M) = (M) that is valid for each
M € §(G) yield that s(G) can be viewed as the system s¢(G) of all convergences
Bo(M) where M runs over the system of all nonempty subsets of A(G).

2. wru-convergence in MV -algebras

An MV-algebra is a system A = (A, ®,*,—,0,1) where A is a nonempty set,
@, x are binary operations, — is a unary operation and 0, 1 are nulary operations
on A satisfying the conditions (m;)—(mg) from [I2]. For M V-algebras, a formally
different but equivalent system of axioms has been applied in [4].
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THEOREM 2.1. (cf. [12]) Let A be an MV -algebra. For each a,b € A, put
aVb=(ax-b) Db, aNb==(—aV -b).
Then (A,V,A) is a distributive lattice with the least element 0 and the greatest

element 1.

Let A’ be a nonempty subset of A closed under the operations ®,*,—,0,1
in A. Then A’ = (A", ®,,—,0,1) is called a subalgebra of A.

An isomorphism of M V-algebras is defined in a usual way.
The following two theorems are due to Mundici [19].

THEOREM 2.2. Let G be an abelian lattice ordered group with a strong unit u.
Let A be the interval [0,u] of G. For each a,b in A we put

a®b=(a+b)Au, —a=u—a, 1=u, axb=-(-a®b).
Then A = (A, ®,*,—,0,1) is an MV -algebra.
If Ais as in[2:2] we will write A =T'(G,u).
THEOREM 2.3. Let A be an MV -algebra. Then there exists an abelian lattice

ordered group G with a strong unit u such that A =T(G,u).

Let us remark that if A and G are as in 2.2 then the partial order on A
inherited from G is the same as the partial order on A defined by means of the
lattice (A, V, A) in 21

In what follows, unless otherwise stated, we assume that A = I'(G, u).

Definition of b-uniform convergence in lattice ordered groups has been
applied in [6] to archimedean M V-algebras assuming that (z,) is a sequence in
A, x € Aand b € A. However, such a definition was not given in MV -algebra
operations; in fact, we used the operations concerning the lattice ordered group

G (cf. Theorem 2.3)).

In the present paper, we introduce a new definition of b-uniform convergence
in A using merely the M V-algebra operations. Further, we prove that if (z,,) is
a sequence in A, x € A and b € A, then the following conditions are equivalent:

(i) (z) b-uniformly converges to z in A in the new definition.
(ii) (zp) b-uniformly converges to x in G in the Definition
Assume that a1,a2 € A, a1 < as. Then, 0 < as —a; < wu, so, ag — ay € A.
LEMMA 2.4. (cf. [13]) Let a1,a2 € A, a1 < as. Then
az — ay = —(a; & —as).
Let a € A. We denote

adad®---dDa=n-a (n times)
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and as usual, we write
at+a+---+a=na (n times).

Recall that for a1, as,...,a, € A, the relation a; ®as @--- D a, = (a1 + a2 +
-+ ap) Auis valid. Hence n - a = na A u for each n € N.

An element b € A is called archimedean in A if b is archimedean in G. Let
A(A) be the set of all archimedean elements of A. Then A(A) = A(G) N A.

Let (x,) be a sequence in G, x,, > 0 for each n € N, and b € A(G). Ap-
parently, x, i)[g 0 if and only if for each k € N there exists ny € N such that

kx, < b—x, whenever n € N, n > ng. This is a motivation to define the notion
of b-uniform convergence in A as follows.

DEFINITION 2.5. Let (a,) be a sequence in A and b € A(A). We say that the

sequence (ay,) b-uniformly converges to 0 in A, in symbols a,, i>a 0 if for each
k € N there exists ng(b, k) € N such that the relation

k-a, <b-—a,
is valid for each n € N, n > ng(b, k).

From the relation b — a,, > 0 we get a,, < b for each n € N, n > ng. Hence,
b—a, € Aforeachn € N, n > ng.

Let aj,a0 € A. Then a1 —as < a1 < uw and as — a1 < as < u. Hence,
la; — az| € A. Therefore, if (ay,,) is a sequence in A and a € A, then |a, —a| € A
for each n € N.

