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ABSTRACT. Some aspects of the theory of order and (D)-convergence in
(€)-groups with respect to ideals are investigated. Moreover some new Basic
Matrix Theorems are proved.
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1. Introduction

The classical Basic Matrix Theorem of Antosik-Mikusiniski-Swartz (see [2])
was extended by P. Antosik and C. Swartz to the context of Riesz spaces (see
[3]), where the so-called “(x)-convergence” is used, and was further generalized
by A. Aizpuru et al. (see [I]) in the case of statistical convergence, introduced
in 1951 independently by H. Steinhaus and H. Fast (see [13]). Further recent
studies about measures and integrals in the context of (¢)-groups and Riesz
spaces can be found, for example, in [7} 8, 9].

In general, the nature of (x)-convergence is topological. However, there are
Riesz spaces, that can be viewed as metrizable groups (with respect to a suit-
able topology), but such that order convergence is not generated by any topol-
ogy: for example, L°(X, B, i), where u is a o-additive and o-finite non-atomic
positive R-valued measure. Indeed, these spaces can be metrized in order to
obtain convergence in measure, though order convergence (which coincides with
(D)-convergence) means almost everywhere convergence and is not topological.
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limit theorem.
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Here, we extend the notion of order and (D)-convergence involving ideals
introduced in [5] to the setting of (¢)-groups, and in particular we consider a
class of ideals endowed with suitable properties. We study properties of these
convergences, dealing in particular with double sequences, and prove a version
of the Basic Matrix Theorem for (¢)-group-valued double sequences and with
respect to suitable ideals. Furthermore, we show that our hypotheses, even in
the real case, cannot be in general weakened, giving some counterexamples.

2. Preliminaries

DEFINITIONS 2.1. An Abelian group (R, +) is called (¢)-group if it is a lattice
and the following implication holds:

[a<b]=la+c<b+(]
for all a,b,c € R. We denote by the symbols V and A the supremum and the
infimum in R respectively.
An (¢)-group R is said to be Dedekind complete if every nonempty subset of
R, bounded from above, has supremum in R. A Dedekind complete (¢)-group

is said to be super Dedekind complete if every subset Ry C R, Ry # () bounded
from above contains a countable subset having the same supremum as Rj.

Let R be an (¢)-group. Given an element z € R, we call absolute value of
the element |z| defined by setting |z| := 2V (—z). We say that a sequence (py,)n
of positive elements of R is an (O)-sequence if it is decreasing and A p, = 0.

n
A sequence (x,), in R is said to be order-convergent (or (O)-convergent) to
x € R if there exists an (O)-sequence (p,), in R with |z, — x| < p, for all
n € N, and in this case we will write (O)limz,, = z. If A is any nonempty set,
n

{(an)n WS A} is a family of sequences in R and x) € R for all A € A, we
say that (O)limz, \ = xx uniformly with respect to A € A if there exists an

(O)-sequence (¢n)n in R with |2, x» — 2| < @, for all n € N and A € A. We
say that the sequence (z,),, is (O)-Cauchy if (O)lim(z,, — 254,) = 0 uniformly
with respect to p € N. !
A bounded double sequence (at,;):; in R is called (D)-sequence or regulator if
for all t,l € N we have a;; > a¢ 41 and A ay; = 0 forall t € N. A sequence (z,,),
1

in R is said to be (D)-convergent to x € R (and we write (D) lim x,, = x) if there
n
exists a (D)-sequence (a¢ )y, in R, such that to every ¢ € NV there corresponds

o0
no € N such that |z, — x| < \/ a4 foralln € N, n > ng. If z, \ and z3,
t=1
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n € N, X € A, are as above, we say that (D) limz, x = z uniformly with respect
n

to A € A if there exists a (D)-sequence (a;;)¢; in R, such that for any ¢ € NV
oo

there exists ng € N such that [z, x —2x| < V a4, for alln € N, n > ng and
1

X € A. The sequence (zy,), is said to be (D)-Cauchy if (D) lim(x,, — 2y4p,) =0
uniformly with respect to p € N. !

We say that an (¢)-group is (O)-complete if every (O)-Cauchy sequence is
(O)-convergent, and (D)-complete if every (D)-Cauchy sequence is (D)-converg-
ent. We recall that every Dedekind complete (£)-group is (O)-complete and
(D)-complete (see also [10, Chapter 2]).

An (¢)-group R is said to be weakly o-distributive if for every (D)-sequence
(at,1)t, we have:

A (i} aw(t)) =0

peNN t=1

In general, the limit of a sequence (with respect to (D)-convergence) is not
unique. However, (O)-convergence of sequences implies always (D)-convergence;
moreover, if R is weakly o-distributive, then a sequence is (D)-convergent if and
only if it is (O)-convergent, and in this case the limit is unique.

We now denote by I'(R) the set of all sequences of the type (x;);, with z; € R

for all j € N and such that \/(Z |z \) € R. As R is complete, if (x;); belongs
j=

to I1(R), then S := (0O) lim Z z; exists in R. For every element (z;); in I'(R),
=1

we shall also write S = (O )hm Z xrj; = Z xj, and say that S is the sum of the
Jj=1
sequence (x;);. Slmllarly as in the classical case, it is easy to check that, if the

sum of a series Z x; exists in R, then (D)limz; = 0.
i=1 J

The following well-known result will be useful in the sequel (see [10]).

