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theorems for (£)-group-valued measures are proved in the setting of filter conver-
gence. Finally we pose an open problem.
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1. Introduction

The theory of filter convergence, introduced in [I3], has since been widely
considered in the literature (see also [12]). The ideal convergence was introdu-
ced in [I4] and independently in [15].

The aim of this paper is to give some conditions under which limit theorems,
for instance Schur, Nikodym convergence, Brooks-Jewett, Vitali-Hahn-Saks the-
orems, hold with respect to filter convergence and for (¢)-group-valued measures.

In general it is impossible to give an answer analogous to the classical case
when we deal with filter convergence even for positive real-valued measures (see
[6: Example 3.4]).

The Schur /! theorem for Banach space-valued sequences was deeply studied
in [I], where some results of [10] were extended to the filter convergence and the
authors studied some classes of filters for which the Schur theorem holds and
some other families of filters for which it is not valid. The technique used in [1]
is inspired by the properties and the structure of Banach spaces. Further recent
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studies and developments of Schur theorems and related topics adapted to the
context of filter or ideal convergence can be found in [11].

In this paper we extend the Schur ! theorem to (£)-group-valued double
sequences with respect to filter convergence, giving also an equivalent version
for o-additive (¢)-group-valued measures. We use some techniques of [I] and
some other techniques inspired by [9]. As applications we present also some
Nikodym convergence and Vitali-Hahn-Saks-type theorems for both o-additive
and finitely additive (¢)-group-valued measures, extending earlier results proved
in [5]. Finally, we pose an open problem.

2. Preliminaries

DEFINITIONS 2.1.

(a) A Dedekind complete (¢)-group R is super Dedekind complete iff every
nonempty subset Ry C R bounded from above contains a countable subset
having the same supremum as R;.

(b) Let R be an (¢)-group. We say that a sequence (py,), of positive elements
of R is an (O)-sequence iff it is decreasing and A p, = 0.

n

(c) A bounded double sequence (ay, )¢, in R is called (D)-sequence or regu-
lator iff for all t € N the sequence (ay,), is an (O)-sequence.
(d) An (¢)-group R is said to be weakly o-distributive iff for every (D)-se-

quence (at,,)t,r wWe have:
o0
/\ (\/ at#(t)> = O
LPGNN t=1

We now recall the following result, which will be useful in the sequel.

LEmMMA 2.1 (Fremlin Lemma). (see [5]) Let R be any Dedekind complete
(£)-group, (ag;))t’r, n € N, be a sequence of regulators in R. Then for every
u € R, u> 0 there exists a (D)-sequence (as, )¢, in R such that:

q [ee]

AV (Vb)) = Vs porat pent®

n=1 t=1
We always assume that R is a Dedekind complete (£)-group. We now recall

the following:

DEFINITIONS 2.2. (see also [1])

(a) A filter F of N is a nonempty collection of subsets of N with () ¢ F, such
that AN B € F whenever A, B € F, and with the property that for each A € F
and B D A we get B € F.
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(b) Given a filter F of N, we call dual ideal associated with F the collection
{N\F : F € F}. The filter Feoin is the filter of all subsets of N whose
complement is finite, while its dual ideal Zg, is the ideal of all finite subsets
of N.

(c) A filter is said to be free iff it contains Feofin. In what follows, we always
suppose that the involved filters are free.

(d) A filter F of N is called an ultrafilter iff for each A C N either A or N\ A
belongs to F.

(e) A subset of N is said to be stationary with respect to a filter F (or F -statio-
nary) iff it has nonempty intersection with every element of F. We denote by
F* the collection of all F-stationary sets.

(f) If I C N is an F-stationary set, we call the trace of F on I the family of
sets {ANI: A€ F} and we denote by F(I) the filter on N generated by the
trace of F on I. Note that F(I) D F.

(g) We say that a filter F of N is diagonal iff for every decreasing sequence
(A,)n in F and for each I € F* there exists a set J C I, J € F* such that the
set J \ A, is finite for all n € N.

Remark 1. Observe that the definition of diagonal filter can be formulated

equivalently even without requiring that the involved sequence (A4,,),, is decreas-
n

ing. Indeed, if (A4,)y is any sequence in F and Aj := A;, A} = A, n €N,
=1

then the sequence (A% ), is in F and decreasing, and so for every I € F* there is

aset J € F*, J C I such that J\ A} is finite for any n € N, and then a fortiori
J\ A, C J\ A} is finite too for all n € N.

DEFINITIONS 2.3.

(a) Given an infinite set I C N, a block of I is a countable partition
{Dy : k € N} of I into nonempty finite subsets.

(b) A filter F of N is said to be block-respecting iff for every I € F* and
for each block {Dj, : k € N} of I there exists a set J € F*, J C I such that
card(J N Dy) = 1 for all k¥ € N, where card denotes the number of elements of
the set into brackets.

We recall the following results.

ProPOSITION 2.1. (see [I} Remark 2.4]) If F is a block-respecting filter, then
F(J) is block-respecting too for every J € F*.

ProproOSITION 2.2. (see [I} Remark 2.3]) A filter F of N is block-respecting if
and only if for every I € F* and for any block {Dy, : k € N} of I there exists a
set J € F*, J C I such that card(J N Dy) <1 for all k € N.