DEFINITION 2.6. Let (a,) be a sequence in A, a € A and b € A(A). We say
that the sequence (a,) b-uniformly converges to a and we write a, —b>a a if

la, — al 2 0.

Let (ay) and a be as in Then the elements p,, = a, Va and ¢, = a, A a
belong to A for each n € N. We get ¢, < p,, and |a,, — a| = p,, — ¢,,- Thus, we
can express the elements |a,, — a| and b — a,, by using Lemma 24l We conclude
that the Definition of b-uniform convergence in A is given in terms of the
MYV -algebra operations.

Let (a,) and b be as in If an o 0, then for each k € N there exists
ng € N such that k-a, < b for eachn € N, n > ng. The converse does not hold
in general.

Example 2.7. Let G be the set of all convergent sequences of reals. If the
operation + and the relation < are performed componentwise, G turns out to
be an abelian lattice ordered group and the constant sequence u = (1,1,...)is a
strong unit of G. Consider the MV-algebra A = I'(G,u) and the sequence (ay,)
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in A defined as follows: a,, = (t1,t2,t3,...) such that t;, = 0ifi <mand t; =1
otherwise. Let b= (0,1,1,...). For each k € N and each n € N, we have

k-a, =kan, ANu=ay,,
S0
k-a, <b
and
b—an=(0,1,1,...) = (0,0,...,0,1,1,...) = (0,1,...,1,0,0,...).
Hence, k- a, £ b— ay, so, a, L0

THEOREM 2.8. Let (ay,) be a sequence in A and b € A(A). Then the following
conditions are equivalent:

(i) an 250,
(i) an 2 0.
Proof.

(i) = (ii): Let a, i)[g 0. Then for each k € N there exists ng € N such
that k - a,, < ka, <b—a, for each n € N, n > ng. Thus, (ii) is valid.

(ii) = (i): Suppose that a, 2 o 0. We first prove that for each k € N, there
is ng € N such that the relation

k-a, = kan, (1)

holds for each n € N, n > ny.
We proceed by induction. Apparently, the relation (1) is valid for &k = 1.
Assume that (1) holds for some k£ € N. In view of (ii), there exists ny € N such

that k- a, < b—a, for eachn € N, n > ng. Consequently, a, + k- a, < b, so,
an+k-a, =a, ®k-a, foreachn € N, n > nyg. We have

(k+1)-apn=0a,Pk -an=0an+k ap,=an+ka, =(k+1)a,

for each n € N, n > ng, and the relation (1) holds.
Then, ka,, = k-a, < b—ay, foreachn € N, n > ny. Hence, (i) is satisfied. O

COROLLARY 2.9. Let (a,,) be a sequence in A, a € A and b € A(A). Then the
following conditions are equivalent:

. b
(1) A _>5 a’;
(i) ap 2 a.

Let by,be € A(A). Then by, by € A(G). By Lemma [Tl by + b2 € A(G). We
have by ® by < by + by. Thus, by @ by € A(G). Hence, we have:

LEMMA 2.10. Let by,by € A(A). Then by @ by € A(A).
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In the rest of this section, M will be assumed to be a nonempty subset of
A(A) closed with respect to the operation @.
DEFINITION 2.11. Let (a,) be a sequence in A and a € A. We say that the
sequence (a,) a(M)-converges to a in A, written a, — () @, if ay, £>a a for

some b € M.

To avoid misunderstanding, the convergence in A will be denoted also by
a(A, M) rather than o(M).

If A is archimedean and M = A, then we say that a sequence (a,) in A
relatively uniformly converges (ru-converges, for short) to an element a € A, if

Ap —a(M) Q-
THEOREM 2.12. Let (ay), (a;,) be sequences in A and a,a’ € A. If an —o(r) @
and ay, —>q(n) @', then

(1) an D ay, =y a®d,

(ii) an Vaj, —amn aVd,

(iv) k-an —o) k-a for each k € N,

)
)
(iii) an Aaj, —amn aNd,
)
(v) ife,de€ Aje < a, <d for eachn € N, then ¢ < a < d.