LEMMA 2.2. Let R be a Dedekind complete (£)-group (not necessarily weakly
o-distributive), (ag))m, n € N, be a sequence of regulators in R. Then for
every u € R, u > 0 there exists a (D)-sequence (at,1):,; in R such that:

[Z<\/ C‘E@(Hn))} <V arpw
t=1

n=1 t=1

for all ¢ € NN,
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DEFINITION 2.3. Let X be any nonempty set. A family of sets Z C P(X) is
called an ideal of X if AU B € Z whenever A, B € 7 and for each A € 7 and
B C A we get B €Z. An ideal is said to be non-trivial if Z # () and X ¢ Z. A
non-trivial ideal Z is said to be admissible if it contains all singletons.

An admissible ideal Z is said to be a P-ideal if for any sequence (A4;); in T
there are sets B; C X, j € N, such that the symmetric difference A;AB; is

finite for all j € N and |J B; € T (see also [13]).

Jj=1
Let X =N, and for every A C N and j € N set
f(AN{1,...,7
d;(A) = ( {j })’

where f means the cardinality of the set in brackets. The limit d(A) :=limd;(A)
j
is called the (asymptotic) density of A. It is known that the ideal

Zs:={ACN: d(A) =0}

is a P-ideal, as well as the ideal Zg, of all finite subsets of N, while there are
also other examples of P-ideals, known in the literature (see for example [13]).

Remark 2.4. It is also known (see [11]) that, if X = N2, then every P-ideal Z
is such that for every sequence (A;); in Z there is a sequence (B;); such that
for all j € N the set A;AB; is included in a finite union of rows and columns in

N? and B= |J B, €T.
j=1

Now, given a fized admissible ideal Z, together with its dual filter
F=FZ):={X\I: IeT1},

we introduce the order and the (D)-convergence related with it.

When we deal with an ideal Z, we always suppose that 7 is admissible, without
saying it explicitly.

An ideal 7 is said to be mazximal if its dual filter F is an ultrafilter.

If 7 is an ideal of N, we say that a sequence (z,), in R (OZ)-converges to
x € R if there exists an (O)-sequence (0,), with the property that

{neN: |z, —2|<0,} €F (1)

for all p € N; (z,), is said to be (OI)-Cauchy if there is an (O)-sequence (o),
such that for each p € N there is m € N with

{neN: |z, —an| <oy} € F.
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Similarly, if Z is an ideal of N?, a double sequence (z; ;); ; in R is (OZ)-con-
vergent to £ € R if there is an (O)-sequence (0,), with the property that

{(.5) N+ |oij — €| <o} € F
for all p € N; (5 ;)45 is said to be (OZ)-Cauchy if there is an (O)-sequence (o),
such that to every p € N there corresponds (m,n) € N with
{(,§) eN*: |wij —&mun| < 0p} €F.
Note that condition (I]) is equivalent to say
UeF neU UeF neU

Analogously we can formulate the concept of (D)-convergence with respect to
an ideal.

A sequence (x,,), in R (DI)-converges to x € R if there exists a (D)-sequence
(at,1)¢, with the property that

{nE N: |z, —z| <V aw(t)} eF
t=1

for all o € NN; (z,),, is called (DZI)-Cauchy if there exists a regulator (as ;)
such that for every ¢ € NY there is m € N with

{nGN: [Ty — | <V at,w(t)} SN
t=1

Similarly, a double sequence (z; ;); ; in R is (DZ)-convergent to { € R if there
is a regulator (at,;)¢,; such that

{6 e oy —dl< Vo f e F

for any ¢ € NY; (z; ;);; is said to be (DI)-Cauchy if there exists a regulator
(at.1)e, such that to every ¢ € NY there corresponds a pair (m,n) € N? with

{0 €N s oy~ ol € V oo } € F.
t=

If A is any arbitrary nonempty set, we can formulate the concepts of (DZ)-con-
vergence and (DZ)-Cauchy uniformly with respect to A € A as follows (this will
be useful in the sequel).

We say that {(zp)n : A € A} in R (DI)-converges to xx € R uniformly
with respect to A € A if there is a (D)-sequence (a¢ )¢, such that

{n eN: V|jzpa—aa| <V at,go(t)} €F
AEA t=1
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for any ¢ € N, {(xm)\)n WS A} is said to be (DZI)-Cauchy uniformly with
respect to A € A if there is a regulator (a;;);; such that for all ¢ € NV there
exists a positive integer m with

{nGN: \/ ‘%n’)\—$m7>\
AEA

< \/ at,go(t)} e F.
t=1
We now state the following result.

PROPOSITION 2.5. Every (OI)-convergent ((OI)-Cauchy) (double) sequence is
(DZI)-convergent to the same limit ((DI)-Cauchy). Moreover, if R is a super
Dedekind complete and weakly o-distributive (£)-group, then the converse impli-
cation holds, too.

Proof. Without loss of generality, we prove the proposition only for the case of
single sequences (x,), and order convergence, since the cases involving double
sequences and/or the Cauchy properties are analogous.