We now define the concepts of (O)- and (D)-convergence with respect to a
filter in (¢)-groups (see also [0]).
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DEFINITIONS 2.4.

(a) Let F be a filter of N, we say that a sequence (zy,), in R (OF)-converges
to x € R iff there exists an (O)-sequence (o), such that {n € N: |z, —z| < 0,}
€ F for any p € N.

(b) A sequence (z,,), in R (DF)-converges to x € R iff there is a (D)-sequence

(ou,r)t,r with the property that {n eN: |z, —z| < t\_/l ozw,(t)} € F for all

o € NN,

(c) Observe that, when R = R, the (OF)- and (DF)-convergence coincide,
and we denote them simply with (F)-convergence. Moreover, when F = Feofin,
Def. 4] (a) and (b) coincide with the classical ones given in [5].

(d) Let A be any arbitrary nonempty set and F be a filter of N. A family
(Bin)ien nen of elements of R is said to be (ROF)-convergent to a family (8;)ieca
(with respect to i € A) iff there exists an (O)-sequence (0,,), with the property
that for each p € N and ¢ € A we get {n eN: |Bin—Bi < Up} € F. The
family (5, n)iea nen is said to be (RDF)-convergent to a family (5;)iea iff there
is a regulator (ay,,)¢, such that for all ¢ € NN and i € A we get

{nGN: |Bin — Bil < Vlat,w(t)} S
t=

(e) We say that the family (5; ,)iea nen (DF)-converges uniformly with re-
spect to n € N, or shortly (UF)-converges to (B;)ien, iff there is a (D)-sequence
(ou,r)t,r such that for all ¢ € NN we get

{n eN: V|Bin—08l<V O‘t’w(t)} €F.
ieA t=1

In a similar way we can give the concept of uniform filter convergence with
respect to order convergence.

(f) A family (5; )iea nen is (RD)-, (RO)-, (U)-convergent iff it is (RD Feofin)-,
(ROFcofin)-, (UFeofin)-convergent respectively (see also [3L[9]).

The following result is an extension of [3t Theorem 3.4].

THEOREM 2.3. Let F be any free filter of N. Then, in every Dedekind complete
(0)-group R, (ROF)-convergence implies (RDJF)-convergence. Moreover, if R is
a super Dedekind complete and weakly o-distributive (£)-group, then (RDJF)-con-
vergence implies (ROJF)-convergence.

Proof. Let (Bin)icanen be a family, (ROF)-convergent to (5;)ica, and let
(0p)p be an (O)-sequence, satisfying the definition of (ROJF)-convergence. For
every t,r € N define oy , := 044,. It is easy to check that the double sequence
(ov,r)e,r is a regulator.
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Choose now arbitrarily ¢ € NY. By hypothesis, in correspondence with p =
1+@(1) and for all i € A we get: {n EN: |Bin—Bil < o1440) = a17¢(1)} e F,
and a fortiori

{nEN: |Bin — Bil < Vlatw(t)} S
t=

This concludes the first part of the proof (Note that this part holds for ev-
ery Dedekind complete (£)-group, not necessarily super Dedekind complete or
weakly o-distributive).

We now turn to the second part. Let (Bin)icanen be (RDF)-convergent
to (Bi)iea, and (ot )i be a regulator, satisfying the condition of (RDF)-con-
vergence. Since R is super Dedekind complete and weakly o-distributive, by [3k
Theorem 3.1] there exists an (O)-sequence (0,), with the property that to every

[oe]

p € N there corresponds ¢, € NY such that \/ a0, () < 0p. From this, since
t=1

by hypothesis
{n eEN: [Bin—0Bil <V O‘t,vp(t)} €F
t=1

for all p € N and ¢ € A, then a fortiori {n eN: |Bin—Bi] < Up} € F for every
p € N and ¢ € A. This concludes the proof. O

In [I] a Schur-type theorem was given for real-valued functions with respect
to a filter convergence for diagonal and block-respecting filters. Here we extend
this theorem to (¢)-group-valued functions.

This technical lemma is an extension of [It Lemma 3.3].

LEMMA 2.2. Let (a;in)in be a double sequence in R, F be a diagonal filter,
suppose that (ROF) l_ian a;n = 0 (with respect to n € N) and let (0,), be an
1€

associated (O)-sequence. Then for all I € F* there exists J € F*, J C I such
that (RO) hr51 a; n = 0 (with respect to the same (O)-sequence (o,)p).
1€

Proof. By (ROF)-convergence we know that for all n, p € N we get
App={ieN: |a;n| <0,} € F. (2.1)

The family of the sets in (2.1]) is obviously countable. Thus, since F is diagonal,
in correspondence with the A, ;,’s and every F-stationary subset I C N there is
J € F*, J C I, such that for every n, p € N the set J \ A, , is finite. We have:

Bpp:={i€J: |ain| £op} CJT\ Any,

and hence B, , is finite too. Thus we get that to every n and p € N there
corresponds a positive integer i (without loss of generality belonging to J) such
that |a; | < o, whenever i > ¢, i € J. This ends the proof. d
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Remarks 1.