Proof.
(i) We have to prove that |a, ®a;, — (a®a’)| =4y 0. The hypothesis implies
lan — a| —qy 0 and |a;, — a'| =4y 0. Hence, there exist by,by € M with

la, — al % 0 and la), —d’| %3 0. Let us put ¢, = la, —a| and ¢, = |a,, — d/|.
Then (¢,) and (c},) are sequences in A. Denoting b = by @ be, we get by < b,
by < band be M. Hence, ¢, i>a 0 and ¢/, i>a 0. By Theorem 2.8 c,, —b>5 0 and

ch i)g 0. It is easy to verify (cf. [5]) that ¢, + ¢}, —b>5 0. Thus, for each k € N,
there exists ng € N such that

k(cn +c,) <b
whenever n € N, n > ny.
We have
kla, ®al, — (a®d')| = kl(a, +al) Au—(a+a’) Aul
< kl(an +ay,) — (a+a')| < k(lan —al +|a;, — ')
=k(c,+¢,) <b

for each n € N, n > ng. Hence |a, ® a], — (a ® d') i)g 0. Again, in view of
Theorem 2.8, |a, ®a], — (a® a’) 2, 0. Therefore, lan @ a;, — (a®a’)] —a) 0.
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(ii) The hypothesis yields that there are b1,bo € M with a, béa a and
al, %2 a'. Let b be an element from M as in (i). Using the procedure from (i),
we obtain a, i)g a and aj, i)g a’. Then, ay, V aj, £>[3 a V a' (for the proof,
cf. [5]). The sequence (a, V a,) isin A and a V a’ € A. Corollary yields
an VvV a,, Yo aVa and (ii) holds.

(iii) The proof is dual to that of (ii).

(iv) and (v) are easy to verify. O

3. The partially ordered set of wru-convergences on A

As before, let A = T'(G,u). Denote by S(A) the system of all nonempty
subsets of A(A) that are closed under the operation @ and by s(A) the system
of all convergences a(M) where M runs over the system S(A).

Let us proceed similarly as in Section 2.

Assuming that M, My € S(A), we define the binary relation < on s(A) by
putting a(M7) < a(My) if for each sequence (a,,) in A and a € A, the relation
an —ra(M,) @ implies a, —q(ar,) a- Then < is a partial order on the set s(A).

Analogously as we did in lattice ordered groups, in M V-algebras we will
consider wru-convergence without the assumption that the set of regulators is
closed with respect to the operation &; i.e., we apply the following definition.

DEFINITION 3.1. Let M be a nonempty subset of A(A), (a,) a sequence in
A and a € A. We say that the sequence (a,) coo(M)-converges to a, written
Un —Fao(M) @, if there is b= by @ --- @ by, with b; € M (i = 1,...,m) such that

b
Ap o Q.

Especially, if M € S(A) then ag(M) = a(M).

Let M; and Ms be nonempty subsets of A(A). Evidently, if M7 C M, then
ao(My) < ag(Ms), but not conversely. In fact, let b € A(A), 0 < b < w,
My = {b,2-b}, My = {b}. Then, My € M but ag(M;) < ag(Ms). The relation
Oéo(Ml) = Oé()(MQ) is valid.

Assume that 0 # M C A(A). Let us form the set M of all elements b € A(A)
such that for each sequence (a,,) in A and a € A, the relation a, —b>a a implies
an —*ao(m) @ Then, M C M, and obviously, M C M. Further, if b € M and
by € A, by <b, then by € M, whence 0 € M.

Taking into account Corollary 29 and the fact that by ®- - @b, < by+---+b,,
whenever by, ...,b, € M, we obtain

LEMMA 3.2. Let() # M C A(A), (an) a sequencein A and a € A. If an —a,(m)
a, then a, —g,(nr) a-
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An open question remains whether the converse assertion is valid.

Let 0 # M C A(A). We remark that Theorem is valid also for
a(M)-convergence. The proof of this assertion is similar to the proof of Theo-
rem [2.12)

We will apply the notion of a divisible MV -algebra.