We begin with the first part. Let (0,), be an (O)-sequence, satisfying the
definition of (OZ)-convergence of (zy,), to the element x € R, and for all ¢,/ € N
set a;; := 0. Fix arbitrarily ¢ € NN and let ng := min{gp(n) i n € N}. We

get:
o0 o0
Ong < \/ Tp(n) = \/ At (L) -
n=1 t=1

Hence, taking into account the (OZ)-convergence, we obtain
FI)>{neN: |z, —z|<oy} C {n eEN: |z, —z| < tv1at’¢(t)}’
and therefore )
Ap={neN: |z, | < 5_71 G } € F(T). 2)

Thus the first implication is proved.

We now turn to the second part. We know the existence of a (D)-sequence
(at,1)e,1, satisfying ([2]). Thanks to super Dedekind completeness and weak o-dis-
tributivity of R, by [, Theorem 3.1] there exists an (O)-sequence (o,), in R

oo
such that to every p € N there corresponds ¢, € NY with \/ Qg o, (1) < Op. For
t=1

each p € N, set F), := {n eN: |z, —z| < ap}. For every p € N, we get
F, D A,,, and hence F), € F(Z). This concludes the proof. O

From now on, we always suppose that R is a super Dedekind complete weakly
o-distributive (¢)-group. Examples of such spaces are RY and L°(X, B, ) with
p positive, o-additive and o-finite (see also [10]). So, in our setting (OZ)- and
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(DZI)-convergence coincide. If R = R, instead of (OZ) and (DZ) we will write
simply (Z).
Moreover, let us define

ZIJ: (01) hmZ:vj = (DI) hmZ:vj
j=1

PROPOSITION 2.6. Let T be any fized admissible ideal of N. If (D) limz,, = x,

then (DZ)lim z,, = x. Similar results hold for double sequences (x; ;)i ;.
n
Moreover, if (x,,)n is an increasing sequence in R and x € R, then (DZ) lim x,,
n

=z if and only if (D)limx, = x.

Proof. The first part is straightforward.

We now turn to the final part. It is enough to prove the “only if” implication.
By hypothesis there is a (D)-sequence (at;)s,; such that for every ¢ € N¥ an
integer n* € N can be found, with

oo
0<z -z, < \/ Ay p(t)-
t=1

By monotonicity we get:

0<z—2, <2 -2y < \/aw(t)
t=1
for any n > n*. So the sequence (x,), (D)-converges monotonically to z,
according to the usual concept of (D)-convergence. This concludes the proof. [

o0
Observe that an easy consequence of Proposition is that, if a series ) x;
j=1

o0
is of positive terms in R and S is its sum, then (Z) ) z; = S (and vice-versa).
j=1
We now introduce another kind of convergence in the context of ideals.

DEFINITION 2.7. We say that a sequence (), in R (OZ*)-[(DZ*)]-converges
to x € R if there exists A € F(Z) with

(O)limz, == [(D) limz,, = m}
n—-+o0o n—-+o0o
neA neA

The following result, which will be useful in the sequel, extends the corre-
sponding one given in [13].
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PROPOSITION 2.8. Let (z,,)n be a sequence in R, (OZ)-convergent to x € R. If
T is a P-ideal, then (z,), (OL*)-converges to x.

Proof. Let Z be a P-ideal, and (0,), be an (O)-sequence existing by virtue of
(OT)-convergence, as in (). For each p € N, set A, :=={n € N: |z, —z| £ 0, }:
then A, € 7 for all p. Since Z is a P-ideal, there exists a sequence of sets (Bp),
such that the symmetric difference A,ADB, is a finite set for any p € N and

oo
B:=J B,€eZ.
p=1
So, in order to prove the proposition, it is enough to check that
(0)limz,, = . (3)
n—-+o0o
neN\B

Let p € N. Since A,ADB, is a finite set, there is n, € N, without loss of
generality with n, € N\ B, n, > p, such that

(N\B,)N{neN: n>n,}=(N\A4,)N{neN: n>ny,}. (4)

If n e N\ B and n > nyp, then n ¢ B, and, by @), n ¢ A,. Thus |z, —z| < 7).

Thus we have proved that for all p € N there is n, € N\ B, n, > p, such that
|z, — 2| < o, for each n > n,: without loss of generality, we can suppose that
Np+1 > np for every p € N Let ng = 0, and for each n € N\ B set b, := o,
where p = p(n) is the unique natural number such that n,_; +1 <n <n,. We
get that (b,,), is an (O)-sequence and |z, — x| < b, for all n € N\ B, and so (3]
is proved. This concludes the proof. (]

A consequence of Proposition 2.8 is the following:

PROPOSITION 2.9. Under the same hypotheses as in Proposition 28], let T be a
P-ideal and (), be a sequence in R, such that (DI)limz, =z € R.
n

Then there exists a subsequence (Tn,)q Of (Tn)n, such that (D)limz,, = .
a

Remark 2.10. Proposition 2.8 holds even if we consider a double sequence
(w; ;)i,; instead of a sequence (x),. Indeed the proof, considering ideals of N?
rather than of N, is substantially analogous to the one of Proposition 28 with
the only difference that, instead of formula (), using Remark [Z4] one considers
the fact that, since A,AB,, p € N, is included in a finite union of rows and
columns in N2, there is n,, € N, without loss of generality with (n,,n,) € N?\ B,
np > p, such that

(N*\B,)Nn{(m,n) eN*: m,n>n,} = (N*\4,)N{(m,n) e N*: m,n>n,}
(see also [I1, Theorem 3]).
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The following proposition holds for any admissible ideal and extends [13]
Proposition 3.2]. For the sake of simplicity, we prove it in the case of single
sequences and ideals of N.