(a) Note that, in Lemma[Z2] the sequence (o)), is independent of the choice
of I € F*.

(b) Moreover, observe that formulating the definition of diagonal filter in
terms of sequences of sets which are not necessarily decreasing avoids us to
proceed in terms of “neighborhoods of zero” according to the argument used in
[1]. In general, (O)- and (D)-convergence are not topological: for example they
coincide with almost everywhere convergence in the super Dedekind complete
and weakly o-distributive Riesz space L°(X,B,u) of all measurable functions
(up to sets of measure zero), where (X, B, 11) is a measure space, with u positive,
o-additive and o-finite (see also [I7]).

Arguing analogously as Lemma, it is possible to prove the following:

LEMMA 2.3. Let (a;); be a sequence in R, F be a diagonal filter, and assume
that (OF)lima; = 0 with respect to an (O)-sequence (0p),. Then for every

I € F* there exists J € F* such that J C I and (O) hr51 a; = 0 with respect to
[4S]

the same (O)-sequence (op)p.

DEFINITION 2.1. The set [!(R) is the set of all sequences of the type (a;);,

q
with a; € R for all j € N and such that \/ (Z \aj|> € R. As R is Dedekind
geN Yj=1

complete, if (a;); belongs to I*(R), then S := (O)lim Y a; exists in R (see [9]).

For every element (a;); in I'(R), we shall also write S = (O)lim Y a; = > aj,
noj=1 j=1

and say that S is the sum of the sequence (a;);.

DEFINITIONS 2.5.

(a) Let G be any infinite set and £ C P(G) be a lattice. We say that a set
function p: &€ — R is bounded or order bounded iff there is w € R, w > 0, with
|(A)] < w for all A € £. The set functions pj: € = R, j € N, are equibounded
iff there exists an element u € R, u > 0, such that |u;(A)| < u for all j € N and
Acé.

(b) Given a finitely additive bounded set function p: & — R, we define
wh, w, ||nll: € = R, by setting

pt(A)=\/ wuB), p A=\ (-uB),
Be&E,BCA Be&E,BCA

[ll(A) = p"(A) + n=(4), A€€.
The quantities u*, u=, ||p|| are called positive part, negative part and variation
of u respectively. Moreover, define the semivariation of u with respect to £ as
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follows:

ve(u)(A)=\/ |u(B) forall AcE.
Be&,BCA

We have clearly ve(u)(A) < ||u||(A) < 2ve(p)(A) for each A € € (see also [9]).

We now give the concepts of strong boundedness, o-additivity and absolute
continuity for (£)-group-valued measures.

DEFINITION 2.2. Let G be any infinite set, A C P(G) be an algebra and
1 A — R be any finitely additive measure. We say that p is strongly bounded
iff there exists a regulator (at,, )¢, such that, for every disjoint sequence (Hy)x
in A and all ¢ € NV, there exists an integer k with

u(H)| < \/ a0 (2.2)

t=1
holds, for all k > k.
Remarks 2.

(a) Observe that, in the definition of strong boundedness, formula (2.2]) can
be equivalently replaced by

va(p)(Hy) <\ arp)
t=1

for all k > k (see [4: Remark 2.11]).

(b) We recall that every strongly bounded finitely additive measure is bounded
too (see [4: Theorem 2.16]), while the converse implication is in general not true
(see [: Example 2.17], [5: Remark 2.8]).

This result extends [16} Lemma 2.2] to the setting of (¢)-groups.

LEMMA 2.4. Let A C P(G) be a o-algebra, and pn: A — R be a finitely additive
strongly bounded measure (with respect to a common regulator (a¢,)¢.r)-

Then the regulator (at,r )i, is such that for each disjoint sequence (Ey)i in A
and for every ¢ € NN there is a finite set of positive integers A, such that

vA(M)( U Ek) < {7%,@@)

keA
whenever A C N is a finite set, such that AN A, = 0.

Proof. If the lemma is false, then there exists ¢ € NN such that to every finite
set A C N there corresponds a finite set A’ C N with ANA’ =0 and

vA(M)( U Ek) £ ?at,ap(t)-

keA’
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From this, proceeding by induction, it follows that there exists a disjoint sequence
(A,,)y of finite subsets of N, with

vA(u)( U Ek) £ ?at,w(t)

k€A,
for every n € N. Hence there exists a disjoint sequence (T},), in A such that
T, C U Ex and |u(T)| £ i; at,o(¢) for all n € N. This contradicts strong
bounc{CeEdAnréSS of u, and the pr;); is finished. O
DEFINITIONS 2.6.