The MV-algebra A is called divisible (cf. [15]) if for each b € A with b # 0
and each n € N there exists a € A such that

(i1) n-a=0b,
(i) a<2-a<3-a<...<(n—1)-a<b.

LeMMA 3.3. (cf. [I5]) A is divisible if and only if G is divisible.

Remark that if A is assumed to satisfy only the condition (i;) then G need
not be divisible (cf. [15]).

In B4H3.T0 we suppose that A is a divisible M V-algebra.

PROPOSITION 3.4. Let ) # M C A(A). Then M is closed with respect to the
operation &.

Proof. Let by,bo € M. Then b = by @ by € A(A) on account of Lemma 2101
Assume that (a,) is a sequence in A, a € A and a, %4 a. We have to show
that a,, —q,(n) a. By Corollary 29, ay, i)g a. Then ¢, = |a, — al is a sequence
in A and ¢, —b>5 0. Thus for each k € N there exists ng € N such that

ke, <b

whenever n € N, n > ng. According to Lemma [3.3] G is divisible. Then

1 1

1 1 1
cp < k‘b: k(bl B by) < k(bl-f-bz): kb1+ bo

k
for each n € N, n > ny.
Using Riesz decomposition property for G, we get

1 1
cn:c}L—i-ci, OSC}LS kbl, Ogcig kbg
for each n € N, N > ng. Then
k:c,ll < by, kCi < by

for each n € N, n > nyg, i.e., c. b#g 0, 2 135 0. Because 0 < ¢! < ¢, for
i = 1,2 and for each n € N, we obtain that (c.) and (c2) are sequences in A.
By Theorem 2.8 ¢! by 0 and 2 3 0. The hypothesis implies ch —agm) 0
and 2 —ao(m) 0. Applying Theorem 212 for ag(M )-convergence, we get ¢, =
ch + ch = ¢ @ i =) 0. Consequently, an —a0(ar) - 0
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The above proof is a slight modification of the proof of [Tt Lemma 2.12].
It is easy to verify that the inclusion M C M and Proposition B.4] imply
ag(M) = ap(M). (1)
LEMMA 3.5. Let My and My be nonempty subsets of A(A). Then ag(My) <
ao(Ms) if and only if M1 C M.

The proof is simple, it will be omitted.

LEMMA 3.6. Let ) # M C A(A). Then M C M.

Proof. Let b € M, (x,) a sequence in G and = € G. Assume that z, —b>5 x.

Our purpose is to prove that z,, —g,(ar) . We have |z,, — x| im 0. Then there
exists m € N such that y, = |z, —z| < b for each n € N, n > m, 80 (Yn+m)

is a sequence in A and Yp1m —b>5 0. By Corollary Z9 y,im —b>a 0. Then,
in view of the assumption, Ynim —+ao) 0. By Lemma B2, ynim — g, O.

From y,, —g,(ar) 0, we infer that x,, —g,(ar) . Thus, b € ]\7, and the proof is

finished. 0
LEMMA 3.7. Let 0 # M C A(A). Then Bo(M) = Bo(M).

Proof. The relation M C M yields fo(M) < [o(M). Using Lemmas
and [L5] we get 5o(M) < Bo(M) = Bo(M). O

LEMMA 3.8. Let ) £ M C A(A). Then M = M N A.

Proof. In view of Lemma 3.6 M C MNA. Conversely, let b € M N A. Then
b € A(A). In order to prove that b € M, assume that (a,) is a sequence in A,

a € A and a, —b>a a. By Corollary 29 a, —b>5 a. Let k € N. Then, there exists
n1 € N such that

kla, —al <b
whenever n € N, n > ny. Thus, k|a, — a|] € A for every n € N, n > n;.

From b € M and an im a, we infer that a, —g,r) a. Then, there exist
ny € N and by,...,b,, € M such that

klan_a|§b1++bm

for every n € N, n > nsy.
If ng = max(ny,n2), then, for each n € N,n > ng, we get kla, — a|] =
klap, —a|Au< (b4 4+bn) ANu=by DD by,. Putting b’ =by @ --- D by,

we have V' € A(A) and a, i)g a. By Corollary 29 a,, i;a a. Consequently,
an —>ao () a- Thus b e M. O
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By (1), we get ap(M) = ag(M) = «a(M) for each O # M C A(A). The
relation ag(M) = o(M) is fulfilled for each M € S(A). Consequently, s(A) is
equal to the system so(A) of all ag(M) where M runs over all nonempty subsets

of A(A).