PROPOSITION 2.11. Suppose that (DZ*)limx,, = x. Then (DI)limz, = z.

Proof. By hypothesis, there is A € Z such that for M := N\ A, M =: {m; <
e <mp, < ...} we get

(D)limz,,, =« (5)
h— o0

with respect to a suitable regulator (a;;);;. Fix arbitrarily ¢ € NY. Then by
() there exists hg € N with

o0

|[Zm,, — x| < \/ A, p(t)
t=1

whenever h > hg. Thus the set
A, = {n eEN:|z, —z[ LV atW(t)} C AU {ml,...,mhoq} S
t=1
since Z is admissible. Thus A, € Z. This concludes the proof. O

We now give the following:

PROPOSITION 2.12. Let (z;;)i,; be a bounded double sequence in R, T be any
P-ideal, F = F(ZI) be its dual filter, and let us suppose that (DI)limx, ; = x;
for every j € N. '

Then there exists By € F such that

for all j € N and with respect to a same (D)-sequence (cs1),-

Proof. By hypotheses and Propositions 23] 2.8 we get that (DZ*)limz; ; = x;

for all j € N. This means that there exists a sequence (A;); in the dual filter F,
such that (D)lima; ; = x; for all j € N. As 7 is a P-ideal, there is a sequence of

i€EA;
sets (Bj); in F, such that A;AB; is finite for all j € N and By := () B; € F.
j=1
Thus, since (D)limz; ; = z; for all j € N, we get also (D)limz;; = x; for
i€EA; i€B;

every j.
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So for each j € N a regulator (aijl))t’l can be found, with the property that
to every ¢ € NN there exists i € B; such that

i — 25l <\ el (6)
t=1

for all i € Bj, i > i. Let u := \/|z;;|. By virtue of the Fremlin Lemma [Z2]
]
there exists a regulator (ay,;):,; with the property that

wn [ (Volen)] = Ve ®
j=1 Vt=1 t=1
for all ¢ € NN, By (@) and (7)), the regulator (ay,;)s,; is such that for every j € N
and ¢ € N there is i € B; with

i g — 251 <\ e (8)

t=1

for every i € Bj, i > i. Let By = {p1 < --- <pp < ...} and choose arbitrarily
j € N: then, since By C Bj, from (§) it follows that in correspondence with
every ¢ € NN an integer h = h(j, ) can be found, with

[ee]

pn s — 251 <\ )
t=1

whenever h > h. This concludes the proof. O
We now prove a Cauchy-type condition, which extends [I4, Theorem 5.1],
given in the case R = R, and will be useful in the sequel. We formulate it in the

context of double sequences and ideals of N?: an analogous result holds, if we
deal with ordinary sequences and ideals of N. We begin with the following:

PROPOSITION 2.13. Let T be any admissible ideal of N>. A double sequence
(xi,5)i,5 is (DI)-convergent if and only if it is (DZI)-Cauchy.

Proof. We begin with the “if” part. Let (z;;);; be a (DI)-Cauchy double
sequence. Then, by Proposition Z5] (x; )i, is (OI)-Cauchy. Let (gp), be
an (O)-sequence, related with the (OZ)-Cauchy condition. So there exist two
sequences (mp)p, (np)p in N with

{(i,5) €N+ Jwgj — @, n,| < ep} € F(T) (9)
for any p € N. Let now p,q € N, p # ¢q. Since F(Z) is a filter in N2, we get
{(Z,]) S N2 : |l‘i,j _Imp,np‘ S ap}ﬂ{(i,j) S N2 : ‘xi,j _xmq,nq| S €q} S ]:(I)
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Thus for every pair (p, ¢) € N? with p # g there is (i, 4, jp.q) € N? with T4y g g —
Tyon,| < €pand [T, = Tmyn,| < ¢, 80 that [T, ) — Ty n,| < &p + €4
As (gp)p is an (O)-sequence, then (x5, )p is an (O)-Cauchy sequence (in the
classical sense). Since every Dedekind complete (¢)-group is (O)-complete (see
[10]), there exists an element £ € R with £ = (O) liII)n Tm,.n,- Thanks to (@) and

the main properties of filters, for every p € N we get:

{(,) eN?: oy — €] < 26}
> {(Zv]) eN?: |zi,5 — xmp,np‘ + |xmp,np —¢| < 2510}
O {(5,5) €Nt |z, m, — € < ep}
N{(i,j) €N’ |zij — Ty, | < ep} € F(I).
This concludes the proof of the “if” part.
We now turn to the “only if” part. Since, by hypothesis, (z; ;)i ; is (DZ)-con-

vergent to an element & € R, there is a regulator (as;);; with the property
that

A= {(,) €N’ Jiy — €] < v Qg } € F(T)

for every ¢ € NN, Fixed arbitrarily such a function ¢, there exist positive
integers m, n such that

Ixm,n - fl < \/ At p(t)-

t=1
Let now (i,j) € Ay,: then

oo
|55 = Tmn| < |20 = €+ [Emn — €] <2\ ar o0
t=1

Hence
B, = {(i,j) EN?: |25 — Tmm| <2 Vlat,w(t)} > Ay,
t=

and thus B, € F(Z). The assertion follows by arbitrariness of ¢ € NY. This
concludes the proof. O

Analogously as Proposition [2.13] it is possible to prove the following:

PROPOSITION 2.14. IfZ is an admissible ideal of N, then a sequence (xy,), in
R is (DZI)-convergent if and only if it is (DZI)-Cauchy. Moreover, if A is any
abstract nonempty set, then a family {(zn\)n : X € A} is (DI)-convergent
uniformly with respect to A € A if and only if it is (DZ)-Cauchy uniformly with
respect to A € A.
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The following lemma deals with interchange of limits with respect to
(DZ)-convergence and holds without assuming necessarily that the involved ideal
is a P-ideal (for the classical version in the real setting, see [12, Lemma 1.7.6]).