(a) Let G be any infinite set and A C P(G) be a o-algebra. A finitely additive
set function pu: A — R is said to be o-additive iff for every disjoint sequence

(Es)s in A, (D) limvg(u)(U El) =0, where L is the o-algebra generated by
s I=s

oo
the elements Fg, s € N, in the set |J FEs.
s=1
(b) Let A\: A — [0, 4+00] be a finitely additive measure. A measure u: A — R
is A-absolutely continuous iff for every decreasing sequence (F;)s in A there
exists a regulator (a¢,,):, with the following property: in correspondence with
every ¢ € NN, a positive real number 6 can be found, with

ve()(E) < \/ arp
t=1

whenever E € {E;: s € N} and A(E) < 0 (see also [5]).
Remarks 3.
(a) In [9: Proposition 3.3] we proved also that, if u: P(N) — R is o-additive,
then for every finite and for any cofinite subset A C N we have
il (4) = > lu{nd)l- (2.3)
neA

(b) Observe that in general our notions of o-additivity and absolute continuity
(with respect to v ) are weaker than the classical ones (with respect to v4), but
they coincide when the measure takes values in a Banach lattice, or when G = N
(see also [9]).

We now recall the following properties of o-additive measures defined on P(N)
(see [Tt Propositions 2.5, 3.6]).

PROPOSITION 2.4. A set function v: P(N) — R is a o-additive measure on
P(N) if and only if

Nvpey@)({nn+1,n+2,...}) =0.

n
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PRrOPOSITION 2.5. Let A C P(G) be a o-algebra, p: A — R be a finitely additive
measure, (Hp), be any decreasing sequence in A, and set B, = H, \ Hpt1,

n € N. For every A C N put v(A) :,LL( U Bn>. Let L be the o-algebra
neA
generated by the H, ’s in Hy and suppose that

A vel)(Ha) = 0.

Then v is o-additive on P(N).
Moreover we have

vpey () {nn+Ln+2,... ) =\/{{v(B): BC{n,n+1Ln+2...}}
=\/{lu(C)|: C €L with Cc H,}
ve(p)(Hy) forall n e N, (2.4)

3. The Schur Lemma

We now prove the following lemma, which extends [I} Theorem 2.6] to the
case of (£)-groups. Note that, if the involved filter is not block-respecting, then
the Schur lemma does not hold even when R = R (see [I} Remark 3.4]). Here
we denote by v the semivariation with respect to P(N). We begin with the
following;:

LEMMA 3.1. Let F be a block-respecting filter of N, pj: P(N) = R, j € N, be
a sequence of o-additive equibounded set functions, and define (Ba,j) acpm),jen
by setting Ba,; := p;(A), A€ P(N), j € N. Suppose that:

i) (D)limp;({n}) =0 for each n € N;
J
ii) the family (Ba,;) aepv),jen (RDJF)-converges to 0.

Then (DF)lim i:;l i ({n})] = 0.

Proof Let w:= \/ v(u;)(A): such an element exists in R, thanks to equi-
AEP(N),jEN

boundedness of the j;’s. For each j € N let (ag’j,z)t’r be a (D)-sequence related

with o-additivity of y;. By virtue of Proposition[2.4 for each ¢ € NY and j € N

there is n € N (depending on ¢ and j) with

vp))(A) <\ all), forall AC{nn+1n+2,...} (3.1)
t=1
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By virtue of the Fremlin Lemma [2.1] there exists a (D)-sequence (a¢,, )¢, such
that

u/\ {\/ (2: (;\.Z ai’f;(w)))} < SZ @t (1) (3.2)

for all ¢ € N¥. From (31 and (3.2)) it follows that for every » € NN and j € N
there exists n € N such that

v(pi)(A) < \/ (1) forall AcC{nn+1,n+2,...}. (3.3)
t=1

Let (bt )¢, satisfy the condition of (RDJF)-convergence as in ii).
Since (D)lim pj({n}) = 0 for each n € N, then to every n € N there cor-
J

responds a regulator (dg;«))t,r such that for every ¢ € NV there is j € N with

lpi({n})] < t\:/l dgg(Hn) whenever j > j. Thanks to equiboundedness of the

i;’s, by virtue of the Fremlin Lemma 2] a regulator (d;,):, can be found,
with the property that for every ¢ € NN and for any positive integer ¢ there
exists j € N such that

Do)l <V diwn (3-4)

whenever j > j. Set
Ctr = 2(at7,~ + bt,r + dt,r)a t,r € N. (35)
We prove that the (D)-sequence (¢t )¢, defined in (B.0) satisfies the condition

of (DF)-convergence as in the thesis of the theorem.
Otherwise there exists ¢ € NV with the property that the set

Fo={ieN: % lunh < Veapn ) ={7eN: Il <V apm )
n=1 t=1 t=1

(3.6)
does not belong to F (The equality in (3.06) follows from [9: Proposition 3.3]).
From this it follows that every element F' of F is not contained in I*, that is
F has nonempty intersection with N\ I*. This means that the set N\ I'* is
F-stationary. Let I := N\ I*. Note that I is an infinite set, because F is a free
filter. We can find a disjoint sequence (A;)ser of subsets of N, such that

s(A) £ \/ ooy forall sel (3.7)
t=1

We will construct a strictly increasing sequence (nyp)p in N such that Dy :=
[nh—1,np) NI # 0 for every h € N.
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Let ng := 1. By o-additivity of the p;’s and Lemma 2.1 in correspondence
with the above considered ¢ it is possible to find a natural number m(ng) with

v(p1) ({m(no) + 1,m(no) + \/ At (1)