THEOREM 3.9. There exists an isomorphism of the partially ordered set s(A)
into s(G).

Proof. Instead of s(A) and s(G) we can consider so(A) and so(G), respectively.
Assume that () # M C A(A). Define a mapping f: so(A) — so(G) by putting
flao(M)) = Bo(M).

For proving that f is corretly defined, suppose that M; and Ms are nonempty
subsets of A(A) and ao(M1) = ag(Mz) is satisfied. With respect to (1),
ao(M1) = ag(Ms). By Lemma BO My, = My, so, Bo(M1) = Bo(Ms3). Us-
ing Lemma 3.7 we get Bo(M7) = Bo(Ma).

If the same arguments are applied, we get that f preserves the partial order
< from s(A).

Let By(My) < Bo(Ms). According to Lemma LBl Bo(M;) < Bo(Ms). By
Lemma [[.6] we have M, C M,. With respect to Lemma B8, M = MyNAC
M, N A= M. Hence ag(My) < ag(Ms) and by (1), ag(M;) < ao(Ma).

Therefore the mapping f is injective and the proof is complete. O

Let us return to the results of the paper [3] in Theorem 3.3. Essential part of
Theorem 3.3 is the following assertion:

If A =T'(G,u) then there exists a one-to-one correspondence between
the system of all MV -convergences on A and the system of all lu-
convergences on G.

It is evident that neither the above Theorem 3.9 is a corollary of [3! Theo-
rem 3.3] nor [3t Theorem 3.3] is a corollary of Theorem 3.9.

THEOREM 3.10. The set s(A) is a complete Brovwerian lattice. If I is a non-
empty set and M; € S(A) for each i € I, then

/\a(Mi):a(ﬂMz), \/a(Mi):a(UMz). 2)

i€l i€l i€l i€l

Proof. According to Theorem[L8 s(G) is a complete Browerian lattice. Anal-
ogously as in [7], we can prove that also s(A) is a complete lattice and that the
relations (2) are satisfied.
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The sets () M;, |J M; and all M; belong to S(A). In view of (1), ao( U M; )
iel icl i€l
= ao( U M;). Then the relation (2) can be written in the form
iel
/\OéU(Mi):Oé()(mMi), \/Oéo(Mi):Oé()(UMi). (3)
i€l iel iel iel
It remains to prove that the lattice s(A4) is Brouwerian. A slightly modified
procedure from [7] will be applied.

We suppose that M and M; are elements of S(A) for each i € I. We have to
prove the relation

a(M) A ( \/ a(M,—)) = \/ (M) A (M)
el el

According to (3), we get

a(M) A (\ a(M) = ao(M) A (\/ ao(M))
i€l

i€l
_ ao(M)/\Oé0<UMi> = cm(Mﬂ (UMz))
il =
and

\/(Q(M) A a(M;)) = \/(ao(M) A ag(M;))

iel i€l
= \/Oéo(MﬂMi) = Oéo(U(MﬂMJ)
iel i€l

It is sufficient to verify the validity of the relation

Oéo(MﬂUMi> S Oéo(U(MﬂMJ)
i€l iel
Assume that (a,) is a sequence in A, a € A and a, — (MU )
o i
i€l
Then a,, “ap(ar) @ and a, —>0‘0(_LEJIMi) a. From ao(iLeJI MZ) = ao(iLGJIMi)

ao(iLeJI Mz) it follows that a, —>0‘°(.L€J, AL

where b= by @ - - - @ by, for some by,...,b, € M and V' = b} @ --- © b}, for some
by, ...