LEMMA 2.15. Let (z;;)i; be a bounded double sequence of R, T be any ad-
massible ideal in N, F be its dual filter and K be any fixed element of F. Set
I xTI:={DyxDy: Dy,Dy €T}. Suppose that

(i) (DZI)limz; ; = y; exists in R for all j € N.
(i) (DZ)lim[sup |z;; — x|] = 0.
J ieK
Then the following results hold with respect to a same (D)-sequence (by)t .
(iii) In R, there exists the limit a := (DZ)lim y;.
j
(iv) In R, there exists b := (DZI)limz;.
(v) There exist an ideal J C P(N x N) and ¢ € R such that T x T C J and
(DIJ)lima; ; = c.
17]
(vi) There exists in R d := (DZ)limz; ;.
(vil) We get: a=b=c=d.
Proof. First of all note that by (i), arguing analogously as in the proof of

Proposition 2212 thanks to boundedness of the given sequence and Lemma
there exists a regulator (at;):; such that to every ¢ € NY and j € N there

oo
corresponds D; € T with the property that |z;; —y;| < \ a¢,¢) whenever
t=1
i¢D;.
By (ii), without loss of generality, the regulator (a;;):; can be chosen in such
a way that for every ¢ € NN there exists D € Z such that

i — il < \/ e (10)
t=1

forall j ¢ D andi€ K.
We now prove (v). Let jo := min(N '\ D). Then by (I0) we have:

o0
i g0 — il <\ arp (11)
t=1

for all i € K. By (I0) and (II) we get that

o0
|Ti5 — i 4] <2 \/ Ay, (1) j¢D, i€ K. (12)
t=1
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By (i) we have the existence of the limit (DZ)limz; j, = y;, and so there is
Dj, € 1 such that

|xi’]‘0 - yj0| < \/ Qt,o(t) i ¢ Dj,, i€ K. (13)
t=1

Let ip := min(N \ Dj,). Then by ([I3]) we get:

0o
’xioyjo - yjo' < \/ At,p(t)- (14)
t=1

By ([I3) and ([I4]) we obtain:

oo
|-Ti,j0 - xio7jo| <2 \/ Ot,0(t) i ¢ Djoﬂ e K. (15)
t=1

By (I2) and (I5]) we get that

|xi’j - xi07j0| <4 \/ At p(t) { ¢ Djo? i€ K’ J ¢ D. (16)
t=1

Let now i" ¢ Dj,, i € K, j' ¢ D. Then by (I8) we have:

o0
ig g0 — xir 1| <4\ arp0)- (17)
t=1

Let S:= (D, UN\ K)) x D e Z xZ and

k
j::{U(ASxBS): Ay Bs€T, s=1,....k; keN}.

s=1

Then J is an admissible ideal in N x N and S € J. By (7)) we obtain that

@i, — @ir j1| <8 \/ At (t) (18)
t=1

for all (z,7), (¢, j') ¢ S, and by (I8) the double sequence (z; ;); ; is (DJ)-Cauchy.
By virtue of Proposition [ZI3] it follows that the limit

c:=(DJ) l%r]n T

exists in R. Thus (v) is proved.
(vi) With the same notations as in the proof of (v), if i, ' ¢ D;y UDU(N\K) €
Z, then from (I6]) and ([I7) it follows that

o0
(w50 = i) <8\ arpp)-
t=1
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Thus the sequence (x;;); is (DZ)-Cauchy, and hence the limit (DZ) lim z; ; exists
in R and is equal to c. Z

We now prove (iii). By (v) there exists a (D)-sequence (o ;)¢ such that to
any ¢ € NY there corresponds S € J with the property that

|zi; —c| < \/ Qt, (1) (19)
t=1
ko
for all (i,5) ¢ S. But S = |J (As x Bs), where kg € N and A, B, € 7 for all
s=1
s=1,...,ky. Moreover, by (i), for every j € N we have the existence of D; € 7
with -
wig =il <\ arp (20)
t=1

k k

for all i ¢ D;. So, for each i ¢ (Lj A)UD; eTand j ¢ (Lj Bs) € 7, by (T9)
s=1 s=1

and ([20) we get:

o0 o0
ly; — o < laig =yl + iy — ]l <\ arpwy + V @) (21)
t=1 t=1

By ([21)), thanks to weak o-distributivity of R, we get that the element a as in
(iii) exists in R and a = c.

(iv) Similarly as in (iii).

(vii) It is an obvious consequence of (iii), (iv), (v) and (vi). O

3. The basic matrix theorem

We now turn to the main result.