By (34), in correspondence with the finite number of indexes 1,2,...,m(ng)
there exists n1 € N, ny > m(ng), such that

|Ms ({1})| -+ |Ms ({m (no)} | < \/ dy (1) (3.8)

for all s > ny. Proceeding analogously as above, it is possible to associate to nq
a natural number m(ny) > ny with

(/Lr)({WL(nl) +1 m(nl) \/ At o(t)s = ]-7 -y N,
and to find an integer ny > m(n;) with
|1s ({11 |+ + s ({m(na)}) | < \/ ) (3.9)

for all s > no. By (37), (B.8) and (3:9) we get [1=ng,n1)NI # 0 and [ny,no) NI
# (. Proceeding by induction, we get the existence of two strictly increasing
sequences (np)p and (m(nyp))p in N such that for all h € N we have:

1=ng <m(ng) <nyg <m(ni) <ng <...; [nh—1,mp) NI #0;
v(p)({mng) + 1, m(ny) + \/ Aoy  T=1..,mp (3.10)
s ({1D)| + -+ + |s ({m(np)})| < \/ dip(tys S = Nhyt. (3.11)

Since the filter F is block-respecting, there exists a set J := {j1,Jo,...} € F¥,
J C I, with n, < jp < np41 for every b € N. Of course, since J € F*, then
either Jy := {j1, 3,75, .- } or Ja := {jo, ja, Js, - - - } belongs to F*. Without loss
of generality, let J; € F*. We now proceed analogously as in [5 Lemma 3.5].

For every h, set qn := m(nap). Since n, < jn < npi1, we get in particular
Jon—1 < map. So, by ([BI0) used with 2h and r = jop_1, we get

‘“j2h71<0)| < \/ At p(t) (3.12)
whenever C C {qn + 1,qn + 2, ... }.

1155



A. BOCCUTO — X. DIMITRIOU — N. PAPANASTASSIOU

Moreover, from (B.I1]) used with 2(h — 1), we have

’MS ({1})‘ +oe ‘Ns({thl})‘ < \/ dt,;p(t) (313)

t=1

o]
for all s > Nnop—1- Set now Th = Aj2h—1 N {qh_l + 1;-~-7Qh}; A= U Th,
h=1

Wh = An{gn—1+1,...,qn}, h € N. Since the A,’s are pairwise disjoint, for all
h € N we have T, = W},. Moreover we get:

Han—1(A) = Wy (AL, qn—1}) + Bjay (Th)
+ fjon o (AN {an + 1,0 +2,...}); (3.14)
Hon—r (Ajon_1) = tjon_y (Ajon_y {1, qn—1}) + 10, (Th)
A+ gy (Ajy s N{an +1,qn +2,...}).
From (B.I2)) we have:

|/1'j2h—1 (Ajzh—1 N {Qh +1, qn + 27 e })| < \/ At () (315)
t=1

00
|/1'j2h—1 (A N {Qh +1Lqn+2,... })| < \/ At po(t)-
t=1

From [B.I3) we get:
o2 (Ao {1 ana})| < {7 di.o(t) (3.16)
t=1
i (AN (L) <V e
t=1
From (B14), BI5) and (BI6) we obtain:
o1 (A) = fja (A, )| <2 §7 () + 2 §7 i p(t)- (3.17)
t=1 t=1

From (B7) and (B.I7) it follows that

|/~Lj2h71<A)’ £ 2 \/ bt#’(t)

t=1

for all b € N, and thus {z EN: [u(A)| 2V bw(t)} € F*. Moreover, the
t=1
sets
{1eN: () <2V by b e F
t=1
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and -
{ren: @22V bepn |
have nonempty intersection, which is absurd. This ends the proof. O

The next step is to give our version of the Schur Lemma for filter convergence,
which extends [It Theorem 3.5] to the setting of (£)-groups. From now on we
suppose that R is super Dedekind complete and weakly o-distributive.

THEOREM 3.1. Let F be a diagonal and block-respecting filter of N,
i P(N) = R, j € N, be a sequence of o-additive equibounded set functions,
and set Ba ;= p;(A), Ae P(N), jeN.

If the family (Ba,;) acpv),jen (RDJF)-converges to 0, then

(DF) 1ijmz |1 ({n})] = 0.

n=1

Proof. Let (at,)t, and (be )¢, be as in the proof of Lemmalf3.Jl Observe that,
since R is super Dedekind complete and weakly o-distributive, from equivalence
between (ROJF)- and (RDJF)-convergence (Theorem 2.3)) and Lemma [2.2] it fol-
lows that there exists a regulator (o4 )¢, such that for every I € F* there is an
F-stationary set J C I such that:

[3.111) the double sequence (u;j({n}))nen,jes (RD)-converges to 0 with respect

to (at,r)t,'r”

Set now ¢, = 2(a¢,, + ber + aryr), t,7 € N. We prove that the (D)-sequence
(¢t,r)t,r satisfies the thesis of the theorem. Otherwise, proceeding analogously as
in the proof of Lemma B.1] there are an F-stationary set I C N and a function
¢ € NN with the property that