IN

b b
) a. Therefore a,, -4 a and a,, —4 a

b, € |J M;. By Corollary 29, a,, im a and a, i)g a. Then for each
i€l
k € N, there exists ng € N such that

kla, —a|<b  and  kla, —a|] <V
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for each n € N, n > ng.
Consequently,

Elan —al SOAY = (b1 @ - @ bp) A (0} @ --- D by)
:(b1+-~-+b JAUN (b -+ b)) Au

= (b + o+ o) A+ + b)) A
S(brADy - b Ab, 4 by Ay 4o+ by ADL) A
= (b Ab’) SOIAL) @ @ (b AV @ @ (b AV).

Putting bp = (b1 ADY) @ - @ (b1 AD)) D+ @ (b ADY) @ -+ @ (b A Dy,), We

obtain a, @)5 a and by Corollary 29l a,, @)a a.
We have b; Ab, < b0, (j = 1,...,m; £ = 1,...,p), where b; A b}, €
N ( UMZ) = U(MﬂMi) (j=1,...,m; £ =1,...,p). We deduce that
i€l j

iel

an — a, as desired. O

ao(U (M)

i€l

4. Atoms and dual atoms in s(A)

In view of Theorem BI0, the lattice s(A) has the least element and the
greatest element; these will be denoted by o and a!, respectively.

The notion of atom of s(A) is defined in the usual way. Analogously, an
element o of s(A) is defined to be a dual atom if & < a! and if there does not
exist any element o’ in s(A) with o < o < .

Ify € A(A) and M = {n-y}nen, then instead of a(A, M) we will write simply
a(A,y).

Our aim is to prove the following results.

THEOREM 4.1. Assume that the MV -algebra A is archimedean and divisible.
Let o € s(A). Then the following conditions are equivalent:

(i) « is an atom of s(A);

(ii) there exists an element y € A(A) with y > 0 such that « = o(A,y) and
the inverval [0,y] of A is a chain.

THEOREM 4.2. Let A be as in Theorem A1l Denote by a(s(A)) and a’(s(A))
the set of all atoms or the set of all dual atoms in s(A), respectively. Then
card a(s(A)) < carda’(s(A)).

We need some lemmas.

LEMMA 4.3. Let a be an atom of s(A). Then there is y € A(A) such that
a=alAy).
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Proof. There exists M C A(A) such that a = a(A, M). Since a > oY, there
exists a sequence (t,) in A such that 0 < ¢,, for each n € N and t,, —, 0; having
in mind this relation, we conclude that there exists y € M such that y is the
corresponding regulator. Then we also have t,, —44,,) 0, whence a’ < a(A,y).
Since y € M, we get a(A,y) < a. From this and from the fact that « is an atom
of s(A), we conclude that o = a(A4,y). O

The following assertion is easy to verify.

LEMMA 4.4. Let My and Ms be nonempty subsets of A(A) such that they are
closed with respect to the operation @©. Assume that mi A mg = 0 for each
my € My and each mo € My. Then a(A, My) A a(A, My) = aP.

In Lemmas and [L6] we assume that A is an MV-algebra which is archi-
medean and divisible. We also suppose that A # {0}.

LEMMA 4.5. The relation {0} = {0} is valid.

Proof. Let 0 < be A. We apply the fact that A is divisible; we put a, = Tllb
for each n € N. Let k£ be a positive integer. Then there exists ng € N with
ka, < b for each n € N, n > ng. Hence a,, —b>5 0. By Theorem 2.8, a,, ga 0.
This shows that b does not belong to {0}. d

LEMMA 4.6. Let « and y be as in Lemma L3 Then the interval [0,y] of A is
a chain.

Proof. By way of contradiction, assume that the interval [0, y] of A fails to be
a chain. Then there are elements ¢1,q2 € [0,y] such that ¢; > 0 for i = 1,2
and ¢1 A g2 = 0. In view of Lemma 5] we have o’ < «a(4,¢q;), and clearly
a(A, q;) < a(A,y) for i = 1,2. Since « is an atom in s(A), we have «(A, ¢;) = «
for i = 1,2, hence a(A,q1) = a(A, q2). In view of Lemma 4] and Lemma (5]
we arrived at a contradiction. (I

The following assertion is easy to verify.