THEOREM 3.1. Let (z;;)i; be a bounded double sequence in R, and T be a
P-ideal of N. Suppose that:

(i) (DI) lign x;; =: x; exists in R for all j € N;
(ii) (DI) lijm x; ;=0 for all i € N;

(iii) there exists a regulator (di;)i; such that for every infinite subset B C N
there is an infinite subset C' C B such that the sequence

((I) > I”)z

jeC

(D)-converges (with respect to the same requlator (di)e).
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Then the following hold:
(I) There exists K € F = F(I) such that (DI)lim[ \/ |a;; —x;|] =0.
T JGK
(I1) (DI)lim; = 0.

(IN) If J C P(N?) is the ideal of N? generated by the finite unions of the
Cartesian products of the elements of Z, then (DJ)limz; ; = 0.
’L’J

(V) There is A€ F = F(I) with (DI)lim[ \/ |z;|] =0.
J €A

Proof.

(I) First of all note that, by virtue of (ii) and Proposition 2212 a set K € F
can be found, with

j—+oo
jEK

for all i € N, with respect to a same regulator (5;;)¢ .

Let by = 28,4, t,1 € N. From (22)) it follows that for any ¢ € N¥ and i,k € N
there is s = s(i, k) € K with the property that

2ig = wh5] <\ brpe) (23)
t=1

forall j > s, j € K. Let u := \/|z;;|. By virtue of the Fremlin Lemma [22]
1,J
there exists a regulator (bj;);; with the property that

(20) A [i(? o) | < ?b:,wm (24)

q=1

for all ¢ € NN, Moreover, by (i) and Proposition ZL12 again, we get the existence
of a set A € F such that

(D) limxm- =Ty
i—+o00
icA
for all j € N and with respect to a same (D)-sequence (o )¢,
Let A={q1 <--- < ¢ <...}: for the sake of simplicity, put ¢; = i for all 7.

Again by Lemma [Z2] proceeding analogously as above, taking into account
boundedness of the double sequence (; ;); ;, a regulator (a;;):; can be found,

899



A. BOCCUTO — X. DIMITRIOU — N. PAPANASTASSIOU

such that for every ¢ € NY and s € N there is p € N with

Z i — 25 < \/ a (1) (25)
t=1

jEK
j=1

for all ¢ > p.

Let now at; = 2a;,, t,l € N. For all ¢ € NN and s € N there is p = p(s) € N
with the property that

Z |Ti; — xp ] < \/ Ot () (26)
t=1

jeK
j=1

for all i,h > p. Let (di ;)¢ be as in (iii) and set
di=2dsy, ceq:=2(ag;+ by, +dy ), t,l € N.
Let K be as in ([22): we will prove that
(D) lim[ \/ lzij x]” = 0. (27)
ieA Ly
This, thanks to Proposition 211} is enough to prove (I).

Before proving (Z1)), we claim that for every ¢ € NN there exists i € A such
that the set

{ked: V oy —ousl 2 Voo | (28)

JEK t=1
is finite. Otherwise, there is ¢ € N with the property that for every i € A there
exist k = k(i) € A, k> i and j € K with

i — 2kl %\ crp- (29)

t=1

Choose arbitrarily i1 € A: in correspondence with i1 there exist k; = k(i1) € A,
k1 > 11 and jl € K with

iy = Traga | %V Crpn)- (30)
t=1

Let s1 := s(i1,k1) € K be as in ([23]): without loss of generality, we can choose
s1 > j1. We get

[ee]

|Tiy,j — Thy 5| < \/ be,p(t+1)
t=1
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whenever j > s1, j € K. Let p; := p(s1) be as in (26). We obtain

S1

Z [Zpj — T4l < \/ At (t) (31)

jEK j=1 t=1

for all p,q > p;.

Let now i, € A, with is > p;. Without loss of generality, we can choose
io € {k(i) : i € N}. In correspondence with iy there are ko = k(iz) € A,
ko > i, and jo € K such that

‘xi27j2 - xkz’]él ﬁ \/ Ct,p(t)- (32)

t=1

Note that, by construction, jo > s1. Let sy := s(iz,k2) € K be as in (23):
without loss of generality, we can choose sy > jo. We get

[ee]

@iy 5 — Tk |V i — Tha | <\ Bper2)
t=1

whenever j > so, j € K.

Proceeding by induction, we get the existence of four strictly increasing se-
quences: (i,), and (k). in A; (j.), and (s,), in K, with the properties that
i < kp <dpy1, jr < 8y < jpy1 forall r € N; i, € {k(z) D 1€ N} for any r > 2,
and:

Sr—1

o0
) 2 i — 2k, 5l <V e
JjeEK t=1
=1

o0
i) i, — Ty g | £ \/1 Ctop(t)
t=

oo
D) N%i Gen = Thygranl <V bt,o(t4+n) for all 7 > 2 and h € N.
t=1

By virtue of (iii), in correspondence with B := {j, : r > 2} there exist an
infinite set C' C B and a natural number ng such that

@)Y (@i —2x,5)| <V dip (33)
t=1
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for all » > ng. From j), jj), jjj), if s > r > ng and j, € C, then we get:

iy jr = Thpgi| < ‘ > (@i — k) ‘

jec

je{j1,~~~7js}

D D R R e S R T (34)
JjeC jec

J€{ijr,--dr-1} J€{Jrt1,--0s}

o0 S oo
< ‘ > (@i — T y) ‘ + V@ + Z( V bt,w(t+h))-

jec t=1 h=1 t=1

J€L 1 nrds)