Do)l £\ erpm (3.18)

whenever j € I. In correspondence with I, let J € F* J C I, satisfy B111).
As J is stationary and F is block-respecting, then the filter F(J) is block-
respecting, too. Note that, since F(J) contains F, it is easy to see that the
family (8a,j) acpay,jes, (RDF(J))-converges to 0 and the regulators related
with (DJF(J))-convergence are the same as the ones involving ( D.F)-convergence.

o0
From (@BI8) we get easily that the sequence (Z \uj({n})|) cannot
n=1 J

(DF(J))-converge to 0 with respect to the (D)-sequence (¢t )¢ (see also [1]).
But by Lemma BT applied with F(.J) and the family (54 ;) acpm),je it follows

that (DF(J))lim ) |pu;({n})| = 0 with respect to the regulator (c;,)¢,. Thus
J n=1

we get a contradictiion, and this ends the proof. O

1157



A. BOCCUTO — X. DIMITRIOU — N. PAPANASTASSIOU

A consequence of Theorem [3.1] is the following extension to the context of
(0)-groups of [I0: Lemma 1].
COROLLARY 3.1.1. Let (ajn)jn be any bounded double sequence in R, suppose

that2|a]n|€Rforallj€N and set aqj:= > ajn, A€ P(N), jeN.
neA

If the family (aa, ;) aepvy,jen (RDF)-converges to 0, then
DF)lim ajn| =0
(D)l 3 by

Proof. For every AC N and j € N, set p;(A) :== > a;,. First of all observe
neA

that, by hypothesis, we have that (a;,), € ['(R) for all j € N. We now claim
that

Il 51| (N for every j € N. (3.19)

Indeed, by [23) we get

D lagul = sl ({1, n}) < gl (N)
k=1

for any j, i|I(N) for all j € N.

n=

We now turn to the converse inequality. For every j € N and A C N we get
Z%nSZ%n—Z D e =) () Z%—Z
neA neA n=1 neA neA neA n=1

Note that all the involved quantities belong to R, since (a; ), € I*(R) for all j.
Taking the supremum as A varies in P(N) we obtain:

VAOSCHED SERAVACS SN ED ot

ACN neA n=1 ACN ncA
oo oo oo
I =V (3 asn) + V (= X as) € 3o+ 3o ajn = 3 lasal
ACN ncA ACN neA n=1 n=1 n=1

forall j € N. Thus (319) is proved. From (3.19) and the fact that (a; ), € I*(R)
for all j, arguing analogously as in [9t Proposition 3.3] it follows that the ;s
are o-additive. The assertion follows from this and Theorem Bl O
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COROLLARY 3.1.2. Under the same notations and hypotheses as in Theorem [3.1],
we get that the family

(115(A)) aep (), jen (3.20)

(UF)-converges to 0. Furthermore for every I € F* there exists an F-stationary
set J C I such that

(D) 1131[\/ v(p)({nyn +1,.. })] = 0. (3.21)

jeJ

Proof. First we prove (UJF)-convergence to 0 of the family (1;(A))acpm),jen-
By virtue of Theorem 3.1l and (319)) it follows that

0= (DF)lim > Ini({n})| = (DF) lim |15 |(N) = 0,

n=1

and thus the family in 320) (U F)-converges to 0. Similar conclusions hold even
for the positive and negative variations and for the semivariations of the p;’s.

From this, (3.19), Lemma 23] and equivalence between (OF)- and (D.F)-con-
vergence (see also Theorem [23)) it follows that there exists an F-stationary set
J C N with the property that

0= (0)1im >~ [, ({n})| = (O) lm 1, |(N)

— (D)lim > Iy ({n D)l = (D) L 11| (3.22)

Now, by virtue of ([3.:22), there exists a (D)-sequence (h )¢ such that to every
¢ € NV a positive integer j can be associated, without loss of generality j € .J,
such that

i (A)] < \/ hi o t) (3.23)
t=1

whenever j > j, j € J, and A C N. Moreover, by virtue of o-additivity of the
p;’s, j € N, their equiboundedness and Lemma 2] the (D)-sequence (ay,r)¢,r
in ([33) is such that for all ¢ € N¥ and j € N there is n = n(yp, j) € N with

(A <\ arpy  forall AC{nn+1n+2,..}, ACN (324)
t=1

Fix arbitrarily ¢ € NV, and let j as in (3:23). In correspondence with ¢ and j =
1,...,j — 1, there exist ny,...,n;_; asin B@24). Set n* := max{ny,.. .,njfl},
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we have
oo

i ( 7 forall AcC{n*,n*+1,n*+2,...},
b \,/ el { J (3.25)

ACN, j=1,...,j—1

Moreover, for every j > j, j € J,and A C {n*,n* +1,n*+2,...}, ACN, we
get

1 (A)] <\ Py + \ ey (3.26)
t=1 t=1
Relation (3.21)) follows from (3.20), (8.26) and Lemma 2.3 O

We now give a filter version of the Nikodym convergence theorem derived
from a filter version of the Schur theorem. In [8] some versions of Vitali-Hahn-
Saks and Nikodym theorems were proved with a different technique and with
respect to a special class of ideals, requiring positivity of the involved measures
(see also [2]).