LEMMA 4.7. Assume that Ay is a linearly ordered MV -algebra. Let y1 and yo
be positive archimedean elements of A1. Then a(A1,11) = a(A1,y2).

Sketch of the proof. First, we show that a, 2. 0 if and only if ap, —q(a,y) 0
for each sequence (a,,) in A; and each element y of A;. Further, we verify that if
Ay is linearly ordered then G is linearly ordered, too. Indeed, if G is not linearly
ordered then there are 0 < x, y € G with the property x A y = 0. The relation
g Au > 0 is valid for each 0 < g € G. By using these results we obtain that A,
fails to be linearly ordered.

According to [14], we have:
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PROPOSITION 4.8. Assume that A is an archimedean MV -algebra. Let C be a
convex chain in A, {0} C C. Then there exists a uniquely determined mazimal
convez chain C' in A with C C C'. The set C' is closed with respect to the
operation &. Moreover, C' is a direct factor of A; thus, there is an MV -algebra
D with A=C" x D.

As an easy consequence of Lemma 4.7 and Proposition 8] we obtain:

LEMMA 4.9. Let A be an archimedean MV -algebra and let C' be a convex chain
in A with 0 € C. Assume that y1 and y2 are nonzero elements of C. Then

Oé(A, yl) = Oé(A, yg)

LEMMA 4.10. Let A be an archimedean and divisible MV -algebra. Assume that
C is a convexr chain in A with 0 € C and let 0 < y € C. Then the convergence
a(A,y) is an atom in s(A).

Proof. By way of contradiction, assume that there exists aw € s(A) such that
a® < a < a(A,y). Under the usual notation, let o = «(A, M). Then there
exists y; € M such that a® < a(A4,y;). We obviously have a(A,y;) < a(A, M),
thus
a<Aay1) < a<Aay)' (1>

If y1 >y, then a(A,y1) > a(A,y), contradicting (1). Clearly, y; > 0. If y; < y,
then y; € C and then Lemma [£9 yields a(A4,y1) = a(A4,y); in view of (1), we
arrived at a contradiction.

Suppose that y and y; are incomparable. Put y Ay; = p and 3y = y — p,
Yy =y1 —p. We have 0 < ¢’ and 0 < y]. Then y’ and y] belong to A and

y' Ay =0. (2)

According to Lemma [£.4] and in view of (2) we get
a(A,y) Aa(A, ) = .
Further, we have 0 < ¢’ < y, hence ¢y’ € C and so, Lemma 9] yields a(A4,y') =
a(A,y). Further, we have
a® < a(Ay) <a(Ay) <alA,M)=a<a(Ay).
Hence
a(A,y) Na(4y) = a4 y) A a4 yy) = a4, y1) > a’;

again, we arrived at a contradiction. This completes the proof. O

In view of Lemma, and Lemma .10, Theorem A.T]is valid.
Let us apply the assumptions and the notation as in Proposition 8 For
each element a of A we put

at={xcA: 2ANa=0}
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From Proposition .8 we conclude that for each ¢ € C’ the relation

c-=D
is valid.

Let A,C’, D be as in Proposition .8 A = C’ x D. Let us denote by u(C")
and u(D) the component of v in C’ and in D, respectively. Then the lattice [0, u]
is the direct product of the lattices [0, u(C")], and [0, u(D)], [0,u] = [0, u(C")] x
[0,u(D)] and both direct product decompositions of the MV-algebra A and of
the lattice [0, u] coincide. This is a consequence of the fact that the lattice
operations V and A are defined by means of the operations +, * and —.

The mentioned connection between direct product decompositions is used in
the relation (r) below and also in the implication A = C' x D = D = C'*.
This is applied to obtain the above equation ¢t = D for each ¢ € C".

PROPOSITION 4.11. Assume that A is an archimedean and divisible MV -alge-
bra. Let C be a convex chain in A, 0 € C and 0 <y € C. Then the convergence
a(A,yt) is a dual atom of the lattice s(A).