By passing to the (OZ)-limit as s tends to +o0 in ([34)), and taking into account
Proposition 2.6l we obtain

@i, g = Thepje | < ‘(I) > (@i, — xkr,j)‘

jeC

Vs + V(X (Vinsrn))
= s=1 “h=1 t=1
\/ dt ,p(t) + \/ at,gp(t) + \/ (Z( \/ bt,tp(t+h))>7
=1 s=1 “h=1 t=1

IN

IN

that is

@i g — Tk | \/ d (1) \/ o < \/ <Z< V bw(tm)))- (35)
s=1 = t=1

We have also

o0
i g — Thoroin \/ dy wo(t) — \/ Ot,0(t)
t=1

<@g, = @] < QU (36)
From (24)), (35)) and (36) it follows that
|Zir g, — Tk | \/ dy (1) (Z‘lt,w(t) < izbz,tp(t)’ (37)
t= t=
and finally, if » > ng and j, € C , then we have:
@i, g, — Thep | < \/ldt o(t) T \/lat,w(t) + i.zb;tp(t) < (ZCt,w(t)' (38)
t t= =

So (B8) holds for infinitely many indexes r. This contradicts (29) and proves the

claim (28).

902



BASIC MATRIX THEOREMS FOR Z-CONVERGENCE IN (£)-GROUPS

We now prove (27). From (28)) it follows that the family {(z;;)ica: j € K}
is (DZgy)-Cauchy uniformly with respect to j € K. Thus (27) follows from
the last part of Proposition [214], since (DZg,) convergence coincides with usual
(D)-convergence. This ends the proof of (I).

(IT) We have just proved that (DZ) hgn[\/ i ; — x;]] =0, and by (ii) we
know that (DZ)limz;; = 0 for every ¢ é€§ Thus by (iii), (iv) and (vii)
of Lemma 2.T5] irjlterchanging the role of the variables i and j, we get that
(DI)limz; = 0, that is (II).

(III)j It is an immediate consequence of (I), (II) and Lemma

(IV) It follows from (I) and (vi) of Lemma 2.T5

(V) In the proof of (I) we proved the existence of A, K € F and a regulator
(ct.1)¢.1 such that

(D) tim[ \/ fzi; — ;]| =0 (39)
iea Loy
with respect to the (D)-sequence (ct;)¢,;. Moreover, by (II), 0 = (DZ)limz; =
j
(OZ)lim x;. Since Z is a P-ideal, by Proposition 2.8 we get: 0 = (OZ*)limz; =
j j
(DZ*)limx;. Thus a set Ky € F(Z) can be found, with (D)limxz; = 0. Let
J JE€EKo
K' := KN Ky: then K’ € F(Z). In order to prove the assertion, thanks to
Proposition 2TT] it is enough to show that

<13€>I13p1[‘\/ 21| = 0. (40)

To this aim observe that by (B9), in correspondence with ¢ € NN there exists
i € A with

o0
i — i <\ crp
t=1

whenever i € A, ¢ > ¢ and j € K (and a fortiori j € K’). Since (D)limz; =0,
JEKo

there is a regulator (& ;):,; with the property that to every ¢ € NN there corre-

sponds j € Ky such that

251 < \/ o)

t=1

forall j > j, j € Ky (and a fortiori j € K'). Note that, without loss of generality,
the integer 7 can be taken in K’.
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Since (ii) holds, proceeding analogously as in the proof of (I) we get
JEK'

for all i € N, with respect to a same regulator (3;;)¢;. From this it follows that
for every o € NN and i = 1,...,7— 1, i € A, there exists j; € K’ with

oo
zi51 <\ Beow)
t=1
whenever j > j;, j € K'.
Let now j* := max{j, max ji}, and choose arbitrarily i € A, j € K/,
i=1,...,i—1,
e
j>g* If i > i, then

il < @iy —xi] + |l
o0 o0
< \/ Ctp(t) T \/ &t0(t)
t=1 t=1
<

V etor + V oty + \ Broior-
t=1 t=1 t=1

If i <i—1, then

gl <\ Brory < V etior + V €roor + \ Brsior-

t=1 t=1 t=1 t=1

This proves the claim ([40) and hence (V), and completes the proof of the theo-
rem. (I

Remark 3.2. Theorem [B]] is an extension to the context of (¢)-groups and
P-ideals of [I, Theorem 4], which was formulated for normed spaces and Z = Z;.
Furthermore observe that, if in the hypotheses of Theorem B.I] we keep (i)
and (iii), fir K € F and replace (ii) with the condition
Jj—+oo
JjEK
for all 4 € N (without loss of generality with respect to a same regulator, thanks
to Proposition [Z12)), then the thesis of the theorem continues to hold, and the
set K for which (I) is satisfied is just the element K of F fixed a priori in

(#d): indeed, it will be enough to repeat the same arguments of the proof of
Theorem 311

904



BASIC MATRIX THEOREMS FOR Z-CONVERGENCE IN (£)-GROUPS

In particular, if we take K = N, (ii) becomes
(ii") (D)lima; ; =0 foralli e N
J

(without loss of generality, with respect to a same regulator). Note that, by
arguing analogously as in the proof of Theorem [BI]it is possible to prove that
(i), (ii") and (iii) imply that
(T) (DD Um[V |a;; —z4]] = 0.
' jeN
Similarly, if in B0l we keep (ii) and (iii), fix A € F and replace (i) with

(D) limxi’j =T
i—+00
icA
for all j € N (again without loss of generality with respect to a same regulator),
then the set A for which (V) holds is just the mentioned element A of F. In

particular, if we choose A =N, (i) becomes
(i) (D)limz; ; = z; exists in R for all j € N

(without loss of generality, with respect to a same regulator). Note that, by
proceeding analogously as in the proof of Theorem [BI] we can prove that (i’),
(ii) and (iii) imply:
(V) (D) lim[V |zi,]] = 0.