THEOREM 3.2. Let F be a diagonal and block-respecting filter of N, A C P(G)
be a o-algebra, p;j: A — R, j € N, be a sequence of equibounded o-additive
measures. Assume that there exists a o-additive measure pg: A — R, such that
the family p;j(A), A€ A, j € N, (ROF)-converges to ,uO(A) Ae A

Then for each decreasing sequence (Hy,)y, in A with ﬂ H,, =0 and for every
F-stationary set I C N there exists an F-stationary set J C I, such that
ALV velws) ()] =0, (3.27)
n jeJ
where L is the o-algebra generated by the H,’s in Hy.
Proof. Let (H,), be any decreasing sequence in A with (| H, =0, put B,, =

n=1

H,\ Hy41 foralln e N and F = (| H,.

n=1
As pj, 5 =0,1,..., is o-additive, we get
/\ vz (i)( /\\/{yuj : CeLl with CCH,}=0.  (328)
For all A€ P(N) and j =0,1,..., set
A) = ( U Bn). (3.29)
neA

By Proposition 2.5, the measures v; are o-additive. The equiboundedness of the
vj’s and (ROJF)-convergence of the family v;j(A), A € P(N), j € N, to vy(A),
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A € P(N), follow easily from the equiboundedness of the y;’s and (ROF)-con-
vergence of the family p;(A), A€ A, j €N, to uo(A), A € A, respectively.

By applying Theorem Bl and taking into account (2.4)), it follows that for
every F-stationary set I C N there exists an F-stationary set J C I, satisfying

B2D. O

4. The finitely additive case

We now prove a version of the Brooks-Jewett theorem, for finitely additive
set functions, with respect to the filter convergence. We extend [I} Lemma 2.5]
to the finitely additive case and to the context of (¢)-groups.

THEOREM 4.1. Let F be a block-respecting filter of N, and p;: P(N) — R,
j €N, be a sequence of (not necessarily positive) equibounded measures, strongly
bounded with respect to a common regulator. Set (4 ; = Z wni({k}), A e P(N),
7 € N, and suppose that:

i) (D)limp;({k}) =0 for each k € N;
J
ii) the family (Ca,j) acpm),jen, (RDF)-converges to zero.

Then (DF) hjm(Aep( !Z ui({kD]) =0

Proof. Proceeding analogously as in the proof of Lemma Bl by virtue of
Lemma 2.4 and the Fremlin Lemma 2.1 we have the existence of a (D)-sequence
(at,r)t,r related with strong boundedness of the 1;’s, with the property that for
every ¢ € NN and j € N there is a natural number m(j) > j with

\mews@%m, r=1,...,j, (4.1)

keE

whenever E is a finite subset of {m(j)+1,m(j)+2,...}. Taking the (D)-limits,
from (AJ) we get that the integer m(j) is such that

\Z ur({k})‘ < (7 oy T=1, (4.2)

keE

whenever E C {m(j)+1,m(j)+2,...}. Moreover, proceeding as in Lemma [3.1]
we get the existence of a regulator (d, )¢, such that for any positive integer ¢
there exists 7 € N with

Z ki ({R1] < \/ di o (t) (4.3)

k=1

whenever j > j.
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Let (bt )¢,r be a regulator, satisfying the condition ii) of (RDF)-convergence
to 0 of the family (Ca,j) aepv),jen- Set ¢t := 2(as,r + by +dyr), t,7 € N. We
now prove that the (D)-sequence (¢, )¢, satisfies the condition of convergence
in the thesis of the theorem.

Otherwise, there exists ¢ € NN such that the set

I = {jeN VoIS w({kh] < Vth(t)}

AEP(N) k€A

does not belong to F. From this it follows that every element F' of F is not
contained in I*, that is F' has nonempty intersection with N\ I*. This means
that the set N\ I'* is F-stationary. Thus there exist an F-stationary set I C N
and a disjoint sequence (Ay)ses of subsets of N, such that

’ S ek} ‘ £ \/ Coo@  forall sel. (4.4)

keA,

As in Lemma 3] we construct a strictly increasing sequence (np)p in N with
Dy, :=[np—1,np) NI # ) for any h € N.
Let ng := 1. In correspondence with ¢ there is a natural number m(ng) such

that
‘Z m({k})‘ <V a0
keE t=1
whenever E C {m(ng) + 1, m(ng) + 2, . }
By (@3], we can associate to 1,2,...,m(ng) a natural number n; > m(ng),
with
|us({1})| -+ |,us ({m (ng)} | < \/ dy (1) for all s> mng.

Furthermore, in correspondence with n; there is an m(ny) € N, m(ny) > nq,

with
‘ZMT({k})’ < \/at,w(t), r=1,...,n
t=1

keE

whenever E C {m(n1)+1,m(n1)+2,...}, and there exists an integer ns > m(nq)
with

|us({1})| -+ |,us ({m (n1)} | < \/ di,o(t) for all s> no.