Proof. The set yt is closed with respect to the operation &; we can construct
the convergence a(A4,yt). We put z,, = iy for each n € N. Analogously, as
in the proof of Lemma B3, we can verify that 2, 4, 0 in A. In view of
Lemma 4] the relation x,, —qa,,1) 0 fails to be valid, hence a(A4,y) fails to
be equal or less than a(A4,y"). Therefore, we have a(A,y*) < al.

Assume that a € s(A), a(A,yt) < a. Under the standard notation, let
a = a(A, M). Then, we also have a = a(4, M). We get y- C M. Thus, there
exists y; € M such that y; does not belong to y=.

Consider the direct product decomposition A = C’ x D from Proposition .8

Let y1(C’) and y1(D) be the component of y; in C’ or in D, respectively.
Then

y1 =11(C") & y1(D) = 11 (C") V yu (D). (r)

If 41 (C") = 0, then y; = y1(D) € y* and we arrived at a contradiction. Thus,
yl(C/) > 0.

Our aim is to prove that a = al. Clearly, o' = a(A,u). Let (t,)nen be a

sequence in A such that ¢, —,(4,,) 0. For any element a of A, we denote its
components in C’ and in D by a' and a?, respectively. Then we have

t}l —)Q(A’ul) 07 ti _>o¢(A,u2) 0. (*)

From the second relation of (x), we infer that ¢2 —a(an 0. Since ul e '
and y € C’, from Lemma 9 we conclude that a(A4,ul) = a(A,y), thus
trll —a(Ay) 0.
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Because a(A, M) < a and a(A,y) £ a, we get

th = 0, t2 =40

1

and hence t, =t} V2 —, 0. Therefore, o = o', completing the proof. (I

It is well-known that if an MV -algebra B possesses direct product decompo-
sitions B = Cl X D1 and B = 02 X Dg, then

Cy=Cy = D1 = Dy;

namely, we have Dy = Ct-.

Thus, summarizing, the situation is as follows. Let A be an MV-algebra
which is archimedean and divisible. Let o € a(s(A4)). Then we have a direct
product decomposition A = C x D; with the properties as in Proposition [£38]
Hence C1 is linearly ordered; according to Proposition @IT], we get a(A, D;) €
a’(s(A)). Moreover, in view of the above remark, Dy is uniquely determined.
We put ¢(a) = o, where o = «a(A, D;). We obtain an injective mapping
of the set a(s(A)) into a’(s(A)). Hence we obtain the relation card a(s(A)) <
card a’(s(A)). Therefore, Theorem [£.2] is valid.

It is an open question whether the following assertion holds:

(+) Each dual atom of s(A) can be obtained by the method described in Propo-
sition £.I1]

Ezample 4.12. Let R be the additive group of all reals with the natural linear
order and B =T'(R, 1). Assume that I is a nonempty set and that MV-algebra
A is the direct product of MV-algebras A; where A; = B for each i € I (for
the direct product of MV-algebras cf. [4]). For any element © € A we denote
its component in A; by z(i). Let u be the greatest element of A. Then u(i) =1
for each @ € I. Given i € I, denote by u’ the element of A with components
u'(j) = Oforeach j € J, j # i, u’(i) = u(i) and we put M; = {a € A : a(i) = 0}.
Particularly, the element u; € A such that u;(j) = 1 for each j € I, j # i and
u; (i) = 0 is included in M;. In view of Theorem 1] and Proposition EIT] (or
directly, applying definitions of an atom and of a dual atom) we obtain that
{a(A,u"): i€ I} and {a(A,M;): i€ I} are systems of all atoms and all dual
atoms in s(A), respectively. Evidently, {a(A,M;): i € I} = {a(A,w;): i € I}.

Especially, if I = {1,2}, then two convergences a(A,u') and a(A,u?) are
all atoms and at the same time all dual atoms in s(A). Hence the lattice s(A)
possesses the diagram on page 311

In the previous example the supremum of all atoms in s(A) satisfies the
relation \/ a(A,u’) = al. There arises a question if there exists an M V-algebra

iel
A and an element a € s(A) covering the supremum of all atoms in s(A).
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al = a(A,u)
a(4,al) a(A, a?)
o0
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