J ieN

Remark 3.3. We now claim that Theorem Bl holds (with K = N) even if we
assume (i), (ii’) and replace condition (iii) with the following hypothesis:

(iii’) there exists a regulator (di ;)¢ such that for every strictly increasing
sequence (np)p, in N the sequence

(@3 w0),

j=1
(DZI)-converges (with respect to the same requlator (d;)e)-

We now sketch only the proof of (I), since the proof of the other parts is
similar as above.

Let us define the sequence (k;); by setting k; = k(4), i € N, where k(i) is as
in (29). By (iii’) and Proposition 2.9 there is a subsequence (k;_)s of (k;); such

that the sequence '
oo
(@)
j=1
(D)-converges (with respect to the regulator (dy;)e,). Let dy, := 2d, t,1 € N.
In the argument leading to a contradiction, we take the natural numbers i, k.,

S
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in such a way that i, € {k;, : s € N} for each r > 2 and k, = k(i,) for any
r € N. From (iii’) and the particular choice of the i,’s, k,’s it follows that a
positive integer ng can be found, such that

’(I) Z(l'ir,j - xkr,j)’ < \/ d; o(t)
t=1

=1

<.

for all » > ng. So, if s > r > ng and 5 € C,., then we have

S
> (@i, — xkr,j)‘ + > m ey
j=1

J€{J1,--dr—1}

+ > @i — Tkl

je{jr+1,...,s}

iy g = Thopge] <

Arguing analogously as in ([34)—(38)), we obtain

[ee]

o0 oo oo
@i, g — Ty | < \/ dy o) \/ at,o(t) + \/ by oty < \/ Ct.p(t)s (42)
t=1 t=1 t=1 t=1

getting a contradiction with (29) and proving the claim.

It is not difficult to find an example of bounded real-valued double sequence
(24,5)i,5, such that for every B C N and for each strictly increasing sequence
(np)n the sequence (Z xm”j)h is bounded. If Z is maximal, then such se-

jE€B
quences admit always Z-limit (see also [5]).
Ezample 3.4. In general, even when R = R, if we drop (iii) or (iii’), conditions
(’) and (ii’) do not imply (V’).
Indeed, let Z be any admissible ideal, different from Zg,, and let

H::{h1<"‘<h]‘<h]‘+1<...}

be an infinite set belonging to Z: since Z # Zg,, H does exist. For every j € N,

let us define xp, ; := 1; for the other choices of i and j, put x;; := 0. As

x;; = 0 whenever j € N and ¢ € N\ H, and since H € Z, then limz; ; = 0 for

all j € Nand lima; ; = 0 for all ¢ € N. So, the hypotheses (i") and (ii’) related
J

to Theorem B3] (see Remark [3.2) are satisfied.

However, (x; ;);,; does not fulfil (V’), since sup |z; ;| =1 for each j € N.
i€EN
Furthermore, neither (iii) nor (iii’) hold, since for each strictly increasing

o0
sequence (js)s in N we get: > xp. ;. = Fo00.

]57js
s=1
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DEFINITIONS 3.5. Let R, {(z,)n : A € A}, {zxn + A € A}, (qn)n, ¢ and
(at,1)t, be as in Definitions 211 We now state the following:

a) Tpx ﬂ) xy if there exists an ny € N (depending on the sequence (g, )n)
such that #({n eEN: zy\—2x & [—¢ns qn]}) < nyg, for every A € A, where
the symbol # denotes the cardinality of the set in brackets.

-D- .
b) @A M xy if to every ¢ corresponds an ng € N such that

#({n EN: zpy—ax & [— V ey, V awu)} }) < no,
t=1 t=1

for every A € A.
Remarks 3.6. Obviously if (O)limx,, » = ) uniformly with respect to A € A

then also xp, » ﬂ) zx. Thus the #-u-convergence is weaker than the (O)-uni-
form convergence.
Similarly #-D-u-convergence is weaker than (D)-uniform convergence.
Moreover it is easy to see that if R is weakly o-distributive then #-u-converg-
ence and #-D-u-convergence coincide.

OPEN PROBLEMS.
(a) Is #-u-convergence strictly weaker than the (O)-uniform convergence?
(b) Is #-D-u-convergence strictly weaker than (D)-uniform convergence?

(¢) Formulate and prove new basic matrix theorems of Antosik-Swartz-type
using these new types of convergence.

(d) Formulate definitions similar to Definitions in the ideal case and inves-
tigate problems analogous to (a), (b) and (c) in this context.

Acknowledgement. Our thanks to the referee for his/her valuable suggestions
to improve the paper.
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