Moreover, [1 = ng,n1) NI # 0 and [n1,ne) NI # (. By induction, it is possible
to determine two strictly increasing sequences (np ), and (m(np)), in N with

1=mng<m(ng) <ni <mng) <ng <...; [nh—1,np) NI #0
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for all h € N;

]Z ur({k})‘ < §7 oy T=1,....m (4.5)

keE

whenever E C {m(ns) +1,m(ny) +2,... };
s ({11 + - + s ({m(nn)}) | < \/ di (1) forall s>npy1.  (4.6)

Since the filter F is block-respecting, there is a set J := {j1,J2,...} € F*,
J C I, with n, < jp < np41 for any h. Of course, since J € F*, then either
J1 = {J1,73,7J5,-.- } or Jo := {j2,44,J6,-.. } belongs to F*. Without loss of
generality, we can suppose that J; € F*.

For every h, set g, := m(nap). Since ny < jp < npy1, we have jop_1 < nop,.
So, by ([&H]) used with 2h and r = jop_1, we get

’Z uj2h71({k})’ < ? Qt o (t) (4.7)

keE

whenever £ C {qn +1,qn +2,...}.
From (4.0) used with 2(h — 1), we obtain

s ({11)] + - + |s (ar-1)}) | < \/ di oy  foreach s>mngp_1. (4.8)
As jop—1 > nop—1, from [@8) we get

g2 {ID] -+ oo ({an-a D] <V deo. (4.9)

Set now T}, Z:A]‘2h 1m{qh 1+1 ~-7Qh} A= U Th, Wh :—Aﬁ{qh 1+1

..yqn}, h € N. As the A’s are disjoint, then Th = Wh for every h. Moreover
we get:

Z /.Lth_l({k'}) = Z /1']'2h—1({k})+:uj2h—1(Th)+ Z :u]éh—l({k})

keAJZh 1 keAth_lﬁ{lﬂ”-:q}z—l} kEAthil,k'th—}—l
(4.10)
and
Zuhh—l({k}) = Z Hjan_1 {k})+ﬂj2h 1 Th Z Mo 1 {k} (411)
keA keAN{1,....qn—1} keAk>qn+1
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From (7)) we obtain:

Z “j2h71<{k})‘ < \/ At p(t)s (4.12)

kEAj,, . k>aqn+1

St (08D)] € V a0

k€A k>qn+1
From (£9) we get:

‘ Z o ({K}) ‘ \/dt o(t) (4.13)

keAJéh—lﬁ{l ..... qh— 1}

5 i ()] 2 V oo,

keAm{17"'7qh—l}

From (@I0), (£11)), (£12) and (£I3]) we have:
| S s ED = D g (D) <2 \/ Qo) +2 \/ dupy.  (414)

k€Aj,, | keA

From (£4)) and ([£I4) it follows that
’ZMJ% 1 {k} ‘ ﬁ 2 \/ bt ,p(t)
keA

for all h € N. So, {z eN: | Y m{k})| 22V bw(t)} € F*. Moreover, the
keA t=1

sets

{l eN: ’k%;;'ul({k})‘ < QtYIbt#,(t)} c F

and -
{1eN: |2 m(kD][ 22 V big |
keA t=1
have nonempty intersection. This is absurd and finishes the proof. O

Analogously as in Theorem [3.1]it is possible to prove the following

THEOREM 4.2. Let F be a diagonal and block-respecting filter of N,
i P(N) = R, j € N, be a sequence of strongly bounded and equibounded set
functions, and set Caj = > pj({k}), A€ P(N), jeN.

keA

If the family (Ca,j) acpm),jen (RDF)-converges to 0, then

(DF) hm( ‘Zuj (k) D —0.

AeP(N) keA
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We now prove the following filter version of the Vitali-Hahn-Saks theorem in
the finitely additive setting.

THEOREM 4.3. Let F, A be as in TheoremB.2, A: A — [0, 4+00] be a finitely ad-
ditive measure, p;: A — R, j € N, be a sequence of finitely additive, equibounded
and A-absolutely continuous measures. Suppose that there exists a finitely ad-
ditive and A\-absolutely continuous measure puo: A — R, such that the family
pi(A), Ae A, j €N, (ROF)-converges to uo(A), A€ A.

Then for each decreasing sequence (Hy)n in A with lirrln ANHy) = 0 and for

every F-stationary set I C N there exists an F-stationary set J C I, such that

/\[\/ vc(uj)(Hn)} =0, (4.15)

n jeJ

where L is the o-algebra generated by the H,’s in Hy.
Proof. Let (H,), be any decreasing sequence in A with lim A\(H,,) = 0, set
n

B, = H,\ Hy41 for every n € N, and let F = (| H,.
n=1

Let j =0,1,2,... Since p; is A-absolutely continuous, then we get (3.28). For
all Ae P(N)and j =0,1,2,... let v;(A) be as in (3.29)). By Proposition 2.5 the
v;’s are o-additive. The equiboundedness of the v;’s and (ROF)-convergence of
the family v;(A), A € P(N), j € N, to 1p(A), A € P(N), are easy consequences
of equiboundedness of the p;’s and (ROJF)-convergence of the family p;(A),
Ae A, jeN, toug(A), A€ A, respectively.

By Theorem B and (2Z4)), it follows that for every F-stationary set I C N
there exists an F-stationary set J C I, satisfying (Z.15]). d

Open problem. Find versions of limit theorems for measures with respect to
filter convergence, in which the limit measure is not necessarily requested to be
o-additive or strongly bounded.
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